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CHAPTER 19: GREEN’S FUNCTIONS
[. Perturbation Theory:

A Short Introduction To Integral Equations (from the supplements
of Chapter 18):

We often encounter cases where a given second-order linear differential
operator,

d

= {p(@i} +4(@) + 4V (@), x € [ab], (0.1)

dx
differs from an exactly solvable Sturm-Liouville operator,

d d

fo= 5 [0 | +aa) 0:2)

by a small term, ¢ (z), compared to ¢(®(z). Since the eigenvalue problem
for £y is exactly solvable, it yields a complete and orthonormal set of eigen-
functions, wu;, which satisfy the eigenvalue equation

Lou; + Aju; =0, (03)

where A; are the eigenvalues. We now consider the eigenvalue equation for
the general operator £:

£Y(z) + A\¥(x) =0, (0.4)
and write it as
£00(z) + \U(z) = —¢M (). (0.5)
In general, the above equation is given as
£oU(z) + AV (z) = f(x, V(x)), (0.6)

where the inhomogeneous term usually corresponds to sources or interactions.
We confine our discussion to cases where f(x, ¥) is separable:

[, U (2)) = h(z)¥(z). (0.7)
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This covers a wide range of physically interesting cases. For example, in
scattering problems the time independent Schriodinger equation is written as

27;1257\1,(?) =2y (T, (0-8)

V20 (7) +
where V(7) is the scattering potential.

As we discussed in Chapters 18 and 19 of Bayin (2006), the general solution
of Equation (0.5) can be written as

W(z) = 0O () + / da' G, ') h(a) U ()
— 0O () 4 / o' K (2, 2/)U(a), 0.9)

where G(z, ') is the Green’s function, K(x,2') = G(z,2')h(z’) is called the
kernel of the integral equation and ¥(9)(z) is the known solution of the ho-
mogeneous equation:

£0U(2) + AT (z) = 0. (0.10)

Introducing the linear integral operator K,

K= /b dr' K (z,2'), (0.11)
K(a¥, + fT,) = o;K\Ill 1 BRW,, (0.12)

where «, 8 are constants, we can write Equation (0.9) as
(I-K)¥(z) =8O (z), (0.13)

where I is the identity operator. Assuming that K(x,2’) is small, we can
write

VO (1)
U(x) = ——= 14
=I+K+K+--)vO(g), (0.15)
A similar expansion can be written for ¥(z) as
(o) = O() + 9D (@) + o (0.16)

which when substituted into Equation (0.15) yields the zeroth-order term of
the approximation as

() ~ 0O (), (0.17)



and the subsequent terms of the expansion as

v (z) = /d:v'K(x, )0 (), (0.18)
U3 (z) = KW () = K200 () = /d:r"K(:v,x”) /dm'K(:c”,x’)\Il(o) (2,
(0.19)
We can now write the following Neumann series [Eq. (18.51)]:
w@:w%@+/w%u¢m@@»ﬁﬂwm%ﬂme+nw
(0.20)
that is,
U(z) =00 (x)
+ /da:'K(ac7 2 )UO (2"
+ /dw’K(m, x') /da:”K(a:’, 2T (2 (0.21)
+ /dl‘/K(l’,l’/) /diENK(l’/,it//) /dl’mK(mN,JL‘W)\I’(O)(:EW)
+ “ee
If we approximate ¥(x) with the first N terms,
U(z) = 0O () + W (z) + - + T (2), (0.22)
we can write Equation (0.13) as
I-K) (O oW 4. vy~ g0 (0.23)
g0 gD ~ g0), (0.24)

For the convergence of Neumann series, for a given small positive number &g,
we should be able to find a number Ny, independent of x and such that for

N+1> N, (0.25)

‘\I/(N“)‘ < . (0.26)
To obtain the sufficient condition for convergence let

max |K(z,2')| = M (0.27)



for

z, 2’ € [a,b], (0.28)

b
/ dz’

We can now write the inequality

and take

g © (x)‘ =C. (0.29)

v @)| < MY - =CMMB -, (030)

which yields the error committed by approximating ¥(xz) with the first N +1
terms of the Neumann series [Eq. (0.21)] as

< [ ONTL@)| + O 4 (0.31)

N
U(z) = 0 (2)
n=0

<CMMb—a)N{1+M(b—a)+ M (b—a)®+---}.

(0.32)
If
Mb-a)<1, (0.33)
which is sufficient but not necessary, we can write
al CM[M(b—a)¥
U(x) — TLZ::O\I/(") ()] < m < &o (0.34)
for all N > Ny independent of x.
Nondegenerate Perturbation Theory:
We now consider the following problem [Eq. (0.5)]:
{£o+ A} ¥(z) = eh(z)T(x), (0.35)

where £ is an exactly solvable Sturm-Liouville operator and where we have
introduced a small parameter, €, that allows us to keep track of the order of
terms in our equations. In the limit as ¢ — 0 and assuming that h(z) is
bounded, the solution, ¥(x), and the parameter \, reduce to the exact eigen-

functions, ®,(z), and the exact eigenvalues, A, ,of the unperturbed operator
fo :

