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| ntroduction

€ Image transforms are represented by transform matrices A:
X = AX
where x and X are the original and transformed image
respectively.
In most cases the transform matrices are unitary:

At=A"

€ Thecolumnsof A™T are the basis vectors of the
transform and in 2-d transforms they correspond to
basis images.

€ The most popular image transforms are:

<= Discrete Fourier Transform (DFT).

<= Discrete Cosine Transform (DCT).
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Two-dimensional discrete Fourier transform

Let X(n,n) bea2-drectangularly periodic sequence.
Its periodicity is defined as:

X(n,n,) =X(n +N,n,)=X(n,n, +N,)

where N;, N, denote the horizontal and vertical periods.

The fundamental period of this sequence isthe rectangle
Ryine having size N,” N,

R\IlNz :{ (nl’nz) : O£ nl < N1’0£ nz < Nz}
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Two-dimensional discrete Fourier transform

Figure 1. Rectangularly periodic sequence and its
fundamental period.

|. Pitas Digital Image Processing Fundamentals

Digital Image Transform Algorithms THESSALONIKI 1998




Two-dimensional discrete Fourier transform

€ A periodic seguence can be represented by a Fourier
Series.

€ The 2-d DFSisused for the representation of a 2-d
rectangularly periodic signal ;

X)) =—— & & X(k.k)exid aeaonlk PO

NN, « Zok,=0 N, 5

€ The Fourier series coefficients are:

_ N, - lN -1 F
X(k,k)=a a x(nl,n)expg Zp”k FELS.
n,=0n,=0 N a

2
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Two-dimensional discrete Fourier transform

€ A discrete 2-d space-limited signal can be
represented by DFT as.

‘g g 2 . 2pnk,  2pnk,9d
X(kl’ 2)_ a. X(nl’ 2)expé p - | pN2 2:

n,=0n,=0 2 a

1N1N1

x 2
x(n,,n,) —Wa a X(k.Kk, )expg
» k;=0k,=0

L 42PNk, O
N, o

2
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Two-dimensional discrete Fourier transform

€ Another commonly used form of the DFT is;

N&-lN&-l
X(kl’kz) = a. a. X(nl’nz)WI\Ilqllklwl\IIEk2

n,=0n,=0

1 N;-1IN,-1

X(n,n)=——28 & X(k,k W, Haw:
N1N2 k120k220 ' ‘

where: w,
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Two-dimensional discrete Fourier transform

¢ TheDFT isrdated to the Fourier transform of a discrete
2-d signal which isdefined as:
¥ ¥

XWw,w,)=a a xn,n)exptiwn - iw,n)

n=¥n=%¥

PP
: (\)(\)>< (Wl ’Wz) exp(iwlnl i in nz)dwldwz
P-P

4° 7
The DFT coefficients are a sampled version of the 2-d FT of
a discrete sequence:

X(kl’kz) — X(W1’W2)W1 _ 2p Ky o 2p Kk,

Ny 2 N

X(n,n) =

over the unit bicircle z, = exp(iu,), z, = exp(iu,).
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Two-dimensional discrete Fourier transform

€ Thecircular convolution of two signals can be computed
by means of the circular shift of asignal.

Circular Shift
y(n,,n,) = x(((n, + m))n,, ((n, + M))n,)

D
((n))y, =N mod N
Circular Convolution

D

y(nl’ nz) = X(nl’ nz) A A h(nl’ nz) =
N;-1N,-1

= & & x(m,m)h(((n, - m)n,,((n, - m))n,)

m; =0m, =0
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Two-dimensional discrete Fourier transform

Figure 2: Circular shift of a 2-d sequence
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Two-dimensional discrete Fourier transform

€ In most applicationsthe linear convolution of two
signalsis needed. It is defined as:
BB
y(n,n)=a a h(m,m)x(n - m,n,- m)

m; =0m, =0

where Rpyp, = [0, Py) X [0, P) and Ry, = [0, Qp) X [0, Qy)
are the regions of support of X, h.

€ Theregion of support of the convolutionis.

