Exploration and Model Building in Mobile Robot Domains Sebastian B▷ Thrun 1 University of Bonn Institut f�ur Informatik III R�omerstr▷ 164 D5300 Bonn 1 Germany Email. thrun∂uran▷informatik▷unibonn▷de

To appear in. Proceedings of the IEEE International Conference on Neural Networks San Francisco CA March 28April 1 1993

Abstract� I present αrst results on COLUMBUS an au tonomous mobile robot▷ COLUMBUS operates in initially unknown structured environments▷ Its task is to explore and model the environment efαciently while avoiding col lisions with obstacles▷ COLUMBUS uses an instancebased learning technique for modeling its environment▷ Realworld experiences are generalized via two artiαcial neural networks that encode the characteristics of the robotφs sensors as well as the characteristics of typical environments the robot is assumed to face▷ Once trained these networks allow for the transfer of knowledge across different environments the robot will face over its lifetime▷ COLUMBUSφ models repre sent both the expected reward and the conαdence in these ex pectations▷ Exploration is achieved by navigatingto low con αdence regions▷ An efαcient dynamic programming method is employed in background to αnd minimalcost paths that executed by the robot maximize exploration▷ COLUMBUS operates in realtime▷ It has been operating successfully in an ofαce building environment for periods up to hours▷ I▷ INTRODUCTION I report αrst results on robot exploration in mobile robot do mains▷ In contrast to many other approaches to robot learning I consider a robot that has no other task than maximizing its knowl edge about the initially unknown environment while avoiding negative reward▷ The robot at hand COLUMBUS ↼Figure 1↽ is a wheeled mobile robot equipped with a proximity sensor a sonar sensor that allows to sense distances to objects next to the robot by emitting sonar signals and a motion sensor for monitoring the motion of the wheels and detecting collisions▷ COLUMBUS operates in environments such as ofαce buildings or private homes and has to avoid negative reward that will be received when colliding with obstacles▷ It operates in realtime▷ COLUMBUS employs a local instancebased learning tech nique to model its environment▷ Rather than αtting a global monolithic model experiences are remembered explicitly and functions are approximated locally with the help of artiαcial neu ral networks▷ Many global approaches to function αtting ↼e▷g▷ 1This research was done while the author was with Carnegie Mellon Univer sity School of Computer Science Pittsburgh PA 15213▷ This research was sponsored in part by Siemens Corporation▷ The views and conclusions contained in this document are those of the author and should not be interpreted as representing the ofαcial policies either expressed or implied of Siemens Corp▷ with a single monolithic neural network↽ in mobile robot do mains either fail in complex environments due to effects like un◁relearning or demand many welldistributed training exam ples and have often been tested in simpliαed simulations only ♭2 9 15 18♯▷ Modularized local and instancebased approaches to function approximation have often been reported to generalize better from fewer or illdistributed examples ♭1 5 6 7 10 12♯▷ Instancebased curve αtting techniques have also been applied successfully to fairly complex robot control learning problems including the work by Atkeson and Moore▷ In COLUMBUSφ approach to model building experiences are remembered ex plicitly▷ They are generalized via two artiαcial neural networks one for sensor interpretation and one for conαdence assessment▷ These networks encode the speciαc characteristics of the sensors as well as those of typical environments of a mobile robot thus capturing knowledge independent of any particular environment the robot might face▷ Once trained they provide an efαcient way of knowledge transfer from previously explored environments to new environments▷ For example based on knowledge acquired in previously explored environments COLUMBUS was found to avoid collisions almost completely in new environments▷ In contrast tabula rasa learning methods will cause collisionsin any new unknown environment before the robot eventually learns to avoid them▷ COLUMBUS toplevel goal is efαcient exploration▷ The ap proach taken in this paper is motivated by earlier research on exploration in the context of reinforcement learning ♭18♯▷ Theo retical results on the efαciency of exploration indicate the impor tance of the exploration strategy for the amount of knowledge gained and for the efαciency of learning control in general▷ It has been shown that for certain hard deterministic environments that an autonomous robot can face exploration strategies such as random walk result in an expected learning time that scales at least exponentially with the number of states the environment can take ♭19♯▷ In contrast more thoughtful exploration tech niques such as Ψgo to the least explored locationν have been shown to reduce the complexity to a small polynomial function in the size of the state space ♭8 17♯▷ While these results may be theoretically signiαcant their relevance and implications for practical research in robot exploration are unclear▷ This is be cause the best known worstcase bounds for the complexity of exploration are still too large to be of any practical meaning given the complexity of environments and state spaces faced by

Figure 1. ↼a↽ COLUMBUS is a wheeled HERO2000 robot with a manipulator and a gripper▷ It is equipped with a sonar sensor on the top of the robot that can be directed by a rotating mirror to give a full 360 o sweep (24 values). Sonar sensors return approximate echo distances. Such sensors are inexpensive but very noisy.

(b) COLUMBUS explores an unknown environment. Note the obstacle in the middle of the laboratory. Our lab causes many malicious sonar values, and is a hard testbed for sonar-based navigation. For example, some of the chairs absorb sound almost completely, and are thus hard to detect by sonar.

a robot acting in the real world. Furthermore, the theoretical results ignore the ability of mobile robots to gain knowledge by sensing its environment, which allows the robot to make predictions for neighboring locations. Such predictions, of course, may reduce the number of exploration steps drastically. However, the intuition behind the theoretical results carries over to mobile robot domains. An ef�ciently exploring robot should not explore by selecting actions randomly. Instead, it should actively maneuver to poorly explored parts of the environment, in order to maximize knowledge gain. COLUMBUS’ exploration strategy follows this principle. Its model keeps track of how well its environment is explored, and based on this knowledge the robot is maneuvered to poorly explored regions.

