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CHAPTER 10: COORDINATES and TENSORS

[. Cartesian Tensors and the Theory of Elastic-
ity:

Strain Tensor:
All bodies deform under stress, where every point, 7, of the undeformed
body is translated into another point, 7’ (Fig. 0.1):

=7, (0.1)
T =7+ 7(7). (0.2)

We can also write
=z +mn;, 1 =1,2,3. (0.3)

The distance between two infinitesimally close points is given as

d7™? = (da? + da? + dx2)'/?, (0.4)
which after deformation becomes

d7"? = (da’? + dai? + dzi?)V/2. (0.5)

Using Equation (0.3) we can write

dx, = dz; + dn;, (0.6)
5 o
=dx; “dxy. .
z +k§:1 Dz, (0.7)

From hereafter we adopt the Einstein summation convention, where the re-
peated indices are summed over. We can now ignore the summation sign in
Equation (0.7) to write

dzf = i + gg; dwg, (0.8)
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Fig. 0.1 In a general deformation, every point is displaced.

which allows us to write the distance between two infinitesimally close points
after deformation as

d7"? = drlda) (0.9)
on; n;
_ ) ) .1
(dxl + Rr da:k> <dxl + 02, dwl> (0.10)
on; on; n; On;
— dr.drs 4 2 g0 = da- . 11
dx;dx; + 92; dx;dx; + R dx;dxy, + D2y O dxrdx; (0.11)
This can also be written as
dTﬂQ = d7)2 + 2epidxdry, (0.12)
where
L (Ong | Oq | Oni On
N Wl LAl S . 0.13
Okl 2 (895; + axk + axk 8$l ( )

For small deformations, 7; < x;, we can ignore the second-order terms to
define the strain tensor as

_ L1 (0  Om
[ B (8931 + 8xk) 5 (014)

which is a second-rank symmetric tensor:

€Ll — €lk- (0.15)

Stress tensor:
Let F be the force per unit volume and FdV be the force acting on an
infinitesimal portion of the body, which when integrated over a given volume:

/ Fdv, (0.16)
1%



gives the total force acting on that volume of the body. We now assume that
the force ' can be written as the divergence of a second-rank tensor, o;, as

aaik
! 0azk '

(0.17)

Using the divergence theorem we can write the ith component of the force as

/ Fav = [ 97%qy — f inds, (0.18)
1% v Oz S

where S is a surface that encloses the volume V and such that the area
element, d75°, is oriented in the direction of the outward normal to S. The
second-rank tensor, o;i, is called the stress tensor. In the above equation,
oikds, gives the ith component of the force acting on the surface element
when the normal to the surface points in the kth direction. In other words,
o 1s the ith component of the force acting on a unit test area when the
normal points in the kth direction.

We now write the torque, M;;, acting on a volume V of the body due to

as the integral

My, = / mipdV (0.19)
\4

B 0oy 0oy
= /V (31’1 Tk o xl) dv, (0.20)

where the torque per unit volume, m;, is defined as

miE = Fixk — Fkxi (0.21)
adil aO'kl

= — ;. 22

<8J}l Tk 8xl v ) (0 )

We can also write M;; as

O(oyx) — op;) / Oxy, Oz
M = _ — i— — Ok , 2
g /v oz Vv T~ Mo, (0.23)

which after using the partial derivatives:

oxy, ox;
8$l kL 8xl ! (0 )

and the divergence theorem for the first integral, yields

M;, = %(Uﬂwk — Ukll’i)dsl +/ (0’;”' — O'ik)dv. (0.25)
S \4



Assuming that the stress tensor is symmetric (Problem 0.2), we now obtain
Mij as

Zk—/mde (0.26)

= _%(J”xk - crkl:vz)dsl. (0.27)
S

Thermodynamics and Deformations:

Under external stresses all bodies deform. However, for sufficiently small
strains, when the stresses are removed they all return to their original shapes.
Such deformations are called elastic. When a body is strained beyond its elas-
tic domain, there is always some residual deformation left when the stresses
are removed, which is called plastic deformation.