R, =[0L) [0L) L=R+Q-1 i=12
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Two-dimensional discrete Fourier transform

€ Theagorithm consists of the following steps:

1. Choose N;,N, suchthat N. 3 P, +Q,-1,1 =1, 2.
2. Pad the sequences x(n,, n,) and h(n,, n,) with zeros,
SO that:

i x(ny,n,) (nl’nZ)T Rplpz

X (n,n,)=j -
v TO (n,n,)| RNlNZ_ Rplp2

i h 1
hp(nl, ) _.|,. (n,ny) (N, nz)l RQQZ
(nynz)l RN1N2 B RQQZ
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Two-dimensional discrete Fourier transform

3. Calculate the DFTs of the new sequences X,(n,, n,) and
h,(ng, Ny).

4. Calculate the DFT Y (k;, k), asthe product of X,(k;, k)
and H,(ky, k).

5. Calculate y,(n,, n,) by using the inverse DFT. The result of
the linear convolution is:

yn,n)=y@m,n) (n)l R,

X —— DFT

h DFT }—

Figure 3: Convolution calculation using the DFTs
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Two-dimensional discrete Fourier transform

€ The DFT aso supportsthe 2-d correlation:

NlNl

R (m1’m)_ a. a. X(nl’n)y(n +m1 n +m2)

n,=0n,=0

€ If both sequences arereal then in the frequency domain:

Py (ki k) = X7 (K, K,)Y (K, k)

€ Theautocorrelation of animage is defined as:
N 1N -1

R.(M,m) =8 & x(n,n,)x(n +m,n,+m,)

n,=0n,=0
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Two-dimensional discrete Fourier transform

Properties of the 2-d DFT
1. Separ able sequence:

X(n,n,) =x(n)x(n) « X(k,k,)=X(k)X,(Kk,)
2. Linearity:
X(n,n)=ax(n,n)+bxnvn,n) «

X (k. k) =aw (k,k)+bw(k, k)
3. Circular shift:

y(n,n) =x(((n - m)),,.((n, - m)), ) «
Y(k,, k) =Wk, ™MW, ™ X (K k)
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Two-dimensional discrete Fourier transform
4. M odulation:
y(n,n) =Wa, "W, "2x(n,n,) «
Yk, k,) = X(((k - 1)), (K -1,)),)

5. Complex conjugate property:

X (((N;- ), (N, - ), )« XT(K, k)

If x(n,, n,) iIsareal-valued signal:

X" (k, k) = X(((N, - k)., ((N, - k,)),..)
6. Reflection:

X(n,n) « X(k,, k)
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Two-dimensional discrete Fourier transform
7. Initial value and DC value:

1 N&_lNé_l N;-1IN,-1

X(00) =8 & X(k.k) X(00)=3 & x(n.n)

1 2 k1:O k2:O n]_:O n2=0

8. Par seval’ stheorem:
N;-1N,-1 1 |\|6_1|\| -

8 A x(n)y (nn)=——38 4 X(k.k)Y (k.k)

nl=0 n2=0 N1N2 k1=O k2=O

Né-lNé-l > 1 Né-lNé-l 5

a ax(n.,n)"=——a a [X(k.k,)

n,=0n,=0 N1N2 k;=0k,=0
O. Circular convolution and multiplication:

x(n,n) A AR, n) « X(k,k)=H (k k)

x(n,n.)h(n,n.) « NlN X (K, k) A AH (K, k)

1 2
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Row-column FFT algorithm

€ Thesmplest algorithm for the calculation of the 2-d
DFT isthe Row - Column FFT (RCFFT) algorithm.

€ The 2-d DFT can be decomposed in N, DFTs aong rows
and N, DFTs aong columns:

N,-1
X((nl’kz) - é. >((I’-11’I"12)Wl\rl1§k2

n,=0

X (koK) = 8 XEn, kWi
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Row-column FFT algorithm

€ Thetransform magnitudeis:
X, (6,K) =y X (K k) + X (k k)

€ Thetransform phaseis:

f (k. k)= tan

_1$XI (kl’kz) 9
XR(kl’kZ) B

€ The magnitude of the transform provides useful
Information about the frequency content of an image.
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Row-column FFT algorithm

€ The number of complex multiplications for RCFFT is:
N1N2

C= Nl%log2 N, + Nz%log2 N, =

IOQZ(NlNZ)

& If radix-2 FFT s used then the number of complex
additionsfor RCFFT is:

A= N1N2 |Og2(N1N2)
€ The computational complexity is of the order :

O(kN“log, N)
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Memory problemsin 2-d DFT calculations

€ There are memory problemsin the calculation of 2-d
DFT even for moderately sized images.