{£o+ An} Pp(z) =0. (0.36)
That is, as € — 0,

U(z) - 0O (z) = @, (x), (0.37)
A= A (0.38)



We now write the perturbed eigenvalues as
A=A, + AN (0.39)
thus Equation (0.35) becomes
{£o+ A} U(x) = [eh(x) — ANT(z) = f(z, T(x)), (0.40)

Since the eigenfunctions of the unperturbed operator, £, form a complete
and orthonormal set:

/b dx @, (z)Pp,(z) = 6pm, (0.41)

we can write the expansions

f@) =" cx®i(x), (0.42)

k

b
o = / do' B (') () (0.43)

and

U() = apPy(), (0.44)

k

b
ar, = / da' &% (2') U (). (0.45)

Using these in Equation (0.40):

Zak()\n — /\k)q)k: = Zqu)}c, (0.46)
k k

we obtain
Ck

(/\n - )‘k:) .

When n = k we insist that ¢, = 0. We now substitute ai [Eq. (0.47)] and ¢,
[Eq. (0.43)] into the expansion of ¥(x) [Eq. (0.44)] to get

ar = (0.47)

b
() :;@n—lm [ e (0.48)

which after rearranging becomes

b (!
U(x) = /a da’ [Z %] [eh(z') — AN (). (0.49)

k



The quantity inside the square brackets is the Green’s function

; LE;??ZA(Z)I) 1 . (0.50)

For the general solution of the differential equation [Eq. (0.40)] we also add
the solution of the homogeneous equation, that is, the unperturbed solution,
to write

b
U(zr) = ®,(x) +/ da’

G(x,2') =

3 M] [h(z') — ANT(2)).  (0.51)

& (An = Ak)
Comparing with the form in Equation (0.9), we write the kernel as
K(x,2") = G(z,2")[eh(z’) — AN]. (0.52)

This is an integral equation and the unknown, ¥(z), appears on both sides of
the equation. To obtain the perturbed solution in terms of known quantities,
we expand ¥(x) and A in terms of the small parameter ¢ as, respectively,

U(z) = & (2) + VD (2) + 20 (z) + - - (0.53)
and
A=, 4 e[AND £ AN 1 2ANG) ) (0.54)
which gives
AN = e[AAND 4 eAN®) £ 22ANG) 4., (0.55)

We now substitute these expansions into Equation (0.51) and simplify:

LN Pr(@)Ph ()
\I/(J}) = q)n(.’lf) +/a dx [; ﬁ

x [@n(g;') LU () 4+ 2@ () 4], (0.56)

Ksh(m’) — &‘A/\(l)) —2AN® L.

U(x) =, (z) + z-:/ab dx’ -Zk: % (h(m') - A)\(l)) —eAN®) 4.

x [@n(x/) LU (@) 4+ 2@ () 4|, (0.57)

U(z) = By (z) + / ' i - 2eln)Bile) h(a') — AXD] @, (')

T A=)
e E% [~=AX2 (@) + (h(a') — AAD)w D)

(0.58)
+0(e%).



Collecting terms with equal powers of € we get

U(x) = P, (x) +z—:/b dx’

a

Py, (z) P () ) — (1) 2
= Mh( )= AAD] @, (a)

o [0 ®;(x) P (z")
+e /a dx {Zj:ioxn&')

+0(e%)

[—A/\(2)<I>n(:c’) + (h(z') — AA<1>)\1/<1>(93/)}

(0.59)

Comparing the right-hand side with the expansion of the left-hand side:

U(z) = 0O (2) + e0W(2) + 20 (z) + - .- | (0.60)
we obtain
O (z) = @, (x), (0.61)
W (z) = /ab da’ l; %] [h(z") — AXD)D,, (2, (0.62)
v - [ S [T
x [Awipn(x') £ (h(z) — ANDYED ()] | (0.63)

In the first-order term [Eq. (0.62)], the numerator has to vanish for k = n,
thus

B, () / " 0 d () (') — AN, (21) = 0, (0.64)

b b
B, () / o' ®F (2 V(2 ) (27) = B () AAD / o' B () (),
! ’ (0.65)

b b
/ ' ®* (2 V(2 ) B (2) = AND / o' ®F (2 ) B ().
‘ ‘ (0.66)

Using the orthogonality relation:

b
/ ' B (2)®, () = S, (0.67)



we obtain the first order correction to the nth eigenvalue, \,,, as

b
A = [ @@ @) = (0.65)

a

We can now write the first-order correction to the eigenfunction as

W) =>" /b dx'q%(’()jb)%z/\(?[h(x') — AW, (") (0.69)
k#n Y9 n
_ ()
= ,;1 E—w (0.70)

b b
X [ / o' B (2 (2 ) Do () — AND / dx'@i(x')@n(x')].