In practice, we are interested in the stress-strain relation. To find such
a relation we confine ourselves to the elastic domain. Furthermore, we assume
that the deformation is performed sufficiently slowly, so that the entire process
is reversible. Hence we can write the first law of thermodynamics as

dU = TdS — dW, (0.28)

where the infinitesimal work done, dW, for infinitesimal deformations can be
written as

0oy,
dW = | —= | én;dV. 0.29
< o > " (0.29)
For a finite deformation, we integrate over the region of interest:

8Uik>
AW = 5, dV, 0.30
/v /v < Oz K ( )

which after integration by parts becomes

/dW 7{%1@5771(151@ /Uzka(ém)dV. (0.31)

03%

We let the surface, S, be at infinity. Assuming that there are no stresses on
the body at infinity, the surface term in the above integral vanishes. Also
using the symmetry of the strain tensor, we can write

1 [ 0(ém;) | 9(6n)

/VdW_ Q/Va ( dor T oms av (0.32)
_ 1 , Oni . Oy
= Z/Valké (8% 8%)dv (0.33)

= —/ O'ik(seikdv. (0.34)
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In other words, the work done per unit volume, w, is
W= —0;,6€;. (0.35)

From now on we consider all thermodynamic quantities like the entropy, s,
work, w, internal energy, u, etc. in terms of their values per unit volume of
the undeformed body and denote them with lower case letters. Now the first
law of thermodynamics becomes

du(s, e;r) = Tds + oide;y, (0.36)

where the scalar function u(s, e;1) is called the thermodynamic potential.
Helmholtz free energy, f(T,e;;), is defined as

f(T,eir) =u—Ts, (0.37)
which allows us to write the differential
df = —sdT + ojde;y. (0.38)
Similarly, we write the Gibbs free energy, g(T,0;1), as
9(T,0ix) =u—Ts — o (0.39)
= [ — oieir, (0.40)
which gives the differential
dg = —sdT — e;pdojp. (0.41)
We can now obtain the stress tensor using the partial derivative
Oik = <%’:zk>> . , (0.42)

or

am::(ﬁﬂlbﬂﬁ)T. (0.43)

Oeix,

Similarly, the strain tensor can be obtained as

em:_(@ﬁﬁﬂ>f (0.44)

a()’ik

In these expressions the subscripts outside the parentheses indicate the vari-
ables held constant.

Connection Between the Shear and the Strain Tensors :

Pure shear is a deformation that preserves the volume but alters the shape
of the body. Since the fractional change in volume is (Problem 0.2)

% =1tr (eij) = €44, (045)



for pure shear the strain tensor is traceless. In hydrostatic compression, bod-
ies suffer equal compression in all directions, hence the corresponding strain
tensor is proportional to the identity tensor:

and the stress tensor is given as
oil = —Pbi, (0.47)

where P is the hydrostatic pressure. A general deformation can be written as
the sum of pure shear and hydrostatic compression as

1 1
ek, = <6ik - géikell) + §5z‘k6u- (0.48)

Note that the first term on the right-hand side is traceless, hence represents
pure shear while the second term corresponds to hydrostatic compression. We
consider isotropic bodies deformed at constant temperature, thus eliminat-
ing the contribution due to thermal expansion. To obtain a relation between
the shear and the stress tensors we first need to find the Helmholtz free energy,
f(T,eir), and then expand it in powers of e;; about the undeformed state of
the body, that is, e;x = 0. Since when the body is undeformed the stresses

vanish,
o af(Ta eik)
O_ik|eik:0 - aeik; -

=0, (0.49)

€ik =0

there is no linear term in the expansion of f(7)e;x). Also, since f(T,e;;) is a
scalar function, the most general expression for f(T,e;;) valid up to second-
order can be written as

(T ei) = %/\(eii)Q + pleir)?, (0.50)

where A and p are called the Lamé coefficients and ezzi and efj = e;LCL; are

the only second-order scalars composed of the strain tensor. We now write
the differential of f(T),e;) as

df = Xegdey; + 2ueipdesy (0.51)
and substitute
de;; = 6;pdein (0.52)
to get
df = Xeji0ipdesr + 2ue;pde;y (0.53)

= ()\eiiéik + 2,ueik) de;y. (0.54)



Fig. 0.2 Hydrostatic compression.

