Pro jection Pursuit Learning: Appro ximation Prop erties Ying Zhao and Christopher G. tk eson MIT Arti�cial In telligence Lab oratory and the Departmen of Brain and Cognitiv Sciences NE43-771, 545 ec hnology Square Cam bridge, MA 02139 617-253-0788 yzhao@bbn.com, cga@ai.mit.edu Abstract This pap er addresses an imp ortan question in mac hine learning and neural net- orks: Whic neural net ork arc hitectures ork etter on whic problems? general appro ximation metho based on con tin uous ersion of pro jection pursuit regression is dev elop ed to sho that pro jection pursuit regression orks etter on angular smo oth functions than on Laplacian smo oth functions in high dimensional spaces. Pro jection pursuit regression can oid the curse of dimensionalit in some cases learning no de functions from data. This has implications for neural net ork mo dels, as pro jection pursuit learning net ork has ery similar structure to one hidden la er sigmoidal neural net ork. In tro duction Pro jection pursuit is nonparametric statistical tec hnique to �nd in teresting lo dimensional pro jections of high dimensional data sets. It has een used for nonparametric curv �tting, smo othing, and other data analytic purp oses. pro jection pursuit learning net ork (PPLN) is based on pro jection pursuit regression (PPR) (F riedman and Stuetzle, 1981) and ossesses structure ery similar to one hidden la er sigmoidal neural net ork (Figure 1). one hidden la er sigmoidal feedforw ard neural net ork appro ximates function of ector using the structure: =1 (1) where is sigmoidal function: are direction parameters with 1, and and are function parameters. Curren address: 70 cett Street, BBN Systems and ec hnologies, Cam bridge MA 02138

Figure 1: (a) one hidden la er feedforw ard neural net ork. (b) pro jection pursuit learning net ork.

pro jection pursuit learning net ork (or ridge function appro ximation net ork) appro ximates function using the structure =1 (2) where holds the same meaning as giv en previously The corresp onding function parameters are implicit in the ridge functions whic are an arbitrary smo oth function to learned from the data. Since the sigmoidal functions are replaced more general functions pro jection pursuit learning net orks can view ed as generalization of one hidden la er sigmoidal feedforw ard neural net orks. Understanding the prop erties of PPLN will help us understand the prop erties of neural net orks. discuss appro ximation prop erties of pro jection pursuit learning net orks in this pap er. Pro jection pursuit has ecome one of the most exciting ultiv ariate data analysis meth- ds in statistics since it has the oten tial to reduce di�culties due to the \curse of di- mensionalit y" in nonparametric statistics orking in lo w{dimensional linear pro jections. The original pro jection pursuit approac h, whic as called exploratory pro jection pursuit, as to lo ok for \in teresting" lo w{dimensional pro jections of higher dimensional data umerically maximizing pro jection index. Pro jection pursuit tec hniques ere originally prop osed Krusk al (1969, 1972) and related ideas go bac to Switzer (1970) and Switzer and righ (1971). riedman and uk ey (1974) implemen ted an early ersion of pro jection pursuit. riedman and Stuetzle extended the ideas ehind exploratory pro jection pursuit and prop osed pro jection pursuit