a

We again use the orthogonality relation [Eq. (0.67)] to write

@ b
P () = 3 2 / ' D7 (' Yh(a' )y (2 (0.71)
k#n ()\n N )\k) @
- Z @i (@) hin (0.72)
ktn ()\n - )\k:) ’
where Ay, is the Hermitian matrix Ay, = f; dz' @5 (2" h(z") Dy, ().
Let us now turn to the second-order term. Substituting (1) (z) [Eq. (0.72)]
into ¥ (z) [Eq. (0.63)]:
N N T
TP (z) = / dz’ A A
a ; ()\n - )‘])
x [—m@)@n(x') + (h(z') — AN )xp(l)(:c')} , (0.73)

we obtain




which also becomes

SIEESY f’j%; [/b da' % (') (—AND)®,, (2)

j )\n ])
b O (2')h
1@ (! A (1) k kn
+/a dv éj(x)[h(x) AN ];rw , (0.75)
where
b
hom = / "D (2" h(a") B (). (0.76)

For j = n, we again set the numerator to zero:

/ b dz' % () AND D, (2) = / b dz' & (2') [h(a:’) - AA“)] 3 Lu(@)hen

a k#n ()\n - )‘k)
(0.77)
, .
b [ da' ®% (' )h(2') @i ()| hin
(2) 1&* (o) A [ @ " J
AX /a '@ (2 )0 (2') = ) [ o)
k#n
o [ I da' @ (2) D2 | B |
—A) 0.78
o ) (0.78)
Using the orthogonality relation [Eq. (0.67)] we obtain
Pt g
AND — _nkkn 0.79
Z (/\n - )‘k?) ( )

k#n

Substituting this in equation (0.63) we obtain ¥(?)(z) as

\If(2>(gg)_z<¢'1( ) (—AX®) / da' @ (') @, (2")

Z -
(11 da'®5 (2 )@ ()] o
> o)

k#n

b
_ (A)&l))/ da' @ (2') Dy (') Z ﬁ] , (0.80)
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Using the orthogonality relation [Eq. (0.67)] this also becomes

T (z) = Z Lz)) {(—AA(Q))(SM

j#n (An =4
ik hin 1 Pgen
+y 2 (AN 5 — 0.81
,;(Anm (21) J’“,;Mnxk) 051

Finally, using AX) = h,,,, we obtain

D (2) =" @;(x) P = Byihan] B |- (0.82)

Example (0.1): Slightly anharmonic oscillator in one dimension:
We now consider the slightly anharmonic oscillator problem in quantum
mechanics with the potential

1
V(z) = Shoa? = kya?, (0.83)

where ko and k3 are constants such that k3 < k1. We have already solved the

Schrédinger equation for the harmonic oscillator potential, V(z) = 1kox?, in

)
Chapter 4 that leads to the following eigenvalue equation:

v,
dw; — 2?20, + €W, (x) =0, (0.84)
where
sica E
g = Dohysical . (0.85)

N hw /2

We rewrite the exactly solvable case as

-’EO(I)n + En(pn(x) =0, (086)
d? 5
£O = @ -, (0.87)

where the solution is given in terms of the Hermite polynomials [Eq. (4.47)]:

—z2/2
o () = @) oy (0.88)

V2w

We are now looking for the solution of the slightly anharmonic oscillator that
satisfies the equation

(£o+ NV (2) = az®V, (0.89)
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where a < 1. The perturbed energy eigenvalues are written as
A =cp +adA\D £ 2AN? .. (0.90)
where
€n=2n+1 (0.91)

are the exact eigenvalues. We can easily verify that

ANV = p,,, = / dz'®2 (2")2"® = 0. (0.92)

— 00

For ¥ (z) we need to evaluate the integral

2

00 e~ H (:E')JS/3Hk(JS/)
Rin, = / dx’ -z . 0.93
—00 V 2"71'\/ Qkk'ﬁ ( )
Using the recursion relation [Eq. (4.40)]
1
I’Hn = §Hn+1 + anfl, (094)

we write

1/1 1
22 H, = - (—Hn+2 + (n+ 1)Hn) +n (—Hn +(n— 1)Hn2) ,  (0.95)

2\ 2 2
1 2 1
Similarly,
s 1 3 3,
o’ H, = an+3 + Z(n +1)H, 11+ on H, 1 +nn—1)(n—2)H,_3.
(0.97)
Using Equation (0.97) in (0.93), along with the orthogonality relation
/ dze " 2H, (z)Hy(z) = 0, n # k, (0.98)
we obtain
Bn = 0, (0.99)
unless

k=m+3), (n+1), (n—1), (n—3). (0.100)
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We evaluate the component Ay, y3) as

s , Hn / Hn /
hn(n+3) = h(n+3)n = _/ dl'/e_w 2/2 +3({E ) +3<JJ ) (0101)
8/ V2rnl \/2n 3 (n + 3)Iy/T
1 ./2n+3 3)1 oo —ax'2H2 ,(z)
T8 Vol &T) / — (0.102)
27n] —o0 { /2m+8 (n + 1);\/}}
1 (n+3)!
=<-V8 0.103
8\/_ n! ( )
_ \/(n+3)(n+2)(n+1)_ (0.104)
8
Similarly, we evaluate the other nonzero components:
nn—1)(n—2
h(n73)n = %7 (0105)
1

/n
h’n(n—l) =3n g (0107)

Using these results we now write

hnih
AN = Tk 1
d 20n — k) (0.108)
_ s +3)(n+2)(n+1) (0.109)
-6 ’
N nn—1)(n-2) 9n+1)3%(n+1) 9In’n
6 —2(8) 2(8)
hence obtain
2