€ A solution to this problem is the storage of the image
on a hard disk in arow-wise manner.

Figure 4. (a) Storage of an image in a row-wise manner. Each image row
occupies one data record. b) Access of image in a column-wise manner.
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Memory problemsin 2-d DFT calculations

€ Thetotal number of |/O operationsis.

N, =2N+3N+2N(N- 1) =2N*+3N

¢ If Ksgnal rows (or columns) can be stored in RAM, the
number of |/O operations required are:

2
N = 2N 4 an
K
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Memory problemsin 2-d DFT calculations

€ A further speed-up Is obtained by combining the row
transform computation with a part of the column transform
computation.

€ The number of |/O operationsis:

N, = 2N@/KkQ
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Memory problemsin 2-d DFT calculations

Figure 5. Radix-2 FFT algorithm for N=8.
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Memory problemsin 2-d DFT calculations

€ Another approach for the reduction of the I/O
operations isto use fast matrix transposition algorithms.

¢ If thematrix hassize N" N, where N =2, it can be split
Into four submatrices of size (N/2)" (N/2) each.

€ Thisprocedureis repeated until submatrices of size 2" 2
are reached.
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Memory problemsin 2-d DFT calculations

€ Thisalgorithm has n =1log,N steps.
€ Thetransposition can be performed in place.

€ Thefirst stage needs 2N |/O operations.

€ The number of stagesislog,N.

€ Thetotal number of |/O operationsis:

N, =2Nlog, N
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Memory problemsin 2-d DFT calculations

Figure 6: Three stagesin the transposition of an 8~ 8 matrix.
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Memory problemsin 2-d DFT calculations

€ If theimageisreal, the complex conjugate property can
be used for reducing memory reguirements.

€ Suppose that the dimensions N,, N, of theimage are
powers of 2 and that the image is stored on a matrix A of

size N;” N..

€ Thefirst stage of the RCFFT processes the conjugate
Ssymmetry.
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Memory problemsin 2-d DFT calculations

€ The columns X' (n,, 0), X (n,, N,/2) are real numbers.

€ They are used to store the real and imaginary parts of
X (ny, ky) In place as:

Re[ X ¢n,, k,)|3%® A(n,k,)

Im[ X €n,, k,)]3%® A(n, N, - k) £k, <N,/2 OENEN-1

€ This storage requires only 50% of the memory required
for the storage of the complete complex signal and is
performed in place.
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Memory problemsin 2-d DFT calculations

€ The column transform also satisfies the conjugate
property.

€ The samples X(0, 0), X(N,/ 2, 0), X(0, N,/ 2), X(N,/ 2,
N,/ 2) arereal and can be stored in the corresponding
positions of A. The samples X(k;, 0), X(k;, N,/ 2) can be

stored as.
Re X (k,,0)| %:® A(k,,0)

Im[ X (k,,0)] 3%® A(N, - k,,0)
Re X (k,N,/2)|%® Ak, N,/2)
Im[X (k., N, /2)]3:® AN, - k,N,/2)

231 |. Pitas Digital Image Processing Fundamentals

Digital Image Transform Algorithms THESSALONIKI 1998




Memory problemsin 2-d DFT calculations

€ Therea and imaginary parts of the samples X(k,, k),
1£k, £N;-1,1 £k, <N,/2 are stored as.

Re

Im

X (ky, Ky).

X (ky, ky)

Ba® A((k,k,)
B ® A(((Nl' kl))N11((N2_ kZ))Nz)

for  1EKEN-1 1Ek,<N,/2
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Memory problemsin 2-d DFT calculations

Figure 7: In-place storage of the 2-d DFT of areal-valued signal. (a)
Storage after row transform. (b) Storage after column transform. The
cross-hatched areas denote the storage places for the imaginary part of

the transform.
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Vector-radix fast Fourier transform algorithm

& Let x(n,, n,) beasquareimage N N.