regression (F riedman and Stuetzle, 1981), pro jection pur- suit classi�cation (F riedman 1984b) and pro jection pursuit densit estimation (F riedman, Stuetzle and Sc hro eder, 1984). riedman (1984a, 1984c) implemen ted the sup ersmo other and bac k�tting algorithms to erform pro jection pursuit regression e�ectiv ely review and discussion of pro jection pursuit as giv en Hub er (1985). Jones (1987) pro ed conjecture ab out pro jection pursuit regression in Hub er’s review pap er. Pro jection pursuit regression as explored theoretically Diaconis and Shahshahani (1984). They studied necessary and su�cien conditions for functions to exactly represen ted as linear com bination of non- linear ridge functions. Hall (1989) sho ed explicit form ulae for bias and ariance of the �rst pro jectiv appro ximation estimator. Chen (1991) sho ed that under appropriate conditions the rate of con ergence of pro jection pursuit regression is indep enden of dimensionalit Donoho and Johnstone (1989) demonstrated the dualit et een pro jection pursuit re- gression and ernel regression in dimensions. Pro jection pursuit regression eha es ell for functions with enough angular smo othness (oscillating slo wly with angle), while ernel re- gression eha es ell for functions with enough Laplacian smo othness (oscillations eraging out lo cally) (more formal de�nitions are giv en in Section 3). Th us, pro jection pursuit learn- ing net orks ork etter on angular smo oth functions than on Laplacian smo oth functions. Here \w ork etter" means that for �xed complexities of hidden unit functions and certain appro ximation accuracy few er hidden units are required, or giv en �xed um er of hidden units, etter accuracy can ac hiev ed. or the dimensional case 2), Donoho and Johnstone (1989) sho ed this result using equispaced directions. are in terested in generalizing this result to higher dimensions 2). There are some di�culties: Equispaced directions ma not ailable when 2. The analysis metho in Donoho and Johnstone’s pap er is limited to dimensions. Instead of using equispaced directions, use uniformly distributed directions on unit sphere. apply the theory of spherical harmonics (Muller, 1966) to dev elop general metho to demonstrate the appro ximation prop erties of PPR sc heme whic can applied to an um er of dimensions. Pro jection pursuit as �rst in tro duced in the con text of learning net orks Barron and Barron (1988). Barron (1991) sho ed that the curse of dimensionalit can oided when sigmoidal neural net orks are applied to sp ecial class of underlying functions. sho that the same con ergence rate holds when ridge function appro ximation sc heme is applied to subset of functions in ). Section sho ws examples of represen ting radial function and harmonic function using linear com binations of ridge functions, whic are extreme cases for PPR sc heme. Section prop oses basis and giv es de�nitions of what is angular and harmonic smo othness. Section examines the case when only one direction is used in appro ximation and radial function is the est case to appro ximate. Section explores con tin uous ridge function represen tation sc heme. It is used to explain wh PPR sc heme orks etter on radial function than harmonic function when more than one direction is applied in Section 6. Section discusses the curse of dimensionalit for PPR sc heme.