= (@2n+1)— a2 B0 +f’60"+11] +0(ad). (0.110)

Similarly, we evaluate the first nonzero term of the perturbed wave function

as

n(n—1)(n—2)
122

V(+3)(n+2)(n+ 1)(1)%3(33)

12v2
3n\/n 3n+1)vn+1
+—4\/§ D,_1(z) — —4\/5

(I)n_3(l‘)

®pi1(z)| +0(a?). (0.111)
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Degenerate Perturbation Theory:

The preceding formalism works fine as long as the eigenvalues are distinct,
that is, A; # A;, when ¢ # j. In the event that multiple eigenvalues turn out
to be equal, the method can still be rescued with a simple procedure. We first
remember that the first-order correction to ¥(z) [Eq. (0.72)], that is, ¥(})(x),
is written as

TV () = 3 @y(a) {(Ah:—_(”;)k)} . (0.112)

k#n

In the above series the expansion coefficients,

{ﬁ] , (0.113)

diverge for the degenerate eigenvalues, where A\, = \j for n # k. This would
be okay, if somehow the corresponding matrix elements, hy,, k # n, also van-
ished. In other words, if the submatrix, hg,, corresponding to the degenerate
eigenvalues are diagonal. From Sturm-Liouville theory we know that for her-
mitian operators for distinct eigenvalues the corresponding eigenfunctions are
mutually orthogonal. However, for the degenerate eigenvalues there is an am-
biguity. All the vectors that are perpendicular to the remaining eigenvectors
corresponding to the distinct eigenvalues are legitimate eigenvectors for the
degenerate eigenvalues. For example, if Ay = Ay # A3, all the vectors that lie
on a plane perpendicular to the third eigenvector for A3 are good eigenvectors
for A\; and A\o. Normally, we would pick any two perpendicular vectors on this
plane as the eigenvectors of A1 and Ag, thus obtaining a mutually orthogonal
eigenvector set for A1, Ao, A3. In the presence of a perturbation we use this
freedom to find an appropriate orientation for the eigenvectors of A\; and g,
such that the 2 x 2 submatrix, hy,,

b
/ da' ®F (2" )h(2") Py (2") = hien, (0.114)

corresponding to the degenerate eigenvalues is diagonal. In other words, the
perturbation removes the degeneracy and picks a particular orientation for
the orthogonal eigenvectors of A\; and Ay on the plane perpendicular to the
third eigenvector corresponding to the distinct eigenvalue. This procedure is
called diagonalization. For an [-fold degenerate eigenvalue, the corresponding
submatrix to be diagonalized is an [ x | square matrix. This procedure, albeit
being cumbersome, can be extended to higher order terms in the perturbation
expansion and to any number of multiply degenerate eigenvalues. A short
example for this process can be found in Mathews and Walker (Bayin, 2006).
For a review of the eigenvalue problems and the diagonalization of matrices
see Bayin (2008).
Exercise (0.1): Find the solution of the following eigenvalue problem:

d*v dv
aliiad == U = 2 O
02 + cot @ 0 + A acos” OV,
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where ¥ = U(0) is defined over the interval 0 < § < 7 and must be square-
integrable with the weight function sinf. The parameter « is < 1, hence
the solution can be expanded in terms of the positive powers of . Find the
solution which in the limit as o — 0, has the eigenvalue

A0 = (14 2)

with [ = 2. Also, for this eigenvalue find the eigenvalue correct to order a?
and the solution ¥(f) correct to order a.

II. Constructing the Green’s function:
(Problems 19.4, 19.5 and 19.6)
Let us start with the most general second-order differential equation:

Ly(r) = f(z,y(z)), = € [a,b], (0.115)
2
£ = po(z)% +p1(:c)dix + pa(z), (0.116)

where for self-adjoint operators
p1(z) = py(z). (0.117)

Green’s function, G(z, '), allows us to convert the differential equation [Eq.
(0.115)] into an integral equation:

b
y(x) = / da'G(z,2") f(2',y(2")), (0.118)
where the Green’s function satisfies the differential equation
£G(x,2") = 6(x — ') (0.119)

with the same boundary conditions that y(x) is required to satisfy. These
boundary conditions are usually one of the following two types:
I. Single point boundary condition:

G(a,z") =0, (0.120)
0G(a,x")
=, (0.121)

II. Two point boundary condition:

G(a,z') =0, (0.122)
G(b,2') = 0. (0.123)



15

From the differential equation that the Green’s function satisfies:

2G(x, 2’ z,
po(x)% +p1(x)% +pa(2)G(z,2") = 6(x — ),  (0.124)

we can deduce that G(z, z’) must be continuous at z = z’. Otherwise, G(z, =)
would be proportional to the unit step function and since the derivative of the
unit step function is a Dirac-delta function, the first term on the left would be
proportional to the derivative of the Dirac-delta function, which would make
it incompatible with the Dirac-delta function on the right-hand side. Let us
now integrate the differential equation between 2’ € (2' — €, 2’ + ¢€) and take
the limit € — 0:

z'+e a2G z, 7' z'+e dG(x, '
//_ dx’ po(a:')id(gv,2 ) —l—//_ dx’ pl(x’)i(x, )
w/-l-e w/-‘re
+/ dz' pa(2")G(z,2") = / da' §(x — ). (0.125)