@ ItsDFT can be split into four 2-d DFTs of size
(N/2)" (N/2), by following a decimation-in-time approach:

1 N-1

N -
o nk n.k
a X(nl’ nZ)WN1 1WN2 i
n,=

0

X (K, K;) = é-.

n, =0

= Gee(kl’ kZ) T Geo(kl’ kZ)WI\iI<2 T
Goe (Ky, K W + Gy (Ko, ko )Wt
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Vector-radix fast Fourier transform algorithm

Where NgetNge-t 21k ns 21,k
S (ki Ky) = a a x(21.,21,) )W W e

|1:O |2:O

NgertNgerd 21 ki n g 21K
Su(ki, k)= a a x(2,.,2l, + YW W=

,=0 1,=0

Nz tNge-t 21,k p g 21,k
Splki, k)= a a x2I; +1,21,)W W 2™

,=0 1,=0

Ngz-tNga-t 2Lk ns 21K
S,(ki,ky;)=a a x@2I,+12], + )W W >

,=0 1,=0
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Vector-radix fast Fourier transform algorithm

Sii k1, k2) Xk, +%.k3+ f;"—}

Figure 8: Radix-2" 2 butterfly.
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Vector-radix fast Fourier transform algorithm

Figure 9: Flow diagram of a4 4 vector-radix FFT.
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Vector-radix fast Fourier transform algorithm

€ VRFFT haslog,N stages.

€ Each stage contains N4/4 butterflies.

€ Each butterfly requires 3 complex multiplications.
€ Thetota number of complex multiplicationsis:

2
C :Bllog2 \

A

€ The number of complex additionsis:
A=2N* log, N
€ All computations of the VRFFT can be performed in place.
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Polynomial transform FFT

€ A polynomial transform can be defined as:
R N-1
Xk(2) =  Xm(2)|[G(2)|™mod P(z)

m=0

Xin(Z) = % N°_'1>A<k(z)[c3(z)]' "“mod P(2)

where P(2) is an irreducible polynomia and

G(2) =1 mod P(2)
Isapolynomial N-th root of unity. The polynomial of
degree N-1 Is: N1
Xm(Z) = g x(m,n)z"

n=0
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Polynomial transform FFT

€ Thefollowing polynomial transform isused for a2-d FFT:

R,(2) = & X, (2(22)™ mod (2" +1)

m=0

4 Only 2N?log,N real additions are needed for the

calculation of the polynomial transform.

€ A polynomial transform can be employed for the fast
calculation of the 2-d DFT.
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Polynomial transform FFT

€ Polynomial transform FFT (PTFFT).

N-1
o

an(Z) - a X(njunz)v\/-nzznz

n,=0

) N- 1
X 2,1k (2) = é. X, (2) z"™mod(z" +1)

n, =0

1

N -
X ((2k, + 1)k, k) =@ y(ky, W 'W 2
|=0
where y(k,,l) are the coefficients of the polynomial:

N-1

>2(2k2+1)k1(z) - é y(ky,1)Z

=0
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Polynomial transform FFT

Polynomial Transform
mod (z +1)
size N, root z

N DFTs of
length N

X((2k + 1k k.

Unscrambling

Figure 10: Polynomial transform FFT
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Polynomial transform FFT

@ If aradix-2 FFT isused for the 1-d DFTs then the total
number of real multiplicationsis.

C =2N°(4+log, N)

¢ Thetota number of real additionsis:
A= N*(4+5logz2N)

€ A comparison between RCFFT and PTFFT shows that
PTFFT is better than RCFFT for N>16.
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Two dimensional power spectrum estimation

€ The power spectrum carries important information
about the 2-d signal content.