Examples of Represen ting unctions RA Sc heme Radial functions )) and harmonic functions (� 0, is the Laplacian op erator) are extreme cases for pro jection pursuit regression or ridge function ap- pro ximation sc heme in higher dimensions. Examples will sho wn to illustrate this. Example 1: radial function: d! (3) directions can represen this three dimensional olynomial exactly These directions are deriv ed from zeros of Legendre and Tsc heb ysc he� olynomials whic are used to discretize the in tegral on the righ side Gaussian quadrature. Zeros of the Legendre olynomial of degree are: Zeros of the Tsc heb ysc he� olynomial of degree are: The directions are: where ::; :::; 3. The distribution of these directions on unit sphere is sho wn in Figure (a). More directions are needed to represen harmonic function with exactly the same terms as the previous radial function example, but with di�eren co e�cien ts on those terms. Example 2: harmonic function (8 24 24 d! (4) where (35 30 3) t� 25 directions can represen the olynomial, they are:

(a) (b) Figure 2: Directions (a) for radial olynomial and (b) for harmonic olynomial.

where ::; :::; 5. and 90618 90618 53847 53847 cos 10 :::; The distribution of these directions on unit sphere is sho wn in Figure 2(b). More directions are used for the harmonic function than for the radial function. Basis and Smo othness Classes Since smo othness classes ypically haracterize rates of con ergence for appro ximation sc hemes, de�ne some smo othness classes in this section. �rst in tro duce some basic notation. use as our underlying function space with Gaussian measure De�ne: function means is ounded. use olar co ordinates here. Let :::; Cartesian co ordinates of Euclidean space of dimensions. Then ha ::: where :::; is used to represen system of co ordinates for oin ts on the dimensional unit sphere The surface elemen of is d! and the total surface is where d! deriv complete orthogonal basis in from the eigenfunctions of self-adjoin op erator. The basis elemen is de�ned as: nj nj {z har monic {z adial (5) where 0, ..., 0, ..., 1, ..., d; ); 2) !; and nj are linearly indep enden spherical harmonics of degree in dimensions (Muller, 1966). is Laguerre olynomial. The dimensional ersion of the basis nj app ears in Donoho and Johnstone (1989). Deans (1983) discusses some related bases in ph ysics. Let Laplacian op erator under standard Gaussian measure It is self-adjoin op erator. (6) where is Laplace-Beltrami op erator. It can de�ned successiv ely with 0: (1 1) (7) where 1. The basis nj can deriv ed from the eigen function system of Therefore it has the follo wing eigen prop ert y: Lemma nj nj (8) The lemma is pro ed in the app endix. The adv an tage of the basis comes from its represen tation as pro duct of spherical harmonic and radial olynomial. Sp eci�cally is radial olynomial for and nj is harmonic olynomial for 0. Figure 3(a)-(e) sho ws these basis elemen ts when 8. The basis elemen ts nj ha an orthogonalit y: nj il )) +2 �( )�( 1) (9) where denotes exp ectation with resp ect to This can deriv ed from the orthogonalities of Laguerre olynomials and spherical harmonics. Since it is basis in ), an function has an expansion in terms of basis elemen ts nj n;j ;m nj nj (10) The circular harmonic in� is sp ecial case of the spherical harmonic nj ). In di- mensions, 2, d; and cos sin ). The spherical harmonic nj can reduced to the follo wing: cos n� sin n� whic is the circular harmonic.

(a) (b) (c) (d) (e) Figure 3: Basis Elemen ts nj (a) 4, (b) 3, (c) 2, (d) 1, (e) 0.

Smo othness classes can de�ned in terms of di�eren deriv ativ es: De�nition Cartesian smo othness of order if has derivatives and these derivatives ar al in Angular Smo othness of order if Laplacian Smo othness of order if Smo othness classes can also de�ned qualitativ ely from expansions of functions in terms of basis elemen ts nj Since nj nj one can think of nj nj nj nj nj as represen ting the distribution of energy in among the di�eren mo des of oscillation nj If is Cartesian smo oth, nj eaks around small If is angular smo oth, nj eaks around small If is Laplacian smo oth, nj eaks around small (see Figure 4(a)-(c)). explain wh PPR orks etter on angular smo oth functions than on Laplacian smo oth functions, �rst examine ho to represen these basis elemen ts systematically in terms of ridge functions and then use the expansion (10) to deriv an error ound of RA for general smo oth functions in ). Using One Direction for Appro ximation It is useful to consider pro jection pursuit regression using only one direction (hidden unit). Duan (1990) also examined the use of only one pro jection direction and prop osed \adjoin pro jection pursuit regression" to erform one ridge direction regression. or the est ridge function appro ximation to it, giv en direction is the conditional exp ectation of in that direction (Hub er, 1985). It is one-v ariable function de�ned as: :::; dx :::dx (11) where :::; 1, :::; is the conditional densit of probabilit densit ). If only one direction is used to appro ximate the basis elemen ts nj radial basis is the est one to appro ximated ridge function when 2. This is sho wn in Donoho and Johnstone (1989). It is also the case when 2. will see this from the follo wing lemma. 10

Figure 4: The energy distributions for di�eren smo othness classes. (a) Cartesian smo oth function (b) An angular smo oth function (c) Laplacian smo oth function. 11

Lemma et denote Hermite olynomial of de gr The onditional exp ctation of the asis element nj in dir ction is nj nj +2 (12) use the de�nition for the Hermite olynomials (13) where denotes di�eren tiation and (2 They satisfy the orthogonalit relations )] (14) In dimensions 2, Lemma can reduced to whic is fundamen tal lemma in Donoho and Johnstone (1989). Supp ose the direction is dra wn from the uniform distribution (the densit is =! on The erage relativ mean squared error (ARE) can computed for the �rst pro jectiv appro ximation nj to nj giv en the direction AR nj nj d! nj nj d! nj nmd (15) where the follo wing relation is used: nj d! where nmd +2 �( )�( 1) �( 1) (16) and nmd +2 �( )�( 1) �( )�( 1) (17) 12