We now analyze this equation term by term. From the definition of the dirac-
delta function the first term on the right is 1 :

J:'+e
/ dx’ §(x — ') = 1. (0.126)

'—e€

In the integrals on the right-han side, since pg, p1, p2 are continuous functions,
in the limit as € — 0, we can replace them with their values at z = 2’ :

z' e dQG(l‘ ') x'+e dG(z,2')
/ : !/ Y / . / Y
po(z’) lim . dr' — 53— +pi(a) limy . dz’ ———
2/ +e
+po(2”) lim de'G(z,z') = 1. (0.127)
e—0 [,

Since G(z,z’) is continuous at x = 2/, in the limit as € — 0, the last term on
the left-hand side vanishes:

x/-i-

lim dr'G(z,2') =0, (0.128)
thus leaving
, de  2G(x, ') , @'t
p@)lin | A 5= p@)lm [ dGa) =1 (0129)
or
. [dG(z,2" +¢€) dG(z,2’' —€)
po(a’) lim { = - o

+p1(z”) lli?((l) [G(x,2" +¢€) — G(z,2’ —¢)] = 1. (0.130)
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From the continuity of G(z,2’), in the limit as ¢ — 0, the second term on the
left-hand side vanishes, thus leaving us with the fact that the derivative of
G(z,2') has a finite discontinuity by the amount 1/pg(z’) at z = 2.

Using these results, we now construct the Green’s function under more
general conditions than used in Sections 19.1-19.4. Let the general solution
of £y(x) = 0 be given as

y(x) = ayi(x) + by (), (0.131)

where £y;1(z) =0 and £ys(z) = 0. We write the general form of the Green’s
function as

G(z,2') = Ay1 () + Byo(z), x—a' >0,

G($,$/) = Cy1 (.’E) —+ _DyQ(x)7 r—1x <0. (0132)

At x = 2’ the two functions must match and their derivatives differ by
1/po() :
Ay (z') + Bya(2') = Cy1(2') + Dya(2'), (0.133)

Ay (2') + Byy(a') = Cyi (2') + Dy (2') + (0.134)

po(a’)’
We first write these equations as

(A= Oy (') + (B — D)ya(a') =0, (0.135)

(A= O (@) + (B = D)y(e') =~ (0.136)
so that
‘ 0 1) ‘
(A-C) = 1/po(f: ) yz(f: ) (0.137)
yi(a’)  ya(a’) '
' yi(a") ya(a’)
_ (@)
= el @) (0135)
where the Wronskian, W (y1,y2), is defined as
W (') = y1(2")yz(2") — y2(2")yi (). (0.139)
Similarly,
oy @)
(B—D) = oW @) (0.140)
We can now write the Green’s function as
G(J?/,JI) — C’y1(x) + DyQ(J?) _ [yl(x)y2(x,> — y2('/17)y1(xl)}7 -z > 0’

po(z)W(z')
(0.141)
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and
G(z —2') = Cyi(z) + Dy2(x), x — 2’ <O. (0.142)

Let us now impose the boundary conditions.
Type 1: Using

G(a,r') =0, (0.143)
0G(a,z’
: = 144
ax/ 0’ (0 )
we write
Cyi(a) + Dyz(a) =0, (0.145)
Cyi(a) + Dyh(a) =0 (0.146)
Since W (z') # 0, we get
C=D=0, (0.147)
thus the Green’s function becomes
/ !/
Gl 2) = Oz — & 1 (2)y2(2") — ya(x)yr (@ )]’ 0.148
where O(z — 2’) is the unit step function.
As an example [Prob. (19.5)], consider
d?y 2 /
T4 Ky(e) = £(a), 5(0) = v/ (0) =0 (0.149)

The two linearly independent solutions satisfying the boundary conditions are

cos(kox), (0.150)
sin(kox). (0.151)

y1(z)
Yya()

With the Wronskian determined as W (x) = ko, Equation (0.148) allows us to
write the Green’s function as

sinfko(z — 2')]

G2 z) =0(z —2') k , (0.152)
0
which agrees with our earlier result [Eq. (19.143)].
Type II: We now use the two point boundary condition:
G(a,z") =0, (0.153)

G(b,a") =0 (0.154)
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to write
Cyi(a) + Dyz(a) =0, (0.155)
_ [y1(D)y2(z’) — y2(b)ya ()]
Cy1(b) + Dy2(b) @ TW (&) =0. (0.156)

Simultaneous solution of these yield the Green’s function

ny = @ye(a) — y1(a)ya ()] [11(0)y2(2) — y2(O)pa(@)] -
G2 = =, () — m@w @@ W) 7
(0.157)
ny = 1@)y2(@) = y1(@)y2(2)] [y1 (0)y2(2') — ya(B)yn ()] -
Gl a) = T ) — @O W@) T <
(0.158)

The second solution:

In constructing Green’s functions by using the above formulas we natu-
rally need two linearly independent solutions and also the Wronskian of the
solutions. The nice thing about the Wronskian in this case is that it can be
obtained from the differential operator:

d? d
£ :Po(x)w +p1(l’)% + pa(x), = € [a,b]. (0.159)
Let us now write the derivative of the Wronskian
dW (x d
D)~y @ (o) ~ (e ()] (0.160)
= y1(2)ys (2) — y1 (x)y2(2). (0.161)
where
()d—2+ ()i+ ()| yi(x) =0, i =1or 2 (0.162)
poxd:@ 10133d91j p2(x)| yilx) =0, 2 =1or 2. .