II. MODELING THE ENVIRONMENT

In this section, the instance-based model building technique developed for COLUMBUS is described. Let x i denote the lo cation ↼position state↽ 2 of the mobile robot at time step i s i denote the vector of sensations ↼sonar measurements in the case of COLUMBUS↽ at this time and r i the ↼collision↽ reward re ceived at this time▷ Generally speaking an adaptive model M ⟩∫ ⊣ {⊓\⌋⊔⟩≀\ ⊔⟨⊣⊔ }⌉\⌉∇⊣↕⟩‡⌉∫ {∇≀⇕ ⊣ ⊘\⟩⊔⌉ ∫⌉⊔ ≀{ ⌉§⊣⇕√↕⌉∫ ⇐⌈⊣⊔⊣ √≀⟩\⊔∫⇒ {⟨xi, si, ri⟩|i = 1...n} ⊔≀ ⊣∇⌊⟩⊔∇⊣∇† \⌉⊒ √≀∫⟩⊔⟩≀\∫ x in the domain. r = M({⟨xi, si, ri⟩|i = 1 . . . n}, x) In our case, r denotes the expected reward received when enter ing location x▷ Different model identiαcation procedures differ in the way in which they combine and interpolate between points ↼inductive bias↽▷ The approach taken in COLUMBUS is to split the function M ⟩\⊔≀ n pieces one for each data point▷ More speciαcally M ⟩∫ ∇⌉⊣↕⟩‡⌉⌈ ⊓∫⟩\} ⊣ √⊣⟩∇ ≀{ ⊣∇⊔⟩⊘⌋⟩⊣↕ \⌉⊓∇⊣↕ \⌉⊔⊒≀∇‖∫¬ ⊔⟨⌉ ∫⌉\∫≀∇ ∈T⟨∇≀⊓}⟨≀⊓⊔ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⟩⊔ ⊒⟩↕↕ ⌊⌉ ⊣∫∫⊓⇕⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⊣⌋⌋⊓∇⊣⊔⌉ ⊒⊣† ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\ xi of the robot in some global coordinate frame. This

assumption is relaxed in section IV. , where a technique for re-estimating the location of the robot based on sensations is described.

interpretation network R ⊣\⌈ ⊔⟨⌉ ⌋≀\⊘⌈⌉\⌋⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ \⌉⊔⊒≀∇‖ C↙ T⟨⌉∫⌉ \⌉⊔⊒≀∇‖∫ ⊣∇⌉ ⊔∇⊣⟩\⌉⌈ ⊓∫⟩\} ⊔⟨⌉ ⌊⊣⌋‖√∇≀√⊣}⊣⊔⟩≀\ ⊔∇⊣⟩\↖ ⟩\} √∇≀⌋⌉⌈⊓∇⌉ ∪∞∋⊎ ⊔≀ ⌉\⌋≀⌈⌉ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩∫⊔⟩⌋∫ ≀{ ⊔⟨⌉ ∫⌉\∫≀∇∫ ⊣∫ ⊒⌉↕↕ ⊣∫ ⊔⟨≀∫⌉ ≀{ ⊔†√⟩⌋⊣↕ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ≀{ ⊣ ⇕≀⌊⟩↕⌉ ∇≀⌊≀⊔↙ M≀∇⌉ ∫√⌉⌋⟩⊘⌋⊣↕↕†⇔ ⊔⟨⌉ ∫⌉\∫≀∇ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ \⌉⊔⊒≀∇‖ ri = R(si, xδxi) = R(si, Dx) (c.f. Fig. 2a) maps a single experience (xi, si) to an estimation of reward at x▷ Here Dx is the difference between xi and x making R ⟩\⌈⌉√⌉\⌈⌉\⊔ ≀{ ⊣⌊∫≀↕⊓⊔⌉ ⌋≀≀∇⌈⟩\⊣⊔⌉ ⊑⊣↕⊓⌉∫↙ F⟩}↙ ∋⊣ ⟩↕↕⊓∫⊔∇⊣⊔⌉∫ ⊔⟨⌉ ≀⊓⊔√⊓⊔ ≀{ R ⟩\ ⊔⟨⌉ ⇕≀⌊⟩↕⌉ ∇≀⌊≀⊔ ⌈≀⇕⊣⟩\↙ H⌉∇⌉ ⊔⟨⌉ ⌈⟩∫⊔⊣\⌋⌉ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔∫ {∇≀⇕ ⊔⟨⌉ ∫≀\⊣∇ ∫⌉\∫≀∇ ⊣∇⌉ ⇕⊣√√⌉⌈ ⊔≀ ⌉§√⌉⌋⊔⌉⌈ ∇⌉⊒⊣∇⌈ ⇐}⌉\⌉∇⊣↕⟩‡⌉⌈ ≀⌋⌋⊓√⊣\⌋†⇒↙ R ⟩∫ ⊔∇⊣⟩\⌉⌈ ⟩\ ⊣ ∫⊓√⌉∇⊑⟩∫⌉⌈ ⇕⊣\\⌉∇¬ T⟨⌉ ∇≀⌊≀⊔ ≀√⌉∇⊣⊔⌉∫ ⊣\⌈ ⊔⊣‖⌉∫ ∫⌉\∫≀∇ ⇕⌉⊣∫⊓∇⌉⇕⌉\⊔∫ ⟩\ ⊣ ‖\≀⊒\ ⌉\⊑⟩∇≀\⇕⌉\⊔ ⊒⟨⌉∇⌉ ∇⌉}⟩≀\∫ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ∇≀⌊≀⊔ ⌋⊣\ √⟨†∫⟩⌋⊣↕↕† \≀⊔ ⌉\⊔⌉∇ ⊣∇⌉ ↕⊣⌊⌉↕⌉⌈ ⊒⟩⊔⟨ \⌉}⊣⊔⟩⊑⌉ ∇⌉⊒⊣∇⌈↙∋ I\∫⊔⌉⊣⌈ ≀{ ≀\⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ≀{ ⌉§√⌉⌋⊔⌉⌈ ∇⌉⊒⊣∇⌈ r = M(x) at location x R ∇⌉⊔⊓∇\∫ n estimates ri one for each data point (si, xi). There are several reasons why combining multiple interpretations ri is necessary▷ First many sensors such as sonars are noisy and often fail to sense the environment accurately▷ Second R ⇕≀⌈⌉↕∫ ⊣\ ⟩\⟨⌉∇⌉\⊔↕† ⊓\√∇⌉⌈⟩⌋⊔⊣⌊↕⌉ {⊓\⌋⊔⟩≀\↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ⊣ ∫≀\⊣∇ ∫⌉\∫≀∇ ⌋⊣\\≀⊔ ⊖↕≀≀‖ ⊔⟨∇≀⊓}⟨ ⊣ ⊒⊣↕↕↙⪰ T⟨⊓∫ ⟩{ ⊔⟨⌉ ∐⊓⌉∇† √≀⟩\⊔ x and xi are separated by an obstacle r i will usually be wrong▷ In what follows a scheme for combining multiple interpretations based on estimating conαdence is described▷ The conαdence network ↼Fig▷ 2b↽ ci = C(si, Dx) maps a single experience (xi, si) to a scalar in (0, 1), again with