This gives the partial derivative

<8f(T, €ik)

Doy >T = Xejibik + 2peik, (0.55)

which is also equal to the stress tensor [Eq. (0.43)]:

Oil = Neiii + 2p€ik. (0.56)

We can also obtain a formula that expresses the strain tensor in terms of
the stress tensor. Using Equation (0.56) we first write the following relation
between the traces:

0ii = 3Xeq; + 2ueq; (057)
= 3\ + 2p)eis, (0.58)

which when substituted back into Equation (0.56) gives

O

Bt K+ 2peqn (0.59)

oik = A

and then yields the desired expression as

1 Ao
o 2% (0.60)

o 2u(3\ + 2p1)

By considering specific deformations it is possible to relate the Lamé coeffi-
cients to the directly measurable quantities like the bulk modulus, K, shear
modulus, G, Young’s modulus, Y, etc. For example, the bulk modulus is
defined as (Fig. 0.2)

P=—-K— (0.61)

where P is the hydrostatic pressure and % is the fractional change in volume.
Using A—VV = ¢4 and o;; = —3P, which follows from the stress tensor, o;;, =
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Fig. 0.3 Longitudinally stretched bar.
—Pé;y, for hydrostatic compressions, we can write [Eq. (0.58)]
AV
2 AV
P=—-+-p)— 0.63
O+ 2T (0.63)
thus obtaining the relation
2

We now consider a long bar of length L with the cross sectional area A
pulled longitudinally with the force (Fig. 0.3)

T = 0'3314. (065)

Note that o33 is the only non-zero component of the stress tensor. Young’s
modulus is defined as
AL

033 = YT (066)

As the bar stretches along the longitudinal direction, it gets thinner along the
transverse directions by the relation

AiCl/iCl

AL
or = *O’T, (067)
AJJQ/JJQ
where o is called the Poisson’s ratio. We now write the displacements as
AL
n =T <_UT) ; (0.68)
AL
N2 = T3 <_JT> ; (0.69)

ns = a3 <£> , (0.70)



which yields the nonzero components of the strain tensor as

AL
€11 = €22 = —0—— (0.71)
= —oes33, (072)
AL

€33 = T (073)

Using Equation (0.56) for o33 :
033 = Aepk + 2uess, (0.74)

we obtain the relation

Y =(—-20+1)A+2u. (0.75)

Similarly, using 011 = 092 = 0, Equation (0.56) gives another relation as
0=(-20+ 1)+ 2u(—0). (0.76)

We now consider a metal plate sheared as shown in Figure 0.4 (left), where
the deformations are given as

0

0
m = 5.’1?2, N2 = 5.’1?1, N3 = 0. (077)

In this case the only nonvanishing components of the strain tensor [Eq. (0.14)]
are

€12 = €21 — 9/2 (078)

Inserting these into Equation (0.56) we obtain

0 0
O12 = U (5 + 5) = pb. (0.79)

In engineering shear modulus, G, is defined in terms of the total angle of
deformation (Fig. 0.4 (right)) as o712 = G, hence

1=G. (0.80)

Using Equations (0.64), (0.75) and (0.76) we can express the Lamé coefficients,
A and p, and the Poisson’s ratio, o, in terms of the Bulk modulus, K, Young’s
modulus, Y, and the shear modulus, G, which are experimentally easy to
measure.

Hook’s law:

We can also obtain the relation between the stress and the strain tensors
[Eq. (0.56)] by writing the Hook’s law in covariant form as

Oij = Lijkiekl, (0.81)
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Fig. 0.4 Pure shear.

where Fjj1; is a fourth-rank tensor called the elasticity tensor. It obeys the
following symmetry properties:

Eijki = Eriy = Ejie = Eqjuk. (0.82)

For an isotropic body the most general tensor with the required symmetries
can be written as

Eijrr = Noijbrr + 11(6i1051 + 60651), (0.83)

where A and p are the Lamé coefficients. Substituting Equation (0.83) into
(0.81) gives

05 = /\51j6kk + 2,1“32'3’7 (0.84)
which is Equation (0.56).
Problem 0.1: Show that
AV
\%4

Problem 0.2: We have written the moment (torque) of the force acting
on a portion of a body as

= €3 = tr(eij). (085)