Figure 5: ARE vs. the harmonic oscillation when only one direction is used. 13 plot of ARE vs the harmonic oscillation is sho wn in Figure for 8. It can seen from Figure that ARE is minimized when (a radial elemen t) and maximized when (a harmonic elemen t) for an 2. What happ ens if more than one direction is used? The ridge function appro ximation sc heme still tak es adv an tage of angular smo othness. This can sho wn �rst considering con tin uous ridge function represen tation and then discretizing it umerical in tegration in the follo wing section. The Con tin uous Ridge unction Represen tation There exists con tin uous ridge function represen tation for smo oth function whic is an in tegral of ridge functions through all ossible directions. d! (18) This orks in tuitiv ely ecause an ob ject is determined an in�nite set of X-ra ys tak en from all directions. More precisely an function with ourier transform can represen ted as (in erse ourier transform): i! d! �1 ir dr d! (19) Therefore �1 ir dr The natural discrete appro ximation to (18) has the form: =1 whic ecomes the usual PPR. pro con tin uous ridge function represen tation of basis elemen ts nj whic is sho wn in Lemma 3. Lemma The ontinuous ridge function epr esentation of nj is: nj nmd +2 nj d! (20) wher nmd is in (16). Therefore an function has con tin uous ridge function represen tation (18) with nj nmd +2 nj (21) 14

Di�eren umerical in tegration sc hemes can used to discretize (18) and (20). or example, use Gaussian quadrature in the examples in Section 2. Since in high dimensions Mon te Carlo in tegration sc heme is the preferred metho for umerical in tegration (Ripley 1987), use Mon te Carlo sc heme to discretize (18) and (20) in the next section. Uniformly distributed directions used in the Mon te Carlo in tegration are natural generalization of equispaced directions. If is �xed, more function ev aluations (or more directions) are needed for harmonic basis elemen than for radial basis elemen no matter what in tegration sc heme is used. Using Uniformly Distributed Directions on for Appro ximation Donoho and Johnstone (1989) use equispaced directions in dimensions. uniformly distributed directions on can used to generalize equispaced directions whic ma not exist in higher dimensional spaces. This is Mon te Carlo yp of in tegration sc heme on appro ximate the in tegral (20), uniformly distributed directions ......, on dra wn indep enden tly from the densit =! on are used: nj nmd =1 +2 nj (22) When the appro ximation sc heme (22) is applied to di�eren basis elemen ts nj ), the follo wing result holds: Theorem The aver age elative me an squar err or (ARE) for appr oximating nj by using indep endently dr awn uniformly distribute dir ctions on and scheme (22) is AR nj nj d! nj nmd (23) plot of ARE vs the harmonic oscillation is sho wn in Figure for 2000. It is easily seen from Figure and (23) that the ARE is minimized when (a radial elemen t) and maximized when (a harmonic elemen t) for �xed That is, when uniformly distributed directions are used to appro ximate the basis elemen nj the est case is when the elemen is radial and the orst case is when the elemen is 15 harmonic. Comparing Figure and Figure 6, see that when only one direction is used for appro ximation, the di�erence of harmonic basis and radial basis elemen ecomes smaller when the dimension ecomes larger, while when uniformly distributed directions are used, the situation is just the opp osite. Figure 6: ARE vs. the harmonic oscillation when only man directions are used. The same justi�cation can done for general function with (18). RA sc heme is: =1 ), and nj nj nmd 1) (24) Since nmd is small when is small, large when is small and recall