3Note that in the current implementation, this is done with a simulator that models sonar sensors as well as sensor noise. Simulation is signiffcantly cheaper and faster than real-world experimentation, and I empirically found R to be

accurate enough even if trained on simulated data. All results displayed in �gures, however,are generatedfrom real-world data.

Ingeneral,trainingthesenetworkscanbeinterleavedwithexploration,allowingforcross-environmenttransferoflearnedknowledgeformodelidenti�cation.

(a)

(b)

Figure 2: (a) sensorinterpretationnetworkR and(b) con�dencenetworkC. Dx = x − xi▷ Note that the interpretation network R ⊒⟩↕↕ \⌉⊑⌉∇ }⌉\⌉∇⊣↕⟩‡⌉ √⌉∇{⌉⌋⊔↕†⇔ ⟩↙⌉↙⇔ ⟩⊔∫ ⌉∇∇≀∇ ⊒⟩↕↕ \⌉⊑⌉∇ ⊣√√∇≀⊣⌋⟨ ‡⌉∇≀↙ T⟨⟩∫ ⌉{{⌉⌋⊔ ⟩∫ ⊓⊔⟩↕⟩‡⌉⌈ {≀∇ ⊔∇⊣⟩\⟩\} ⊔⟨⌉ ⌋≀\⊘⌈⌉\⌋⌉ \⌉⊔⊒≀∇‖↙ U∫⟩\} ⊣\ ⟩\⌈⌉√⌉\⌈⌉\⊔ ⊔⌉∫⊔ ∫⌉⊔ {≀∇ R ⇐⊣{⊔⌉∇ ⊔∇⊣⟩\⟩\}⇒⇔ C ⟩∫ ⊔∇⊣⟩\⌉⌈ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ⌉§√⌉⌋⊔⌉⌈ ⌉∇∇≀∇ |R(si, Dx)−reward(x)| ≀{ R ⇐\≀∇⇕⊣↕⟩‡⌉⌈ ⊔≀ [0, 1]). Since C ⌉∫⊔⟩⇕⊣⊔⌉∫ ⊔⟨⌉ ⌉§√⌉⌋⊔⌉⌈ ⌉∇∇≀∇ ≀{ ri the conαdence in ri is low if c i is large and vice versa▷ It is straightforward to use this error estimate in the integration of the r i by weighting interpretations r i with their conαdences deαned as − ↕\(c i). Figure 3b illustrates conffdence estimations, corresponding to the reward estimations shown in Figure 3a. Note that predictions of freespace and walls usually have high conffdence, whereas for example the conffdence in predictions behind walls is low. As can be seen from some of the examples in this ffgure, the conffdence network deals with noise by assigning low conffdence to potentially noisy sensations. Finally, reward estimates ri are combined according to their conαdence estimates − ↕\ c i using the formula▷