My, = j{(UuﬂJk — Op1x;)ds +/ (Oki — oi)dV. (0.86)
5 %

When the stress tensor is symmetric, o; = 0,1, obviously the volume integral
on the right-hand side is zero. However, even when the stress tensor is not
symmetric, under certain conditions it can be made symmetric.
Show that if a stress tensor can be written as the divergence of a third-rank
tensor antisymmetric in the first pair of indices:
OV

ik — Oki = 2——, \I/Z‘,Z—\I/,i7 0.87
Oik — Ok (9£E1 kl kil ( )
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then a third-rank tensor, x;r::
Xikt = Wit + Wik — Wik, (0.88)

antisymmetric in the last pair of indices, x;x = —Xiik, can be found to trans-
form oy into symmetric form via the transformation

/ 8Xikl

= 0.89
o o+ oz, ( )
as
1 OV, OV
U;k = 5(02k + Uki) + ( o, B2, , ng = o';“-. (0.90)

Also, show that the forces corresponding to the two stress tensors, o’and o,
are identical.

Problem 0.3: Write the components of the strain tensor in cylindrical
and spherical coordinates.

II. Interpretation of the Metric Tensor:

In classical physics space is an endless continuum, in which everything in
the universe exists. In other words, space is the arena on which all processes
take place. We use coordinate systems to assign numbers called coordinates
to every point in space, which in turn allow us to study physical processes in
terms of separations and directions. Obviously, there are infinitely many pos-
sibilities for the coordinate system that one may choose to use. In this regard,
tensors, which are defined in terms of their transformation properties under
coordinate transformations, have proven to be very useful in physics. Since it
contains crucial information regarding the intrinsic properties of the physical
space, the metric tensor plays a fundamental role in physics. However, this
information is not easily revealed by the metric tensor.

Let us consider a two dimensional universe with two dimensional intelligent
bugs living in it. Some of the bugs in this universe use a coordinate system,
which allows them to write the line element as

ds* = dz* + dy?, (x,y) € (—00,00), (0.91)

while the others prefer to work with a different coordinate system, where the
line element is

ds* = dr® +r?d6?, r € [0,00), 0 € [0, 27]. (0.92)

In the first coordinate system the metric tensor is obviously the identity

tensor:
1 0
gij:I:( 11 >, (0.93)
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while in the second coordinate system it is given as

9ij = ( (1) Toz ) : (0.94)

A path connecting two points in space can be written in the first coordinate
system as y = y(x), while in the second coordinate system it can be expressed
as r = r(6). Since the path length, | = f12 ds, is a scalar, its value does not
depend on the coordinate system used. Since [ is basically the length that the
bugs will measure by laying their rulers end to end along the path, it is also
called the proper length. One can also calculate [. The first group of bugs
using the first coordinate system [Eq. (0.91)] will use the formula

l_/ ds—/ ,/1+ dy (0.95)

while the second group of bugs using the second coordinate system [Eq. (0.92)]

will use
2 2 ar\ 2
= = 2 —
l /1 ds /1 dfy[r2 + (d@) . (0.96)

A group of bugs immediately set out to investigate the properties of their
space by taking direct measurements using rulers and protractors. They draw
circles of various sizes at various locations in their universe and measure their
circumference to radius ratios. Operationally, this is a well defined procedure;
first they pick a point and connect all points equidistant from that point and
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then they measure the (proper) circumference by laying their rulers end to
end along the periphery. To measure the (proper) radius, they lay their rulers
from the center onwards along one of the axes. Their measurements turn out
to be in perfect agreement with their calculations. For the first group of bugs
using the first coordinate system [Eq. (0.91)], equation of a circle is given by

22 +y? =12, ro = radius. (0.97)
For the second group using Equation (0.92), a circle is simply written as

r=ro. (0.98)

In the first coordinate system, the circumference is calculated as

/ds(w2+y2—r (099)

/ ,/1+ dy (0.100)

(0.101)

= 27rg, (0.102)

while in the second coordinate system it is found as

/ dS (r—ro) (0.103)

/d@,/r? + de (0.104)

— 7 /O (0.105)

= 27ry. (0.106)

On the other hand, in the first coordinate system the radius is calculated as

radius = /ds(yzo) (0.107)

= d 1+ —= 1

/O o142 (0.108)

- / dz (0.109)
0

=70, (0.110)
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while in the second coordinate system it is found as

radius = /ds(9:90 (0.111)

)
"o a0
= 2
/0 a1+ 725 (0.112)
0

= / dr (0.113)
0
= ro. (0.114)

In conclusion, no matter how large or small a circle the bugs draw and re-
gardless of the location of these circles, they always find the same number for
the circumference to radius ratio, ¢/rg, which is twice a mysterious number
they called 7. Furthermore, when they draw triangles of various sizes and
orientations, regardless of the location of these triangles, they always find the
interior angles of the triangles add up to the same mysterious number 7.