the distribution nj in Section 3, is small when is smo oth. Among these smo oth functions, if 16 is angular smo oth, is smaller than if is Laplacian smo oth. The error con ergence rate is consequen tly smaller for eing angular smo oth than for eing Laplacian smo oth. But oth rates are no matter what class the underlying function elongs to. The di�erence is the constan whic is related to the distribution of energy in among the di�eren mo des of oscillations (angular or harmonic). The radial and harmonic functions are extremes. The Curse of Dimensionalit in RA Generally directions ......, on dra wn indep enden tly from the uniform distri- bution on the sphere are used to appro ximate function with con tin uous ridge function represen tation (18). discrete ridge function appro ximation sc heme is: =1 (25) The mean alue for is =1 d! and the ariance is d! (26) where d! (27) d! (28) That is, if is ounded, with rate ). Equation (26) sho ws that there is no curse of dimensionalit if ridge function appro ximation sc heme (25) is used for ). The same conclusion can dra wn when sigmoidal neural net orks are applied to Barron’s class of underlying functions (Barron, 1991). But our function class here is the function class that mak es in (28) ounded. The follo wing conditions are su�cien for ounded 1. ). 2. can represen ted con tin uous ridge function (18) with ounded. 17 rom (19), kno that this function class is subset of (excluding those whic ha un ounded )). In other ords, if are allo ed to ho ose ounded no de function on the basis of the data, whic is the de�ning haracteristic of PPR, then ridge function appro ximation sc heme can oid the curse of dimensionalit This is generalization of Barron’s result that the curse of dimensionalit go es if certain yp es of no de functions e.g., os and are considered. Conclusion Since PPR learns ounded no de functions from data, there is no curse of dimensionalit in terms of an exp onen tially gro wing um er of hidden units in pro jection pursuit learning net ork. This suggests pro jection pursuit net ork can emplo small um er of hidden units but the one dimensional no de functions should parameterized carefully This corre- sp onds to grouping sigmoidal no de functions in small um er of directions in one hidden la er sigmoidal neural net ork. In practical algorithms, learning is usually replaced smo othing step whic seeks one dimensional function to �t to the residuals in this direction (F riedman and Stuetzle, 1981, Zhao and tk eson, 1991). The smo othness of an underlying function determines the size of the constan As sho wn in the previous section, if =! i.e., uniformly distributed directions), then angular smo oth functions ha smaller than Laplacian smo oth functions do. Cho osing di�eren do es not hange this conclusion. But prop erly hosen reduces in general whic corresp onds to ariance reduction. Ac kno wledgmen ts This pap er describ es researc done at the Departmen of Brain and Cognitiv Sciences, the Cen ter for Biological and Computational Learning and the Arti�cial In telligence Lab oratory of the Massac usetts Institute of ec hnology Supp ort as pro vided under Air orce O�ce of Scien ti�c Researc gran AF OSR-89-0500, the Siemens Corp oration, and the TR Human Information Pro cessing Researc Lab oratories. Supp ort for CGA as pro vided National Science oundation Presiden tial oung In estigator Aw ard. Sp ecial thanks go es to Dr. Zhengfang Zhou at Math Dept. in MIT, who pro vided useful discussions and review ed 18 the draft. 10 App endix Pro of of Lemma (8): nj nj 2) (29) where nr nr 2) (2 +2 00 nr +2 2) +(2 +2 00 nr +2 2) +2 mL 2) where Laguerre olynomial has the prop erties: xL 00 mL (30) xL mL (31) Therefore nj nj 19