M(x) = X_{i δ ln c i(x) · ri(x)} cM(x)^{with c}M^{(x) =} X_{i δ ln c i(x)} The term cM(x) is called the cumulative conffdence at x▷ Know ing that COLUMBUSφ sonar sensors have a maximum range of perception ↼10▷5 feet↽ i ∈ {∞ . . . n} ∫⊓⇕∫ ≀\↕† ≀⊑⌉∇ ⊔⟨≀∫⌉ ⌈⊣⊔⊣ √≀⟩\⊔∫ ⊔⟨⊣⊔ ⊣∇⌉ ⌋↕≀∫⌉ ⌉\≀⊓}⟨ ⊔≀ x i▷e▷ for which |xδxi| ⟩∫ ∫⇕⊣↕↕⌉∇ ⊔⟨⊣\ ⊔⟨⌉ ⇕⊣§⟩⇕⊣↕ ∫≀\⊣∇ √⌉∇⌋⌉√⊔⟩≀\ ∇⊣\}⌉↙ I\ F⟩}⊓∇⌉ △⌊⇔ ⊣ ⌋≀⇕↖ √⟩↕⌉⌈ ⇕≀⌈⌉↕ ⊣{⊔⌉∇ ∈ ⌉§√↕≀∇⊣⊔⟩≀\ ∫⊔⌉√∫ ⟩∫ ∫⟨≀⊒\↙ III↙ ANYTIME PLANNING FOR EXPLORATION IN REAL↖TIME E§√↕≀∇⟩\} ⊣\⌈ ⇕≀⌈⌉↕⟩\} ⟩\⟩⊔⟩⊣↕↕† ⊓\‖\≀⊒\ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⟩∫ ⊔⟨⌉ ⊔≀√↖↕⌉⊑⌉↕ }≀⊣↕ ≀{ COLUMBUS↙ I\ ≀∇⌈⌉∇ ⊔≀ ⊘\⌈ ↕≀⊒↖⌋≀∫⊔ √⊣⊔⟨∫ ⊔≀ ⊔⟨⌉ ⊓\⌉§√↕≀∇⌉⌈⇔ ⊔⟨⌉ ⇕≀⌈⌉↕ ⟩∫ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ †⟩⌉↕⌈⟩\} ⊣ }∇⟩⌈ ∇⌉√∇⌉↖ ∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌉\⊑⟩∇≀\⇕⌉\⊔⇔ ⊣\⌈ ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\} ⟩∫ ⌉⇕↖ √↕≀†⌉⌈ ⊔≀ √∇≀√⊣}⊣⊔⌉ ⌉§√↕≀∇⊣⊔⟩≀\ ⊓⊔⟩↕⟩⊔† ⊔⟨∇≀⊓}⟨ ⊔⟨⟩∫ ⌈⟩∫⌋∇⌉⊔⟩‡⌉⌈ ⇕≀⌈⌉↕ ∪∋⇔ ∞⊎̸↙ M≀∇⌉ ∫√⌉⌋⟩⊘⌋⊣↕↕†⇔ ⊔⟨⟩∫ ⟩∫ ⌈≀\⌉ ⟩\ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ⊒⊣†¬ T≀ ⌉⊣⌋⟨ }∇⟩⌈ √≀⟩\⊔ x in the discretized model there is a realvalued exploration utility U (x) associated. Initially, the exploration utility of x is set to the negative cumulative conα dence −cM(x). Cumulative conffdence (c.f. Equation (1)) is a straightforward measure to estimate the utility of exploring a location: The lower cM(x), the less explored is x and the higher is the ↼initial↽ exploration utility of x and vice versa▷ All grid points are then iteratively updated according to the maximum

↼a↽ sensor interpretation 1 2 3

4 5 6

↼b↽ conαdence 1 2 3

4 5 6

- œ10.5feet

Figure 3: (a) Examplesof sensorinterpretation usingthe R network. Lines

indicate sonarmeasurements(distances),and theregion darknessrepresentsthe expected collision reward for surrounding areas (dark values indicate negative reward). Examples are: 1. hallway, 2. hallway with open door. 3. hallway with humanwalkingby, 4. cornerof a room, 5. cornerwith obstacle,6. several obstacles. (b)Thecorrespondingcon�dencesC intheinterpretationsshownina.

The darker the color, the larger the expectederror and the lower the con�dence. Low con�dence regions include the boundary region between freespace and obstacles, as well as regions beyondobstacles.

exploration utility of their neighbors y of the grid. U (x) ←− −L(x) + max y U (y) Here the expected (negative) reward by the model functions as costs4L(x) > 0 of moving from x to y and is used for weighting the βow of exploration utilities▷ This implies that exploration utilities are predominantly propagated through freespace while places with negative predicted reward such as walls and obsta cles block the βow of utility▷ The resulting exploration utilities represent anytime plans for arbitrary robot locations given that the robot applies steepest ascent therein▷ Figure 4 displays a model and the corresponding exploration utility landscape after 27 steps of exploration▷ 4The actually implemented cost function is a complex monotonically de creasing function of the expected reward▷