In fact, nothing would have changed even if some of the bugs had used a co-
ordinate system where the line element and the metric are given, respectively,
as

ds® = (y* + 1)dz? + 2(zy + 1)dody + (2 + 1)dy?, (0.115)
2
+1 zy+1
gij = ( zyH x?jﬂ ) (0.116)

Being intelligent creatures capable of abstract thought, these bugs imme-
diately notice that they are living in a flat universe. In fact, the first metric
is nothing but the Pythagorean theorem in Cartesian coordinates, while the
second metric is the same metric written in plane polar coordinates. The two
coordinate systems are related by the transformation equations

x =rcoséb, (0.117)

y = rsind. (0.118)

Similarly, a transformation can be written between the metric in Equation
(0.115) and the first two metrics [Eqgs. (0.93) and (0.94)].

Now consider another two dimensional universe, where this time the metric
given as

dr?

A circle in this universe is defined by

d82 = + 7’2d¢2, re [07 R] 5 ¢ S [Oa 271—] . (0119)

r=Tp. (0.120)
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Fig. 0.6 Bugs living on a sphere.

The proper radius, r,, and the proper circumference, cp, that the bugs will
measure in this universe are calculated as

ro dr
Ty = /d8(¢:¢0) :/O W (0121)

R2
= Rsin"!(ro/R). (0.122)
Cp = /dS(T:TO) (0.123)
2m
= To/ d¢ (0.124)
0
= 27rg, (0.125)
thus yielding the ratio
Cp 2mro

Clearly, this ratio depends on the size of the circle and only in the limit as the
radius of the circle goes to zero, rg — 0, or as R — o0, goes to 27. Expansion
of ¢, /rp in powers of ro/R :

@ _op 1 Loy,
rp—27r[l 6(R>+ ] (0.127)

shows that in general these bugs will measure a ¢, /r, ratio lower than 2.
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To the bugs this looks rather strange and they argue that there must be a
force field that effects the rulers to give this ¢,/r, < 27 ratio. In fact, one of
the bugs uses the transformation

P

r=—>t _ (0.128)
1+ Lo
to write the line element [Eq. (0.119)] as
1
ds® = [dp? + p*de?] (0.129)

SN2
(1+ )
which demonstrates that the proper lengths, hence the rulers, in their universe
are indeed shortened by the factor

, (0.130)

with respect to a flat universe.
They even develop a field theory, where there is a force field that shortens

the rulers by the factor 1/ (1 + ;1%) . However, like the electric fields, which
effect only electrically charged objects, this field may also effect only certain
types of matter possessing a new type of charge. To check this, they repeat
their measurements with different rulers made from all kinds of materials they
could find. No matter how hard they try and how precise their measurements
are made, to their surprise, they always find the same circumference to radius
ratio [Eq. (0.126)]. Whatever this field is, apparently effecting everything
precisely the same way. In other words, it is a universal force field. This fact
continues to intrigue them, but not knowing what to do with it, they continue
with the force field concept, which after all appears to work fine in terms of
their existing data.

Then comes a brilliant bug and says that all these years they have been
mesmerized by the beauty and the simplicity of the geometry on flat space,
but the measurements they have been getting could actually indicate that
they may be living on the surface of a sphere. Then the brilliant bug shows
them that the transformation

r .
7= sin @ (0.131)

transforms their line element [Eq. (0.119)] into the form
ds® = R%d6? + R*sin? 0d¢?, (0.132)

which when compared with line element in three-dimensional space in spher-
ical coordinates:

ds? = dr® 4 r?d6? + r?sin? 0d¢?, (0.133)
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Fig. 0.7 Geometry of space is an experimental science.

corresponds to the line element on the surface of a sphere with the radius R
(Fig. 0.6):

r=R. (0.134)

In summary, these bugs do not need a force field to explain their obser-
vations. All they have to do is to accept that they are living on the two
dimensional surface of a sphere in three dimensions. Since the geometry of
space is something experimentally detectable, the fact that they have been
getting the same geometry regardless of the internal structure of their mea-
suring instruments; rulers, protractors, etc., indicates that this new geometry
is universal. That is, it is the geometry of the physical space that everything
exists in.