€ The sguared magnitudelsxx( K1, K2) isthe periodogram
of the discrete signal and can be used as an estimator of its
2-d power spectrum

P (k, k,) =

X (ky, k)|

N, N,

1 N& 1N -1
= 3 A X(Ny, N, )W W (2
N1N2 n,=0n,=0
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Two dimensional power spectrum estimation

€ The periodogram ISXX (W ,w ) isthe Fourier transform of
the estimatorR _(n,, n ) of the autocorrelation function:

- _ 1 > ¥
Rl M) = o e, 11 a ax (ki k)x(k +1y, K, +1,)

€ The periodogram is a smoothed version of the actual 2-d
power spectrum. It isvery poor for small imagesand itisa
Nnoisy power spectrum estimator.
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Two dimensional power spectrum estimation

Figure 11: (@) Test image LENNA; (b) periodogram of LENNA.
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Two dimensional power spectrum estimation

€ The Bartlett estimator can reduce the noise. The 2-d
signal of size N;” N, issplit into K;” K, non-overlapping
sections each having size M;” M.,:

X, (N, ny) =x(n, +1IM,n, + JM,)
where 1 = 0,y K, -1, =0, K, -1

€ The periodogram of each section is.

M;-1M,-1

38 i
a a %; (n, m)W W2

A 1
P (k,k,) =
“ MM, =00
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Two dimensional power spectrum estimation

€ The new spectral estimator is the average of the
periodograms of all sections:
1 Ké_ 1K6- 1

ISxxB(Kr Kz) :W a a st(>l<j)(k1’k2)
1'Y2 i=0 j=0

€ Blackman-Tukey 2-d power spectrum estimator: An
estimator of the 2-d autocorrelation function R ,(m,,m,)
IS used:

2N;-22N,-2

Pk, k)= & & Ru (M, mW(m, mk W,

m=0 m=0
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Two dimensional power spectrum estimation

€ A separable 2-d window can be used. The triangular
1-d window or the 1-d Hamming window can be used
for each of the dimensions.

€ The BT estimator can be obtained by using the 2-d
DFT of the windowed autocorrelation function:

P (k,,k,) = DFT [w(m,,m,)R, (m,,m,)}
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Two dimensional power spectrum estimation

€ Technique based on 2-d AR modeling of images.

O O - . . .
x(,m)=a aal, )x(n- 1, - ) +wn,n)
(i,)HTA
A Is the prediction window
a(i,)) arethe predictor coefficients
w(n,,n,) isawhite noise random process, having variance 6,2.

Figure 12: Examples of prediction windows.
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Two dimensional power spectrum estimation

€ The power spectrum can be estimated by the following
formula

SZ

P (k) = :

o o

a a alm, m)Wrawre

(m,my) T A
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Discrete cosine transform

€ DCT Isusad in the JPEG and MPEG standards.
<= Forward DCT transform

C(0) = \/7 a X(n)

(2n+1)kp
2N

C(k) = % é X(n) cos
n=0

<= Inverse DCT:

1 29" (2n+1)kp
X(n) = rC(O)+ N%C(k)cos >N
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Discrete cosine transform

€ Let x(n) beasignal. An even sequence f(n) can be
produced by thissignal as:

) x(n) OENEN-1
‘X(2N-1-n) NEn£2N-1

TOE

N-1 0 N

Figure 13: Creation of an even sequence
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Discrete cosine transform

€ Algorithm for the fast calculation of DCT using DFT:

1. Formation of the even sequence f(n).

2. The DFT of length 2N is calculated by using a
1-d FFT of length 2N.

3. Calculation of the DCT coefficients C(k) using the
relations:

Wk/2
2N
v 2N

where F(K) arethe DFT coefficients.

C(K) = F(k) for OEKEN-1
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Discrete cosine transform

& Alternative method for the fast calculation of the 1-d

DCT:
N-1 3
C(K) = Ii I & .(2n+Dkp ou

€ If x(n) isarea sequence then:
nkp 6U

P &8
(= \/7Re| expg I2N ga y(n)expg | —— N %

X(n) OENEN-1
0 NEnNE2N-1

where: y(n) 1
|
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Discrete cosine transform

€ Alternative definition for the DCT pair:
(2n+1)kp

C(k) = é_ 2x(n)cos

o ZAN

1%t 2n +1)kp
x(n):ﬁ (

k:Ow(k)C(k)c:os N

1EKEN-1
¢ Thus, the DCT coefficients are related to the DFT

coefficients by: </
C(k) =W, “F (k)
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Discrete cosine transform