Figure 4. Integration of several measurements along an exploration path. ↼a↽ Raw noisy sensor input on an exploration path with 27 measurements▷ ↼b↽ Resulting model corresponding to the lab shown in Figure 1b ↼lab doorway is toward bottom left↽▷ The path of the robot is also plotted ↼from right to left↽ demonstrating the exploration of the initially unknown lab▷ ↼c↽ Cumulative conαdence▷ ↼d↽ Exploration utilities▷ By local gradient descent in exploration utility space ↼i▷e▷ moving to the brightest reachable location↽ the robot moves to the closest unexplored region on a minimalcost path▷ In the next steps the robot will pass the door of the lab and explore the hallway▷ Because COLUMBUS shall explore in realtime actions are immediately generated once the previous action execution is αn ished regardless whether the propagation of exploration utility has converged or not▷ In principle this may lead to nonoptimal actions▷ However since the exploration values are propagated not only to the current location of the robot but to all points in the discretized model they can be reused for later planning once the robot location has been changed▷ Reusing plans was observed to result in optimal plans after surprisingly short planning times although plain dynamic programming is known to be slow in complex domains▷5 Since COLUMBUSφ model of the environment is continu ously updated during exploration according to new sensor in formation dynamic programming has to be modiαed to deal efαciently with the resulting changes in the cost function and the cumulative conαdence▷ In general dynamic programming may cause long planning time if the model changes during planning▷ More speciαcally the problem that may occur when changing the cost function or the cumulative conαdence is the overesti mation problem for exploration utilities. Assume the planner assigns high utility to two adjacent grid points that after updat ing the model based on new sensor information will now have low utility▷ Dynamic programming may take many iterations before converging to the lower utilities▷ This is because each of the large exploration utilities will be updated with a large value justiαed by the observation that there is an adjacent grid point with a large utility▷ Only the costs of moving from one grid point to another can cause the utilities to decay over time▷ This effect was frequently observed to cause very long planning durations▷ In order to overcome the overestimation problem COLUMBUSφ planner works in three phases. 1▷ If a new sensation is received the grid representation of both the model and the conαdence map is updated 5The planningspeed beneαts also from the fact that the internal representation of the environmentis only twodimensional neglectingCOLUMBUSφ rotational degree of freedom▷ according to this sensor information using the networks R ⊣\⌈ C↙ ∈↙ E⊣⌋⟨ ≀⊑⌉∇⌉∫⊔⟩⇕⊣⊔⌉⌈ ⊓⊔⟩↕⟩⊔†⇔ ⟩↙⌉↙⇔ ⌉⊣⌋⟨ ⊓⊔⟩↕⟩⊔† ⊔⟨⊣⊔ ⊒≀⊓↕⌈ ⟨⊣⊑⌉ ⌊⌉⌉\ ∫⌉⊔ ⊔≀ ⊣ ∫⇕⊣↕↕⌉∇ ⊑⊣↕⊓⌉ ⌊† ⊔⟨⌉ \⌉§⊔ ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\} ∫⊔⌉√⇔ ⟩∫ ∫⌉⊔ ⊔≀ −∞↙ T⟨⟩∫ ∫⊔⌉√ ⟩∫ ∇⌉√⌉⊣⊔⌉⌈ ⊓\⊔⟩↕ \≀ ≀⊑⌉∇⌉∫⊔⟩⇕⊣⊔⌉⌈ ⊓⊔⟩↕⟩⊔† ⌋⊣\ ⌊⌉ ⟩⌈⌉\⊔⟩⊘⌉⌈⇔ ∇⌉∫⊓↕⊔⟩\} ⟩\ ⊣ ∫⊔∇⟩⌋⊔↕† ⊓\⌈⌉∇⌉∫⊔⟩⇕⊣⊔⟩\} ∫⌉⊔ ≀{ ⌉§√↕≀∇⊣⊔⟩≀\ ⊓⊔⟩↕⟩⊔⟩⌉∫↙ ∋↙ F⟩\⊣↕↕†⇔ ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\} ⟩∫ ⊣√√↕⟩⌉⌈ ⊔≀ √∇≀√⊣}⊣⊔⌉ ⌉§√↕≀∇⊣⊔⟩≀\ ⊓⊔⟩↕⟩⊔⟩⌉∫ ⊣∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⊣⌊≀⊑⌉↙ W⟨⌉\⌉⊑⌉∇ ⊔⟨⌉ ∇≀⌊≀⊔ ⊘\⟩∫⟨⌉∫ ⊔⟨⌉ ⌉§⌉⌋⊓⊔⟩≀\ ≀{ ⊣\ ⊣⌋⊔⟩≀\⇔ ⊣ ∫⟩⇕√↕⌉ ∫⌉⊣∇⌋⟨ √∇≀⌋⌉⌈⊓∇⌉ ⊔⟨⊣⊔ ⇕⊣§⟩⇕⟩‡⌉∫ ⌉§√↕≀∇⊣⊔⟩≀\ ⊓⊔⟩↕⟩⊔† ⟩∫ ⌉⇕√↕≀†⌉⌈ ⊔≀ ⌈⌉⊔⌉∇⇕⟩\⌉ ⊔⟨⌉ \⌉§⊔ ⊣⌋⊔⟩≀\⇔ ⊓∫⟩\} ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⌉∫⊔⟩⇕⊣⊔⌉ ≀{ ⌉§↖ √↕≀∇⊣⊔⟩≀\ ⊓⊔⟩↕⟩⊔⟩⌉∫↙ T⟨⟩∫ ⌉\∫⊓∇⌉∫ ⊔⟨⊣⊔ COLUMBUS ≀√⌉∇⊣⊔⌉∫ ⟩\ ∇⌉⊣↕↖⊔⟩⇕⌉¬ E⊑⌉\ ⟩{ √↕⊣\\⟩\} ⟩∫ \≀⊔ ⌋≀⇕√↕⌉⊔⌉⌈⇔ ⊣⌋⊔⟩≀\∫ ⊣∇⌉ }⌉\⌉∇↖ ⊣⊔⌉⌈ ⊣\⌈ ⌉§⌉⌋⊓⊔⌉⌈↙ I⊔ ∫⟨≀⊓↕⌈ ⌊⌉ \≀⊔⌉⌈ ⊔⟨⊣⊔ ⊔⟨⟩∫ √↕⊣\\⌉∇ ⌋⊣\ ⊣↕∫≀ ⌊⌉⇔ ⊣\⌈ ⟩\ {⊣⌋⊔ ⟩∫ ⟩\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\⇔ ⊓∫⌉⌈ {≀∇ √↕⊣\\⟩\} √⊣⊔⟨∫ ⊔≀ }≀⊣↕ ↕≀⌋⊣⊔⟩≀\∫ ∫√⌉⌋⟩⊘⌉⌈ ⌊† ⊔⟨⌉ ⊓∫⌉∇↙ IV↙ EXPERIMENTAL DESIGN AND RESULTS I\ S⌉⌋⊔⟩≀\ II↙ ⟩⊔ ⊒⊣∫ ⊣∫∫⊓⇕⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∇≀⌊≀⊔ ⌋⊣\ ⊣↕⊒⊣†∫ ⌊⌉ ⌈⌉⊔⌉∇⇕⟩\⌉⌈ ⊣⌋⌋⊓∇⊣⊔⌉↕†↙ H≀⊒⌉⊑⌉∇⇔ ∇⌉⊣↕↖⊒≀∇↕⌈ ∇≀⌊≀⊔∫ ⊓∫⊓⊣↕↕† ∫⊓{{⌉∇ {∇≀⇕ ⌋⊓⇕⊓↕⊣⊔⟩⊑⌉ ⌋≀\⊔∇≀↕ ⌉∇∇≀∇∫ ⌋⊣⊓∫⌉⌈ ⌊† ⟩\⊣⌋↖ ⌋⊓∇⊣⊔⌉ ⌉{{⌉⌋⊔≀∇∫↙ A{⊔⌉∇ ∫≀⇕⌉ ⊔⟩⇕⌉ ≀{ ≀√⌉∇⊣⊔⟩≀\⇔ ↕≀⌋⊣⊔⟩≀\ ⌉∫⊔⟩↖ ⇕⊣⊔⌉∫ ⌊⊣∫⌉⌈ ≀\ ⌈⌉⊣⌈↖∇⌉⌋‖≀\⟩\} ⊣∇⌉ ⊓∫⊓⊣↕↕† ∫⟩}\⟩⊘⌋⊣\⊔↕† ⊒∇≀\}↙ COLUMBUS ⊓∫⌉∫ ⊔⟨⌉ \⌉⊔⊒≀∇‖∫ R ⊣\⌈ C ⊣↕∫≀ {≀∇ ∇⌉↕≀⌋⊣⊔⟩\} ⟩⊔∫⌉↕{ ≀\↖⊔⟨⌉↖⊙† ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⟩⊔∫ ⇕≀⌈⌉↕↙ T⟨⟩∫ ⟩∫ ⌈≀\⌉ ⌊† ⌊⊓⟩↕⌈⟩\} ⊣ ↕≀⌋⊣↕ ⇕≀⌈⌉↕ ⇐⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\⇒ {∇≀⇕ ⊔⟨⌉ ⇕≀∫⊔ ∇⌉⌋⌉\⊔ ∫⌉\∫⊣⊔⟩≀\⇔ sn+1, and then maximizing the match between this local model and the current global model obtained from the previous n sensa tions {s1, s2, . . . , sn}↙ I\ COLUMBUS⇔ }∇⊣⌈⟩⌉\⊔ ⌈⌉∫⌋⌉\⊔ ∫⌉⊣∇⌋⟨ ⟩∫ ⊓∫⌉⌈ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ↕≀⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∇≀⌊≀⊔ xn+1. More specif- ically, the squared deviation of the global and the local model (weighted by prediction con�dences) is measured over a set of randomly drawn nearby sample points. Online positioncontrol is achieved by minimizing this match error. Since neural networks represent differentiable functions, these error gradients can be propagated through the sensor interpretation network, resulting same obstacle œ @ @@ @I -

