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Just the Factors, Ma’am

1 Introduction

The purpose of this note is to find and study a method for determining and counting
all the positive integer divisors of a positive integer. Let N be a given positive
integer. We say d is a divisor of N and write d|N if N/d is a positive integer. Thus,
for example, 2 | 6. Denote by Dy the set of all positive integer divisors of N. For
example Dg = {1,2,3,6}. There are four parts to this note. In the first part, we
count the divisors of a given positive integer N based on its prime factorization. In
the second part, we construct all the divisors, and in the third part we discuss the
‘geometry’ of the Dy. In part four, we discuss applications to contest problems.

Study the figure above. There are two things to work out. One is how does
the set of dots and segments represent a number, and the other is how do the digit
strings just above the digits 1 through 9 represent those digits. Take some time now
before reading more to figure this out.

2 Counting the divisors of N

First consider the example N = 72. To find the number of divisors of 72, note that
the prime factorization of 72 is given by 72 = 233%2. Each divisor d of 72 must be
of the form d = 23/ where 0 < i < 3 and 0 < j < 2. Otherwise, 233?/d could
not be an integer, by the Fundamental Theorem of Arithmetic (the theorem that
guarantees the unique factorization into primes of each positive integer). So there

Saylor URL : www.saylor.org/courses/ma111 1 Saylor.org

© 2011 Harold Reiter
This material may be copied, stored and distributed for non-commercial purposes only.
Any commercial use of this material is strictly forbidden.



Introduction to Mathematical Reasoning Saylor 111

are 4 choices for the exponent ¢ and 3 choices for j. Hence there are 4 - 3 = 12
divisors of 72. Reasoning similarly, we can see that for any integer

N = pi'ps® - pif,
the number of divisors is

My (ei+1) = (er + 1) (ea +1) -+ (e + 1).

3 Constructing the divisors of N

In part 1 we found the number of members of Dy for any positive integer N. In
this part, we seek the list of divisors themselves. Again we start with the prime
factorization of N. Suppose N = p{'p5? - - - pi=. If k = 2 the listing is straightforward.
In this case, we build a table by first listing the powers of p; across the top of the
table and the powers of p, down the side, thus obtaining an (e; +1) - (e2 + 1) matrix
of divisors. Again we use N = 72 as an example. Notice that each entry in the table
is the product of its row label and its column label.

I EAESEAES
91248

33161224
3219183672

What do we do when the number of prime factors of N is more than 27 If &k = 3 we
can construct ez + 1 matrices of divisors, one for each power of ps. For example, if
N = 360 = 23325, we construct one 3 x 4 matrix for 5° and one for 5'. The result
is a 3 X 4 x 2 matrix of divisors. The two 3 x 4 matrices are shown below.

U2t 2t [27 ] 27 o[22t ]2t [ 2]
B[ 1[2[4]8] . [3°]5|10] 20 40
3736 12| 371530 60 | 120
379 1836 | 72 3745 | 90 | 180 | 360

For larger values of k we can create multiple copies of the matrix associated with
er—1

the number N = p{'p5? -+ - p, 7.

4 The geometry of Dy

To investigate the geometry of Dy, we first explore the relation ‘divides’. Recall that
a|b means that a and b are positive integers for which b/a is an integer. The relation
‘| has several important properties, three of which are crucial to our discussion.
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1. Reflexivity. For any positive integer a, ala.
2. Antisymmetry. For any pair of positive integers a, b, if a|b and b|a, then a = b.
3. Transitivity. For any three positive integers, a, b, ¢, if a|b and b|c, then alc.

These properties are easy to prove. The first says that each integer is a divisor of
itself; that is, a/a is an integer. The second says that no two different integers can
be divisors of one another. This is true since a larger integer can never be a divisor
of a smaller one. The third property follows from the arithmetic b/a - ¢/b = ¢/a
together with the property that the product of two positive integers is a positive
integer. Any set S with a relation < defined on it that satisfies all three of the
properties above is called a partially ordered set, or a poset. A branch of discrete
mathematics studies the properties of posets, (5, <).

Each finite poset has a unique directed graph representation. This pictorial
representation is what we mean by the geometry of Dy. To construct the directed
graph of a poset (S, =), draw a vertex (dot) for each member of S. Then connect
two vertices a and b with a directed edge (an arrow) if a < b. Of course, in our case
Dy this means we connect a to b if a|b. The case Dy is easy to draw:

Fig. 1 The digraph of Dy

The circles at each of the four vertices are called loops. They are included as
directed edges because each number is a divisor of itself. The reader should imagine
that all the non-loop edges are upwardly directed. The directed edge from 1 to
6 indicates that 1|6. But since we know that the vertices of Dg satisfy all three
properties required of a poset, we can leave off both (a) the loops, which are implied
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by the reflexive property, and (b) the edges that are implied by the transitivity
condition. The ‘slimmed down’ representation, called the Hasse diagram, is much
easier to understand. It captures all the essential information without cluttering up

the scene. The Hasse diagram of Dg is shown below.
6

Fig. 2, the Hasse diagram of Dy

In general, the Hasse diagram for Dy has only those non-loop edges which are
not implied by transitivity, that is, those edges from a to b for which b is a prime
number multiple of a. The Hasse diagrams of D7, D3g, and Dgy are shown below.

72
24 ‘ 36
18
8
9
4
9 3
h

Fig. 3 The Hasse diagram of D7y
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Notice that each prime divisor of 30 can be considered a direction, multiplication
by 2 moves us to the left (), by 3 moves us upward () and, by 5 moves us to the
right (). Also note that if a and b are divisors of 30 then a|b if and only if there is
a sequence of upwardly directed edges starting at a and ending at b. For example,
1|30 and (1,3),(3,15), (15,30) are all directed edges in the digraph of Dj;. On the
other hand, we say 2 and 15 are incomparable because neither divides the other,
and indeed there is no upwardly directed sequence of edges from either one to the

other.
30

Fig. 4 The Hasse diagram of D3

What would the divisors of 60 look like if we build such a diagram for them?
Try to construct it before you look at Dgp.