We rewrite the differential equation, £y(z) =0, as

d2yi dyi .
T2+ P(w)% +Q(x)yi(x) = i=1or?2, (0.163)
to get
Yiys — Yy = —P(2)[y195 — v2u1], (0.164)
= —P(z)W(x), (0.165)
thus
dw
L _P@)W(2). (0.166)
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Hence the Wronskian can be obtained from the differential operator, £, by
the integral

W(z) = e Ja @' PG, (0.167)

Furthermore, by using the Wronskian and a special solution, we can also
obtain a second solution. If we write W (x) as

W(z) = y1ys — y2u1 (0.168)
d (2
2
=y;— [ = .1
yl T (y1>7 (O 69)
we obtain
W@
p— . .1
yQ(z) yl(x) “ y%(l‘/) dl' (0 70)

In other words, a second solution, ¥2, can be obtained from a given solution,
y1, and the Wronskian, W.

Example (0.2): Green’s function for the Helmholtz equation in
spherical coordinates:

We consider the open problem for the Helmholtz equation in spherical
coordinates with an inhomogeneous term, F(r) :

V2U(r,0,8) + K*U(r,0,8) = F(r), r € 0,0, (0.171)

In terms of the spherical harmonics the general solution can be written as
U(r,0,¢) =Y Ri(kr)Yim (0, 9). (0.172)
lm

Substituting this into the Helmholtz equation [Eq. (0.171)] we obtain the
differential equation that R;(kr) satisfies as

d’R;,  2dR; 5 UI+1)
dr? rodr * {k 2 Ru(kr) = 0. (0.173)
Substituting
yl(kr)
= 174
Rilkr) = =—=, (0.174)
we also obtain
l(i+1
y'(x) + {1 X o )} yi(x) =0, (0.175)

where

x = kr. (0.176)
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The two linearly independent solutions can be written in terms of Bessel
functions, J,, N, as

7 Jiy1y2(kr)

Jilkr) = |5
yl<]€7~) l( ) ) \/H
Ri(kr) = o = (0.177)
r . s Nl+1/2(k7")
n(kr) = 4/ = —————.
2 Vi
For large r these solutions behave as
) rooo Cos(kr — (I+1)Z
Ji(kr) = ( kf“ )2),
Ri(kr) = lim (0.178)
) =5 S Z V),
r

Using Equations (0.141) and (0.142) we can now construct the Green’s func-
tion as

Ji(kryng(kr")y — ng(kr)j,(kr')

"N =Cj(k Dny(kr) — -7 >0
gi(r,r") G1(kr) + Dny(kr) pNEHED , r—1r >0,
(0.179)
ai(r,r") = Cj,(kr) + Dny(kr), r — 1" <O. (0.180)

For a regular solution at the origin we set D = 0. We evaluate the Wronskian,
W(r), by using Equation (0.167) as

aw _

W —P(r)dr (0.181)
2
-z 182
rdr, (0.182)
which yields
W(r) = —Conjga“t. (0.183)

To evaluate the constant we use the asymptotic forms of the Bessel functions
as

) - Ji(kr) my(kr)
Jim Wikr) =m0 (k) (0.184)

cos(kr — (I+1)%) sin(kr — (I +1)%)

—k sin(krk—r (1+1)Z) kcos(kr Er(l +1)7) (0.185)
kr kr
k
~ (k)2 (0.186)
- (0.187)
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thus
W(r) = —. (0.188)

Since po(x) =1 [Eq. (0.162)], we write
B Ji(kryng(kr") — ng(kr) g, (kr')

gl(’l“, r’) = le(k’T) + Dnl(kzr) VD) 1 >0,
(0.189)
gz(r, 7"/) = le(kT) + Dnl(kr), r—r <0. (0190)

For a solution regular at the origin we set D =0 :

kEryng(kr') — ng(kr) g (kr')
(1/kr2)

ai(r,r") = Cj(kr), r—1r" <. (0.192)

q(r,r") = Chi(kr) — i ,r—1" >0, (0.191)

To determine the remaining constant we demand that as r — oo we have a
spherically outgoing wave, that is,

eikr
lim g;(r,r") — " (0.193)
This implies the relation
kr'2 5 (kr")
=4 0.194
[C — kr2ny(kr')] b ( )
which gives
C = —ikr?h ™ (k). (0.195)

Substituting this into the expression for the Green’s function [Eqs. (0.191)
and (0.192)] we obtain, after some algebra,

gi(r,r") = =ik (kr)ji(kr'), 7 =1 >0, (0.196)
gi(r, ") = —ikrh (k)i (kr), 7 — 7' <0, (0.197)