There is actually another possible geometry for the two dimensional bugs,
where the line element is this time given as

dr?
1+ %)

In this case the ratio of the circumference to the radius of a circle is larger
than 27 :

ds” = +r%d¢?, 1 € [0,00], ¢ € [0, 2] (0.135)

CP 271—7‘0 1 To 2 :|

_:—ZQWH_(_) o], 0.136

7, Rsinh™'(ro/R) { 6 \R (0.136)
and the interior angle of triangles are less than 7. Such surfaces can be visual-
ized as the surface of a saddle (Fig. 0.7). These are the three basic geometries
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for the surfaces in three dimensions. Of course, in general the surfaces could
be something rather arbitrary with lots of bumps and dimples like the surface
of an orange or an apple.

[TI. Curvature:

We have seen that from the appearance of a metric tensor one could not tell
whether the underlying space is curved or not. A complicated looking metric
with all or some of its components depending on position may very well be
due to an unusual choice of coordinates. Still, the metric tensor possesses all
the necessary information regarding the intrinsic properties of the underlying
space. Intrinsic curvature is defined entirely interms of measurments that
can be carried out in the space itself and not on how the space is embedded in
a higher dimension. Our task is now to find a way to extract this information
from the metric tensor. Furthermore, we would like to find a way that works
not just for two-dimensional surfaces, but also for surfaces with any number
of dimensions and for any shape. Hence, we need a criteria more sophisticated
than the just the circumference to radius ratio of a circle.

Let the intelligent bugs living on the two-dimensional surface of a sphere
transport a small vector over a closed path always pointing in the same direc-
tion so that it remains parallel to itself. This is called parallel transport.
When the vector comes back to its starting point, the bugs will see that the
vector has turned a certain angle ¢ (Fig.0.8). This angle, which is zero in flat
space, for a sufficiently small area enclosed by the path, 6 A, is proportional
to the area:

§9 = KSA. (0.137)

The proportionality constant K is called the Gaussian curvature. For
a sphere K = 1/R2. In fact, for a triangular path this angle is precisely
the excess over 7 for the sum of the interior angles of the triangle. For a
flat space we can take R as infinity, thus obtaining K = 0. For the saddle
like surface in Figure 0.7, the Gaussian curvature is negative: K = —1/R2.
Gaussian curvature can be defined locally in terms of the radii of curvature in
two perpendicular planes as K = 1/R;Rs, where for a sphere Ry = Ry = R,
hence K = 1/R?. For a cylinder K = 0, since R; = R and Ry = cc.

The general description of curvature in many-dimensional surfaces is still
based on parallel transport over closed paths. However, this time 6 will also
depend on the orientation of the path. The fact that the parallel transported
vectors over closed paths in general do not coincide with themselves, is due
to the fact that the covariant derivatives with respect to j and k in v;,;;, do
not commute, v;; i 7 Vi;kj, unless the space is flat. We have mentioned that
the difference between v;;;, and vy, is given in terms of a fourth-rank tensor,

Réjk, called the Riemann curvature tensor, or in short, the curvature
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tensor [Egs. (10.227) and (10.228)]:
Visjk — Vikj = Réjkvlv (0.138)

where

me () ) e ) ) o

To understand the properties of the curvature tensor we now discuss parallel
transport in detail.

Parallel Transport:

Covariant differentiation [Eq. (10.208)] over the entire space is defined as

.o i &
= g+ { bt (0.140)
where the Chrisfoffel symbols of the second kind are defined as [Eq. (10.202)]
i 9" (Ogjii | Ogi g
===+ - . 0.141
{jk} 2 (axk + Oxd  Ox! ( )

However, we are frequently interested in covariant differentiation along a path
parametrized as z'(7). Along (), we can also parametrize a vector in terms
of 7 as v*(7). Now the covariant derivative of v* over the path x*(7) becomes

Do ; da?
v _ i 4x” 142
Dr ~ dr (0.142)
ot dx’ i) de?
=—— — 14
Oz’ dr i {jkj} ar * (0.143)
dv’ i) dxl
= — —". 144
ar { jk} dr " (0.144)

Note that %f is a covariant expression, hence valid in all coordinate systems.
A vector parallel transported along a curve satisfies

Dv?
= 014
Dy 0, (0.145)
that is,
dvt i) da?
- = — k. .14
dr { jk} dr * (0.146)

For a covariant vector the parallel transport equation becomes

dv; k) da?
= — . .14
dr {Z]} dr Uk (0.147)
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Fig. 0.8 Parallel transport.