← ⇕≀⌈⌉↕ ⇐⊣⇒

⌋≀\⊘⌈⌉\⌋⌉ ⇐⊣⇒

⇕≀⌈⌉↕ ⇐⌊⇒

⌋≀\⊘⌈⌉\⌋⌉ ⇐⌊⇒

⟩\⟩⊔⟩⊣↕ ∇≀⌊≀⊔ ↕≀⌋⊣⊔⟩≀\�*

severe controlerror AA AAU

Figure5: Onlinepositioncontrol: (a)Inthisexperiment,Iinvokedoneseverecontrolerrorbyrotatingtherobotmanually,inadditiontothenormalcumulative controlerrors. Withoutcorrection,theresultingmodeliswrongandthereforeuseless. (b)Bymaximizingthematchbetweentheglobalmodelandtheinterpretation ofthemostrecentsonarvalues(localmodel),controlerrorscanbesuccessfullyidenti�edandcorrected. Notethatinthisexperiment,therobotwastoldtoreturn tothelabaftersomeexploration.

in the derivatives of the match error with respect to the input values of these networks. These gradientsare used forgradient descent search in thelocationspace of the robot. By iteratively adjustingtheinternalbeliefofthelocationoftherobot,thematch error is minimized. This online positioncontrol procedure was foundtoworksuccessfullyeveninthepresenceofsevereerrors indead-reckoning. Anexample isshowninFigure5. Boththe sensor interpretationfunction R ⊣\⌈ ⊔⟨⌉ ⌋≀\⊘⌈⌉\⌋⌉ ⌉∫⊔⟩⇕⊣⊔⟩≀\ {⊓\⌋⊔⟩≀\ C ⊒⌉∇⌉ ∇⌉√∇⌉∫⌉\⊔⌉⌈ ⌊† ⌊⊣⌋‖√∇≀√⊣}⊣⊔⟩≀\ \⌉⊔↖ ⊒≀∇‖∫ ⊒⟩⊔⟨ ≀\⌉ ⟨⟩⌈⌈⌉\ ↕⊣†⌉∇ ⊣\⌈ ⌉⟩}⟨⊔ ⟨⟩⌈⌈⌉\ ⊓\⟩⊔∫↙ I\∫⊔⌉⊣⌈ ≀{ √∇≀⌋⌉∫∫⟩\} ⊣↕↕ ∈△ ∫≀\⊣∇ ⊑⊣↕⊓⌉∫ ⌊† ⊔⟨⌉∫⌉ \⌉⊔⊒≀∇‖∫⇔ ≀\↕† ⊔⟨⌉ {≀⊓∇ ⊔≀ ⊣ ∐⊓⌉∇† √≀⟩\⊔ x nearest sonar values were provided as an input▷ By ignoring most of the sensor information the process ing time was signiαcantly reduced when updating the discretized versions of the model as was the number of training examples required for training R ⊣\⌈ C↙ H≀⊒⌉⊑⌉∇⇔ ≀⇕⟩⊔⊔⟩\} ∫⌉\∫≀∇ ⊑⊣↕⊓⌉∫ ⟩∫ ≀\↕† ⊑⊣↕⟩⌈⇔ ⟩{ ⊔⟨⌉∫⌉ ⊣∇⌉ ⟩\⌈⌉√⌉\⌈⌉\⊔ ≀{ ⊔⟨⌉ ⌉§√⌉⌋⊔⌉⌈ ∇⌉⊒⊣∇⌈ ⊣⊔ √≀⟩\⊔ x▷ This is approximately the case for COLUMBUS▷