Pro of of Lemma (12): Let and unit ectors on the sphere i.e. The follo wing relations ha een used in the pro of: +2 +2 )( +2 (32) This equation can deriv ed from J’s equation (2.4) and in Lemma 2.1. +2 nj d! nmd nj (33) where nmd is in (16) and equation (33) can deriv ed from Muller’s Lemma 11 Theorem 6. nj nmd +2 nj d! Lemma nmd +2 nj d! nmd +2 )( +2 nj d! from (1) nmd +2 +2 nj d! +2 nj from (2) Pro of of Lemma (20): Let and the follo wing equations (34), (35) and (36) ha een used in the pro of: =0 1) (34) !( 1) (35) dx +2 �( 1) �(2 1) (36) 20

+2 nj d! nj +2 )(1 d! Muller, Theorem nj ds +2 )(1 d! Muller, Theorem 11 nj +2 )(1 d! from (5) nj (1 d! from (4) nj =0 1) (1 ds nj =0 1) cr nj cJ nj The constan can expressed as �( 1) �(2 1) �( �( 1) �( 1) +2 �( 1)�( 1) nmd Pro of of Theorem 1: Samples :::; are i.i.d random ariables dra wn from the densit =! on and form (22). The mean alue for nj is nmd =1 +2 nj d! nj (37) The ariance is nj nj d! (38) 21 where nmd +2 nj nj d! (2 nmd +2 nj nj d! (2 nmd +2 nj d! nj nmd +2 )) nj d! nj nmd �( 1) nj nj �( 1) nj nj nj �( 1) nj nmd 1) (39) Therefore, AR nj nmd 11 References Barron, A. R. and Barron, R. L. (1988) \Statistical Learning Net orks: Unifying View". in Computing Scienc and Statistics: Pr dings of 20th Symp osium on the Inter- fac e. egman, editor, meric an Statistic al Asso ciation ashington, D.C., 192-203. Barron, A. R. (1991) \Univ ersal Appro ximation Bounds for Sup erp ositions of Sigmoidal unction". ec hnical Rep ort No. 58. Departmen of Statistics, Univ ersit of Illinois at Urbana-Champaign. Chen, H. (1991) \Estimation of Pro jection-pursuit yp Regression Mo del". The nnals of Statistics 19: 142-157. Deans, S. R. (1983), The adon ansform and Some of Its Applic ations Wiley New 22 ork. Diaconis, and Shahshahani, M. (1984) \On Non-linear unctions of Linear Com bi- nations". SIAM Journal of Scienti�c and Statistic al Computing 5, 175-191. Donoho, D. L. and Johnstone, I. (1989) \Pro jection-based Appro ximation, and Dualit with Kernel Metho ds." em The Annals of Statistics, 17, 58-106. Duan, N. (1990) \The Adjoin Pro jection Pursuit Regression." Journal of the meric an Statistic al Asso ciation ol. 85, No. 412, pp 1029-1038. riedman, J. H. and Stuetzle, W. (1981) \Pro jection Pursuit Regression". Journal of meric an Statistic al Asso ciation 76: 817-823. riedman, J. H. and uk ey J. W. (1974) \A Pro jection Pursuit Algorithm for Ex- ploratory Data Analysis". IEEE ansactions on Computers 23: 881-889. riedman, J. H., Stuetzle, W., and Sc hro eder, A. (1984) \Pro jection Pursuit Densit Estimation". Journal of the meric an Statistic al Asso ciation 79: 599-608. riedman, J. H. (1984a) \A ariable Span Smo other". Departmen of Statistics. Stanford Univ ersit Rep ort LCM005. riedman, J. H. (1984c) \Smart User’s Guide". Departmen of Statistics,Stanford Uni- ersit Rep ort LCM001. riedman, J.H. (1984b) \Classi�cation and Multiple Resp onse Regression Through Pro- jection Pursuit". Dept. of Statist., Stanford Univ ersit ,Rep ort LCM006. Hall, G. (1989) \On Pro jection Pursuit Regression". The nnals of Statistics 17(2): 573-588. Hub er, J. (1985) \Pro jection Pursuit (with discussion)." The nnals of Statistics 13, 435-475 Jones, L. (1987) \On Conjecture of Hub er Concerning the Con ergence of Pro jection Pursuit Regression." The nnals of Statistics 15, 880-882. Krusk al, J. B. (1969) \T ard Practical Metho Whic Helps Unco er the Structure of Set of Multiv ariate Observ ations Finding the Linear ransformation Whic Optimizes New Index of Condensation’." in Statistic al Computation. (R. C. Milton and J. A. Nelder, eds.) Academic Press, New ork. Krusk al, J. B. (1972) \Linear ransformation of Multiv ariate Data to Rev eal Clustering." in Multidimensional Sc aling The ory and Applic ations in the Behavior al Scienc es, I, The- ory. Seminar Press, New ork and London. Muller, C. (1966) Spheric al Harmonics. Lecture Notes in Mathematics, no.17. 23

Ripley B. (1987) Sto chastic Simulations John Wiley Sons, New ork. Switzer, and righ t, R.M. (1971) \Numerical Classi�cation Applied toCertain Ja- maica Eo cene Numm ulitids". Mathematic al Ge olo gy 3, 297-311. Switzer, (1970) \Numerical Classi�cation". in Ge ostatistics. Plen um, New ork. Zhao, Y., tk eson, C. G. (1991) \Pro jection Pursuit Learning", in Pr c. IJCNN-91- Se attle. more extensiv man uscript is in preparation. 24