¢ Fast DCT algorithm:
1. Formation of a sequence i(n) as: N
e u

( ) | X(2n) O£ n¢t g 5 EI
vin) =1 &N +1§

1 X(2N - 2n - 1) a5 GENEN-1
2. Computation of the DFT V(k), 0 £ k£ N-1 by using an
FFT algorithm of length N.

3. Computation of C(k) 0 £ k£ [N/2], and C(N-K) as:

C(k) =2 Re. s a v(n)W”k?) = 2RefWV (K)}
1

C(N - k) = - 2Im{WXV (K)}
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Discrete cosine transform

¢ Fast calculation of the inverse DCT:
1. Computation of V(K) as:

V(K) ::—ZLV\QI\‘,(gC(k)- IC(N- k)i OE£KEN-1

2. Computation of i(n) from V(k) by means of an inverse
FFT algorithm of length N.
3. Retrieval of x(n) from i(n) by using the formula:

éN - 1y
\I x(2n) O:Elnf,8 > H

X 2N - 2n-1 eN 1u
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Two-dimensional discrete cosine transform

€® A 2-dN;" N, DCT isdefined as:

N;-1N,-1
Clkok) = & & ax(n.n.)cos @t DKP (o (20, + Dk
n,=01,=0 2N, 2N,

for 0 £ k, £ N;-1, 0 £ k, £ N,-1.
1 s (20 +Dkp

(2, +Dkp

COS
2N,

X(n,n,) = a a Wk)w(k,)C(k,k,)co
N1N2 k;=0k,=0

where:

11/2 k=0 i1/2 k=0

WEIT lekeN-1 WD) jeken-1
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Two-dimensional discrete cosine transform

€ The expansion of the signal forms a new one as:

i x(n,,n,) OENn£EN-1 OEnEN-1
] x@N-n-1n)  NEREN-1 OENREN-1
: x(n2N,-n-1)  OENEN-1 NENREN-1
XN, - - 12N,- n,- ) NEREN-1 NEREN-1

t(n,n) =

€ The DCT coefficients C(ky, k,) are related to the DFT
ones F(k,, k) as:

C(ky,ky) =Wor, Wor, “F Ky, k)
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Two-dimensional discrete cosine transform

Figure 14: (a) Original sequence x(n,,n,).
(b) Expanded sequence f(n,,n,).
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Two-dimensional discrete cosine transform

& Fast calculation of the 2-d DCT follows;

1. Formation of a sequence i(n,,n,) as:
i x(2n,,2n,)

I X(2N,- 2n, - 1,2n,)
. x(2n,,2N, - 2n, - 1)

V(nl’ nZ) =
;

fX(2N, - 2n, - 12N, - 2n, - 1)

for: 0£nl£‘?N Lu 0£n £eN 1d

g 2 H & 2 H

+
N leh eN-1 0gn £ M

g€ 2 g8 2 f

éN, - 10 éN, +1y

O£n £ x
hEETS g 2
éN, +1u éN, +1u

££N1A—££N1
g 2§ & 2§
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Two-dimensional discrete cosine transform

2. The DFT V(K k,) iscalculated by usingaN; N, FFT
algorithm.

3. The DCT coefficients are calculated as:

Clk, k,) = 2R\, WSV (K, k) WiV (K, N, - k) |
= 2R WV (K ko) FW AV (N, - K k)]
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Two-dimensional discrete cosine transform

€ Thereisalso an agorithm for the fast calculation of the
Inverse 2-d DCT.

1. Computation of V(k,k,) as:

Vil ko) =Wt 00, ) - CON- e, N - )

- i[C(N, - Ky, k) +Clk,, N, - k,)]}

2. Calculation of 1(ny,n,) by using aninverse N;" N,
2-d FFT agorithm.
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Two-dimensional discrete cosine transform

3. Retrieval of x(n,,n,) from i(n,,n,) by using the
following formula:
x(2n,,2n,)

X(2N, - 2n, - 1,2n,)
X(2n,,2N, - 2n, - 1)
$X(2N, - 2n,- 1,2N, - 2n,- 1)

V(n1’n2) =

éN, - 10 eN, - 10
. Nt ~—— OEn £ ~—=——_
for: 128 5§ 2~ 8 2 f
eN, +10, EN,-1 O0£n £‘?N - 1u

g 2 f g 2 4

&N, - 10 &N, +10
g 2 H g 2 f
éN, +1u éN, +1q
TENEN,-1 2 -

g 2 f g 2 f
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