Additional speedup was obtained by ignoring COLUMBUSφ ro tational degree of freedom as mentioned above▷ Henceforth the dimensionality of the model was two and the cost of rotations was considered to be 0▷ Introducing a third dimension would have had a negative impact on memory requirements and plan ning times in COLUMBUS▷ The grid size in the planner was 4 inches▷ COLUMBUS planner can deal with large areas ↼500 000 square feet and more↽ limited only by the memory capacity of the workstation used for planning▷ COLUMBUS actual implementation is modularized and dis tributed▷ Modules ↼map builder planner position controller central controller and graphical user interface↽ are connected us ing the Task Control Architecture ♭14♯ which allows to execute the programs on several SUN SPARC workstations in paral lel▷ Robot actions take usually between 3 and 12 seconds plus approximately 3 seconds for transmitting sensor and control in formation by a radio link▷ During extensive experimentation I observed roughly the following timing behavior. 1▷5 sec for updating the discretized version of the model 2 to 20 sec for complete planning from scratch and between 0 and 4 for plan ning when reusing earlier plans ↼planning took up to 120 sec without the utility reset mechanism described in the previous section↽▷ The position control mechanism described above did run endlessly in the background interrupted only by new sensor information▷ V▷ DISCUSSION COLUMBUS is an autonomous mobile robot whose goal it is to explore and model unknown environments efαciently▷ It employs an instancebased approximation technique based on neural networks for modeling the environment and an anytime planner based on dynamic programming for planning lowcost paths to poorly explored areas▷ COLUMBUS has been success fully operated in the hallways and labs at CMU for periods up to hours▷6 In order to do so in dynamic environments such as a ofαce buildings the current implementation features a fast ob stacle detection and avoidance mechanism that is not described here▷ However COLUMBUSφ models assumes static