Fig. 5 The Hasse diagram of Dy
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Consider the same (lattice/Hasse) diagram for the divisors of 210. We can draw
this in several ways. The first one (Fig. 6a) places each divisor of 210 at a level
determined by its number of prime divisors. The second one (Fig. 6b) emphasizes
the ‘degrees of freedom’. These two diagrams are representations of a four dimen-
sional cube, not surprising since the Hasse diagram for Ds, is a three-dimensional
cube. A mathematical way to say the two digraphs are the same is to say they are
1somorphic. This means that they have the same number of vertices and the same
number of edges and that a correspondence between the vertices also serves as a
correspondence between the edges. Note that the digraphs in 6a and 6b have the re-
quired number of vertices (16) and the required number of edges (32). Can you find
an N such that the Hasse diagram of Dy is a representation of a five-dimensional
cube? Such a digraph must have 2° = 32 vertices, and 2 - 32 + 16 = 80 edges.

Fig 6a. The Hasse diagram of Dy
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Fig 6b. The Hasse diagram of Dy

How can the geometry help us do number theory? One way to use the geometry is

in the calculation of the GC'F and LCM of two members of Dy. Note that each
element d of Dy generates a downward ‘cone’ of divisors and an upward cone of
multiples. We can denote these cones by F(d) and M(d) respectively. Then the
GCF(d,e) = max{F(d) N F(e)} and LCM(d,e) = min{M (d) N M(e)}.
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5

Problems On Divisors

Some of the following problems come from MathCounts and the American Mathe-
matics Competitions.

1. Find the number of three digit divisors of 3600.

2. How many positive integers less than 50 have an odd number of positive integer
divisors?

3. (The Locker Problem) A high school with 1000 lockers and 1000 students tries
the following experiment. All lockers are initially closed. Then student number
1 opens all the lockers. Then student number 2 closes the even numbered
lockers. Then student number 3 changes the status of all the lockers numbered
with multiples of 3. This continues with each student changing the status of
all the lockers which are numbered by multiples of his or her number. Which
lockers are closed after all the 1000 students have done their jobs?

4. If N is the cube of a positive integer, which of the following could be the
number of positive integer divisors of N7
(A)200 (B)201 (C)202 (D)203 (E)204

5. Let

N =69°+5-69* +10-69° +10-69% +5- 69 + 1.

How many positive integers are factors of N7
(A)3 (B)5 (€C)69 (D) 125 (E) 216

6. A teacher rolls four dice and announces both the sum S and the product P.
Students then try to determine the four dice values a,b,c, and d. Find an
ordered pair (S, P) for which there is more than one set of possible values.

7. How many of the positive integer divisors of N = 23 .33 .5%.7%. 113 have
exactly 12 positive integer divisors?

8. How many ordered pairs (z,y) of positive integers satisfy

xy +x+y = 1997

9. How many positive integers less than 400 have exactly 6 positive integer divi-

sors?
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10. The product of four distinct positive integers, a, b, ¢, and d is 8!. The numbers
also satisfy
ab+a+b = 391 (1)
bc+b+c = 199. (2)
What is d?

11. How many multiples of 30 have exactly 30 divisors?

12. Find the number of odd divisors of 13!.

13. Find the smallest positive integer with exactly 60 divisors.

14. (2008 Purple Comet) Find the smallest positive integer the product of whose
digits is 9!.

15. (1996 AHSME) If n is a positive integer such that 2n has 28 positive divisors
and 3n has 30 positive divisors, then how many positive divisors does 6n have?

16. Find the sum of all the divisors of N = 22 .33 . 5%,

17. (2010 Mathcounts Competition, Target 7) Find the product P of all the divi-
sors of 63, and express your answer in the form 6, for some integer t.

18. Find the largest 10-digit number with distinct digits that is divisible by 11.

19. (This was problem 25 on the Sprint Round of the National MATHCOUNTS
competition in 2011.) Each number in the set {5, 9, 10, 13, 14, 18, 20, 21, 25, 29}
was obtained by adding two number from the set {a,b,c,d, e} where a < b <
¢ < d < e. What is the value of ¢?

20. (This was problem 8 on the Target Round of the National MATHCOUNTS
competition in 2011.) How many positive integers less than 2011 cannot be
expressed as the difference of the squares of two positive integers?

21. Consider the number N = 63000 = 23 - 32 .53 - 7.

(a) How many divisors does N have?

(b) How many single digit divisors does N have?

(c) How many two-digit divisors does N have?

(d) How many three-digit divisors does N have?

(e) How many four-digit divisors does N have?
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22.

23.

24.

25.

26.

27.

(f) How many five-digit divisors does N have?

The integer N has both 12 and 15 as divisors. Also, N has exactly 16 divisors.
What is N7

How many multiples of 30 have exactly 3 prime factors and exactly 60 factors.

How many whole numbers n satisfying 100 < n < 1000 have the same number
of odd divisors as even divisors?

What is the sum of the digits in the decimal representation of N = /2564 - 64257

What is the fewest number of factors in the product 27! that have to be
removed so that the product of the remaining numbers is a perfect square?

Euclid asks his friends to guess the value of a positive integer n that he has
chosen. Archimedes guesses that n is a multiple of 10. Euler guesses that n
is a multiple of 12. Fermat guesses that n is a multiple of 15. Gauss guesses
that n is a multiple of 18. Hilbert guesses that n is a multiple of 30. Exactly
two of the guesses are correct. Which persons guessed correctly?
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