We usually write this as
gi(ryr') = —ikr R (ks )y (kr o). (0.198)

Exercise (0.2): Find the Green’s function for the Helmholtz equation
outside a spherical boundary with the radius a and satisfying the boundary
conditions

R(a) = finite, (0.199)
eikr
T:})OO

kr

R(r) (0.200)
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Example (0.3): In Section 19.1.15 using the Fourier transforms we have
solved the Helmholtz equation

V2U(P) 4+ B2U(P) = F(7), r € [0,00], (0.201)
as

U(P) = £(T) + / dTG(T, TP (T, (0.202)
where £(7) is the solution of the homogeneous equation:

V2U(7) + KU () =0, (0.203)

and the Green’s function, G(7, 7'), is given as

zk|?’—?’\

1

We expand F(7’) as

ZFz )Yim (0,6, (0.205)

where the angular part is separated and then expanded in term of spherical
harmonics. Since G(7,7') depends only on |7 — 7’|, we can write its
expansion as

G(7, ') = Cun(r,1")Pru(cos bry), (0.206)
=0

where 6015 is the angle between 7 and 7. Using the addition theorem of
spherical harmonics [Eq. (11.325)] we can write this as

1"
4r

T}, TH Z Cyr T T Z m}/}umu (9 QS/)}/E//mH (9, ¢),
1""=0 m!=—1"
(0.207)
which allows us to write the solution as
U(7) = (0.208)

[/2”/ dgf/ b1

x Z ( l’/ )Cl”(’f’ T )}/l”m”(gl?QS,)E(T/)Km(g/aQSI) le”m”(gaqs)'

1" 17
" m'"l,m
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We can also expand the solution, ¥(7), and £(7) to write

S Ri(kr)Yin (0,6) = 3 €(r)Yiu(0, ) 000
L,m o
dT L, / /
+l§7; [m/{) dr’ r Cl(’l",’l“)ﬂ(r) mm(97¢),

where we have used the orthogonality relation [Eq. (2.179)] of the spherical
harmonics. Comparing both sides of Equation (0.209) gives

47r > /12 / /
Ry(kr) =&(r) + () /0 dr’ "= Cy(r, ") Fy (r"). (0.210)

We now compare Equation (0.210) with Example 0.2, where
Ry(kr) =&(r) +/ dr’ gi(r, Y Fy (1), (0.211)
0
to get the relation between Ci(r,r’) and g;(r, ') as

47
(20+1)

r2Ci(r,r'") = gi(r, ). (0.212)

Using Equation (0.198) this becomes

47

P 1)7“’201(7“, r') = —ikrh" (krs) ji(kr<). (0.213)

Finally, substituting this into Equation (0.207) and with Equation (0.204)
gives us

—

1 6ik|r77’ ‘

7EW

0o l
= —ik > b (krs)jikre) S0 Vi (0,6 i (6, 9),

=0 m=—I1
(0.214)

a formula extremely useful in applications.

Example (0.3): Diffraction from a circular aperture:

In the previous problems we have considered the entire space. If there are
some black surfaces that restrict the region available to us, we use the formula
[Eq. (19.238)]

V() = /V 4G, T ) F(T) (0.215)
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Fig. 0.1 Diffraction from a spherical aperture.

Let us now apply this formula to diffraction from a circular aperture, where
a plane wave,

U(7) = Ae'™, (0.216)

moving in the z-direction is incident upon a screen lying in the xy-plane with
a circular aperture. Our region of integration is the inside of the hemisphere
as the radius R goes to infinity (Fig. 0.1). The surfaces that bound our
region are the screen, S, which lies in the xy-plane and which has a circular
aperture of radius a, and the surface of the hemisphere as R — oo. Inside the
hemisphere there are no sources: F(7') = 0, hence the Green’s function in
this region is

1 eik|7’77’"

—
- e
G(7,r) = T T (0.217)

The solution is now written entirely in terms of surface integrals as
W(7) = / as' &, [U(F) VG, 7 - 67, 7 V()]
zy-plane
+ [ as e [WE) V(T T - 6 T )
R—o0
(0.218)

. —_
where 7' is a vector on the aperture. We use k'; to denote wave vector
. . . . . . — =
of the incident plane wave moving in the direction of €., and use k s for
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the diffracted wave propagating in the direction of 7 . Both vectors have

the same magnitude: ‘?z = ’? f’ = k. We impose the following boundary
conditions: On the hemisphere and in the limit as the radius, R, goes to

infinity, we have an outgoing spherical wave:

() "5 £(0, ¢) 6: (0.219)
On the screen:
U(7)],20 =0, (0.220)
VU (7) =0 (0.221)
and on the aperture:
U= At =4 (0.222)
% = Aike™ = Aik. (0.223)

Let us first look at the integral over the hemisphere, which we can write as

ikr' ik| -7
12 !/ / / € a ]‘ €
dQy f (6 — | —————
//R_mr I ’¢)l r’ or ( 4r |T=T >
1 klT=T"1 g [ ibr’
+E =T 57 | . (0.224)