Parallel transport is what comes closest to a constant vector along a curve in
curved space.

Round Trips via Parallel transport:

We have obtained the formula [Eq. (0.147)] that tells us how a vector
changes when parallel transported along a curve. We now apply this result to
see whether a given vector returns to its initial state when parallel transported
along a small but closed path. If the curve is sufficiently small, we can expand
the Christoffel symbols and the vector v; around some point X = x(7) as

I‘Z(m) :Ffj(X)—F(xl(T) _Xl)%Ffj(X)—F-" , (0.148)
(1) = vi(r0) + T (X) (27 (1) — X7 )or (7o) + -+, (0.149)

where we have written the Christoffel symbols as

Ii(z) = { g } (0.150)

ij

and used Equation (0.147) to first order in (27(7) — X7) to write Equation
(0.149). Substituting Equations (0.148) and (0.149) into (0.147) and keeping
terms of up to second-order we get

T

v;i () ~ v;(70) +/

70

[rfj(X) + (2! (1) = X mom Th (X)) + -

X [Uk(T()) + U (10) T (X)) (2! (1) — X1 + - }
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We could simplify this further to write

Ui(T) ~ ’UZ'(T()) + FZ(X)U]C(T(Q /T d%f_T)dT
[T 0 + T COTRO0 () [ 60) = X S
(0.152)

Since for a closed path x’ returns to its initial value X for some 74,

T1 J
/ C;idr =0. (0.153)
T T

0

This gives the change in value, Av;, of the vector v; when parallel transported
over a sufficiently small closed path as

0 n dx?
A= |50+ T COTECO| () [ a5 ar, (0150)
or as
0 ;
Av; = [WF” (X)+TH(X) kl(X)] Vm (T0) 7{ 2l (7)da? . (0.155)
The integral, § x!(7)dz7, is in general nonzero and antisymmetric:
- ™ d(ztzd) T dat
l J — _ JZZ 1
%x (1)dx /TO o dr /To @’ — dr (0.156)
=— ?{ 2 (7)dat, (0.157)
hence we can also write Av; as
0 m ;
Av; = |:8X_] i (X) + F 1(X) kj (X):| U (70) ij (T)dl’l (0.158)

13 . '
- |:8XJF (X) + T (X) kj(X)] Ui (70) fwl(T)dxj. (0.159)
Adding Equations (0.155) and (0.159) we write

9 _p(x) 4 D5 (OTE () — Th(X)T(X)

9 —m
2Av; = [—F..(X) — 55

dX1 U
X Uy (T0) }'{ 2l (r)da?. (0.160)

The quantity inside the square brackets is nothing but Rjj, that is, the cur-
vature tensor, hence

1_., ;
Av; = ERil’jvm(m)%xl(T}de. (0.161)
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Fig. 0.9 Parallelogram.

This result indicates that a vector, v;, parallel transported over a small closed
path does not return to its initial value unless R?l"”j vanishes at X. If we take
our closed path as a small parallelogram with the sides Aj2? and Asz?, then
¢ 2!(7)da? are the components of the area of the parallelogram (Fig. 0.9 ):

%xl(f)dxj = Mgzl Agr? — Agad Aga. (0.162)

For a finite closed path C enclosing an area A, we can subdivide A into
small cells each bounded by cy. The change in v; when parallel transported
around C can then be written as the sum.

Av; =Y Apv;. (0.163)
N

This follows from the fact that the change in v; around the neighboring cells
are cancelled, thus leaving only the outermost cell boundaries making up the
path C.

Algebraic Properties of the Curvature Tensor :

To reveal the algebraic properties of the curvature tensor we write it as

Rijkl = gimRﬂk (0164)

Using Equation (0.139) this can be written as

1 82 e 82 ik 82 il 82 "
gj Ji gi - gj +gnm [PZF;’;@ - 22 ;rl]] .