In the limit as R — oo, the quantity inside the square brackets goes to zero
as 1/73, hence the above integral goes to zero as 1/7/. This leaves us with the
first term in Equation (0.218):

V() = / ds e (O(@)V'GT, ) - G, TV ()]
o (0.225)

From the boundary conditions on the screen [Egs. (0.220) and (0.221)], we
see that the only contribution to this integral comes from the aperture, where
the boundary conditions are given by Equations (0.222) and (0.223), hence

we write
9 1 ez‘k|?’—?”|
-\ _ / vy|1_
U(7) = / ds' A 5 ( T

1 etk ™=7|
—ik <_E€|T*——?'| . (0.226)
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The extra minus sign in front of the integral comes from the fact that the
outward normal to the aperture is in the negative z direction. Let

R=7-7=(XY,2), (0.227)
X=x—-2Y=y—y,Z=2-2, (0.228)
thus
A [ 9 [eikR ik R
V) =4 e ik 0.229
( " ) dr Aperture s 0z < R ) e R :| ( )
A [ d [e*B\ OR eiklt
= ds’ | —— — +ik 0.230
47 Aperture 3 L dRr ( R ) 2/ t R :| ( )
A [ (ikethR (kR A kR
=-— - ) (-2 +ik . (0.231
4m Aperture ds < R R? ) ( R) Tt R ( )

We now write |7 — 7| as

7 -7 =7 -7 (T -7 (0.232)
=r?+r? 427 7 (0.233)
- =/ /2
— 2 (1+2L : TT+:—2> (0.234)
T
hence
- = 2\ 1/2
|?>—?>’|=r(1+2%-%+z—2) (0.235)
,r/
For — <« 1, we use the approximation
T
——/ 1
7 - 7|14 —40(= ), (0.236)
r r2

where T is a unit vector in the direction of 7 . For large r, we also use the
approximation

Z
= ~ % = cos ¥,
to write the solution as
Aik [ ikr(1— - I=) 1
U(7) =~ o ds' | (cos @ + 1)6— +0 <—2) (0.237)
dr Aperture r r
A ik r ikr o
~ 2 ds' | (cos@ + 1)6 e kT } (0.238)
4 Aperture r
Aik r ikr —
~ 2 ds’" |(cos + 1)6 e R T ] , (0.239)
4T Aperture r




27

where k ¢ is in the direction of 7. For a circular aperture we can write this
integral as

ik A ikr 27 a —

U(7) ~ —,L—<COSH + l)e {/ d¢// dr' e kT } . (0.240)
47 T 0 0

To evaluate this integral we have to find the cosine of the angle between % !

and 7. The angular coordinates of 7 and 7' are given by (6, ¢) and (0', ¢'),

respectively. Using the trigonometric relation

cos”y = cos f cos ' + sin 0 sin 6’ cos(¢ — ¢'), (0.241)

! bl

where v is the angle between the two vectors, 7 and 7', and since 7' is a

vector on the aperture, hence §' = 7/2, we get
cosy = sinf cos(¢ — ¢'). (0.242)

Equation (0.240) now becomes

ikA ikr 2m a .y
U(T) ~ J—er (cosf + 1) { / d¢’ / dr’ e~ kT 7} (0.243)
0 0

47
ik A eikr 2m a o, ,
~ _wkAe (COSG + 1) |:/ d¢// dr’ T/e—zkr sin 0 cos(¢p—¢ ):| )
47 r 0 0
(0.244)
We define two new variables:
x = kr'sinf (0.245)
and
B=0o¢—¢, (0.246)
to write the above integrals as
ik A ikr . 1 1 kasin @ 2w ]
W(7) ~ — kA (e )—(C%"ft ) _/ dm/ dB e=iweosh| |
2 T k2sin” 0 2m 0 0
(0.247)

We now concentrate on the integral:

ka sin 6 1 2T )
I= / dr x [— / g emosﬁ] : (0.248)
0 27 Jo

Using the integral definition of Bessel functions [Eq. (6.49)] we can show that
the expression inside the square brackets is nothing but Jy(x), hence

kasin 6
I z/ dx xJo(z). (0.249)
0
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We also use the recursion relation [Eq. (6.50)]

xJo(z) = %[:&h(x)], (0.250)

to evaluate the final integral in I as
I = kasin0.J;(kasin0). (0.251)

Substituting this into Equation (0.247) gives us the solution as

. iAa (e*m\ (cos@ + 1) .
\I/(T)_*T < ” ) Wﬁ(kasm@). (0252)

Since the intensity is |¥(r)|* 2, we obtain

A%a?(cosf +1)?

2 .
252 g Ji (kasin ). (0.253)

Intensity =

Problems in diffraction theory are usually very difficult and exact solutions

are quite rare. For a detailed treatment of the subject we refer the reader to
Classical Electrodynamics by Jackson (Bayin, 2006).

III. Useful Sites

Additional references and other useful information about the perturbation
theory and diffraction can be found in the following sites:

http://en.wikipedia.org/wiki/Perturbation_theory_(quantum_mechanics),
http://en.wikipedia.org/wiki/Diffraction,
http://scienceworld.wolfram.com/physics/Diffraction.html.

Selguk Bayin (April, 2009)