Bijhl = 5 | 900w ~ 9d10ws T 0chows  0ahow
(0.165)

From this equation the following properties are evident:
i) Symmetry:

Rijr = Ruuij (0.166)
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ii) Antisymmetry:
Rijii = —Rjire = —Rijir = Rjun (0.167)
iii) Cyclicity:
Rijki + Rujr + Ririy = 0. (0.168)

There is one more symmetry called the Bianchi identity, which is not obvi-
ous but could be shown by direct substitution:
iv) Bianchi identity:

Rijkl;m + Rijmk;l + Rijlm;k =0. (0169)

Contractions of the Curvature Tensor:

Using the symmetry property we can contract the first and the third in-
dices to get a very important symmetric second-rank tensor called the Ricci
tensor:

9" Riji = Rji, (0.170)
Ry = Ry;. (0.171)

The antisymmetry property indicates that this is the only second-rank tensor
that can be constructed by contracting the indices of the curvature tensor.
Contracting the first and the third, and then the second and the fourth indices
of the curvature tensor gives us the only scalar, R, that can be constructed
from the curvature tensor as

@9 R = ¢' Ry = Rg =R. (0.172)
Finally, contracting the Bianchi identity gives

9% Rijktm + 0" Rijmi + 6" Rijimk = 0, (0.173)

le;m - ij;l + R_];lm;k =0. (0174)
Contracting once more yields
Ry, — R —RE, =0, (0.175)

1
<R2n - §R63n> =0, (0.176)

iJ

which can also be written as

1
<R” - 5Rg”) =o. (0.177)
5]
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Curvature in n dimensions:

The curvature tensor, R;jx, in n dimensions has n* components. In four
dimensions it has 256, in three dimensions 81 and in two dimensions 16 compo-
nents. However, due to its large number of symmetries expressed in Equations
(0.166-0.168) it has only

4

Cp = 1—12N2(N2 —1) (0.178)
independent components. In four dimensions this gives the number of inde-
pendent components as 20, in three dimensions as 6 and in two dimensions
as 1. In one dimension, the curvature tensor has only one component, Ry111,
which due to Equation (0.167) or (0.168) is always zero. In other words, in
one dimension we can not have intrinsic curvature. It sounds odd that a
curved wire has zero curvature. However, curvature tensor reflects the inner
properties of the space and not how it is embedded or viewed from a higher
dimension. Indeed, in one dimension we can always transform the line element

ds* = g1 (2)dx? (0.179)
everywhere into the form
ds* = da'?, (0.180)

via the coordinate transformation

' :/@dx. (0.181)

Another way to see this is that we can always straighten a bent wire without
cutting it. In two dimensions, R;;;; has only one independent component,
which can be taken as Rjz12. Using Equations (0.165)-(0.168) we can write
all the components of R;ji as

Ri212 = —Ro112 = —Ri221 = Roi21, (0.182)
Ri111 = Ri112 = Rii21 = Rz =0, (0.183)
Ri211 = Ri222 = Ra111 = Ra122 =0, (0.184)
Ro211 = Ra212 = Ra201 = Ragoz = 0. (0.185)
These can be conveniently expressed as
R
Riji = (9ikgj1 — 9ugjk) %, (0.186)

where g is the determinant:

9= (911922 — 9%2) - (0.187)
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If we contract ¢ and k in R;jr we get

R1212

Rji = gji (0.188)
Contracting j and ! in R;; gives the curvature scalar
2R

R="1212 (0.189)

g

We can now write the curvature tensor as

R

Rijii = = (9irgj1 — 9a9jk) - (0.190)

2

The Gaussian curvature, K, introduced in Equation (0.137) is related to the
curvature scalar R as

R
K=< (0.191)
= R””, (0.192)
g
which for a sphere becomes
1
K== (0.193)

where a is the radius of the sphere.
Problem 0.4:
Verify Equation (0.165).
Problem 0.5:
Show by direct substitution that the Bianchi identities are true.
Problem 0.6:
Verify Equations (0.182)—(0.190).
Problem 0.7:
For the surface of a sphere the metric can be written as [Eq. (0.132)]

ds? = a*(df* + sin? 0d¢?), (0.194)

where a is the radius of the sphere. Using the definition of the Riemann
curvature tensor [Eq. (0.165)] evaluate Ri212 and R, and verify that

K=—. (0.195)
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