environ ments▷ It seems to be feasible to extend this approach to slowly changing environments ↼e▷g▷ by decaying conαdence over time↽▷ In principle the artiαcial neural networks R ⊣\⌈ C ⌉⇕√↕≀†⌉⌈ {≀∇ ⇕≀⌈⌉↕ ⌊⊓⟩↕⌈⟩\} ⊣\⌈ ⌉§√↕≀∇⊣⊔⟩≀\ ⊣↕↕≀⊒ {≀∇ ‖\≀⊒↕⌉⌈}⌉ ⊔∇⊣\∫{⌉∇ ⊣\⌈ ⊔⟨⊓∫ ⊣ ∫†\⌉∇}† ⌉{{⌉⌋⊔ ⊣⌋∇≀∫∫ ⇕⊓↕⊔⟩√↕⌉ ⌉\⊑⟩∇≀\⇕⌉\⊔∫↙ T⟨⟩∫ ⟩∫ ⌊⌉⌋⊣⊓∫⌉ ⊔⟨⌉∫⌉ \⌉⊔⊒≀∇‖ ∇⌉√∇⌉∫⌉\⊔ ∇≀⌊≀⊔↖∫√⌉⌋⟩⊘⌋ ‖\≀⊒↕⌉⌈}⌉ ⊔⟨⊣⊔ ⟩∫ ⟩\⌈⌉√⌉\⌈⌉\⊔ ≀{ √⊣∇⊔⟩⌋⊓↕⊣∇ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⊣⊔ ⟨⊣\⌈↙ H≀⊒⌉⊑⌉∇⇔ ⟩\ ⊔⟨⌉ ⌋⊓∇∇⌉\⊔ ∇⌉⊣↕↖⊒≀∇↕⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊔⟨⟩∫ ∫†\⌉∇}† ⌉{{⌉⌋⊔ ⟨⊣∫ ⌊⌉⌉\ ≀\↕† √⊣∇⊔⟩⊣↕↕† ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈⇔ ∫⟩\⌋⌉ ⊔⟨⌉ \⌉⊔⊒≀∇‖∫ ⊣∇⌉ √∇⌉⊔∇⊣⟩\⌉⌈ ⟩\ ∫⟩⇕⊓↕⊣⊔⟩≀\↙ O\⌉ ≀{ ⊔⟨⌉ ⇕⊣⟩\ ↕⟩⇕⟩⊔⊣⊔⟩≀\∫ ≀{ ⊔⟨⟩∫ ⊣√√∇≀⊣⌋⟨ ⟩∫ ⊔⟨⊣⊔ ⊔⟨⌉∫⌉ \⌉⊔⊒≀∇‖∫ ⟨⊣⊑⌉ ⊔≀ ⌊⌉ ⊔∇⊣⟩\⌉⌈ ⟩\ ⊣ ∫⊓√⌉∇⊑⟩∫⌉⌈ ⇕⊣\\⌉∇⇔ ∇⌉∐⊓⟩∇⟩\} ⊣ ‖\≀⊒\ ⌉\⊑⟩∇≀\⇕⌉\⊔↙ A↕⊔⟨≀⊓}⟨⟩\ √∇⟩\⌋⟩√↕⌉ COLUM↖ BUS ⟩∫ ⊣⌊↕⌉ ⊔≀ ↕⊣⌊⌉↕ ⟩⊔∫ ⌉\⊑⟩∇≀\⇕⌉\⊔ ⊣⊓⊔≀\≀⇕≀⊓∫↕† ⌊† ∫⌉\∫⟩\} ⌋≀↕↕⟩∫⟩≀\∫ ⌈⟩∇⌉⌋⊔↕† ⇐⊓∫⟩\} ⊔⟨⌉ ⇕≀⊔⟩≀\ ∫⌉\∫≀∇∫ ≀{ ⟩⊔∫ ⊒⟨⌉⌉↕∫⇒⇔ I √∇⌉{⌉∇∇⌉⌈ ∫⟩⇕⊓↕⊣⊔⟩≀\⇔ ∫⟩\⌋⌉ ⟩⊔ {⊣⌋⟩↕⟩⊔⊣⊔⌉∫ ∫⊓√⌉∇⊑⟩∫⌉⌈ ↕⌉⊣∇\⟩\}⇔ ⊣\⌈ ∫⟩\⌋⌉ ∇⌉⊣↕↖⊒≀∇↕⌈ ⌋≀↕↕⟩∫⟩≀\∫ ⊒⟩↕↕ ⊓↕⊔⟩⇕⊣⊔⌉↕† ⌈⊣⇕⊣}⌉ ⊔⟨⌉ ∇≀⌊≀⊔↙ I\ ≀∇⌈⌉∇ ⊔≀ ≀√⌉∇⊣⊔⌉ ⟩\ ∇⌉⊣↕↖⊔⟩⇕⌉⇔ COLUMBUS {⌉⊣⊔⊓∇⌉∫ ⊣\ ⊣\†⊔⟩⇕⌉ √↕⊣\\⌉∇ ⌊⊣∫⌉⌈ ≀\ ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\}↙ I ⟨⊣⊑⌉ ⌉⇕↖ √⟩∇⟩⌋⊣↕↕† {≀⊓\⌈ ⊔⟨⊣⊔ ⊔⟨⟩∫ √↕⊣\\⌉∇ }⌉\⌉∇⊣⊔⌉∫ ⊣√√∇≀√∇⟩⊣⊔⌉ ⊣⌋⊔⟩≀\∫ ⟩\ ∇⌉⊣↕↖⊔⟩⇕⌉⇔ ⌉⊑⌉\ ⊔⟨≀⊓}⟨ ⊔⟨⌉ ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\} √∇≀⌋⌉∫∫ ⇕⟩}⟨⊔ \≀⊔ ⟨⊣⊑⌉ {⊓↕↕† ⌋≀\⊑⌉∇}⌉⌈↙ T⟨⟩∫ √↕⊣\\⌉∇⇔ ⟨≀⊒⌉⊑⌉∇⇔ ≀√⌉∇⊣⊔⌉∫ ≀\ ⊣ ⊔⊒≀↖⌈⟩⇕⌉\∫⟩≀\⊣↕ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌉\⊑⟩∇≀\⇕⌉\⊔↙ I\ ≀∇⌈⌉∇ ⊔≀ ∫⌋⊣↕⌉ ⊓√ ⊔≀ ⟨⟩}⟨⌉∇ ⌈⟩⇕⌉\∫⟩≀\⊣↕ ⌉\⊑⟩∇≀\⇕⌉\⊔∫ ⊔⟨⌉ ⊣√√∇≀⊣⌋⟨ ⊔⊣‖⌉\ ⟨⊣∫ ⊔≀ ⌊⌉ ⇕≀⌈⟩⊘⌉⌈↙ F⊓⊔⊓∇⌉ ∇⌉∫⌉⊣∇⌋⟨ ⊒⟩↕↕ ⊣↕∫≀ ⟩\⌋↕⊓⌈⌉ ⌋≀⇕√⊣∇⟩∫≀\∫ ⊔≀ ≀⊔⟨⌉∇ ⊣√↖ √∇≀⊣⌋⟨⌉∫ ⊔≀ ⇕≀⌈⌉↕ ⌊⊓⟩↕⌈⟩\} ⊣\⌈ √⊣⊔⟨ √↕⊣\\⟩\}⇔ {≀∇ ⌉§⊣⇕√↕⌉ ∪△⇔ ∞∞⊎↙ ACKNOWLEDGMENT I ⊔⟨⊣\‖ T≀⇕ M⟩⊔⌋⟨⌉↕↕ ⊣\⌈ A↕⌉§ W⊣⟩⌊⌉↕ {≀∇ ⟩\⊑⊣↕⊓⊣⌊↕⌉ ⊣⌈⊑⟩⌋⌉⇔ ⊣\⌈ L≀\}↖J⟩ L⟩\⇔ H⊣\∫ M≀∇⊣⊑⌉⌋⇔ ⊣\⌈ ⊔⟨⌉ ODYSSEUS ⊔⌉⊣⇕ ⊣⊔ CMU⇔ \⊣⇕⌉↕† R⌉⟩⌈ S⟩⇕⇕≀\∫⇔ C⟨⊣∇⊣↕⊣⇕⌊≀∫ A⊔⟨⊣\⊣∫∫⟩≀⊓⇔ J≀⟨\ C⟨⌉\}⇔ L≀\\⟩⌉ C⟨∇⟩∫⇕⊣\⇔ R⟩⌋⟨⊣∇⌈ G≀≀⌈⊒⟩\⇔ G≀⊣\}↖T⊣† H∫⊓⇔ I̸\ {⊣⌋⊔⇔ COLUMBUS≃ ⊣√√∇≀⊣⌋⟨ ⊔≀ ⇕≀⌈⌉↕ ⌊⊓⟩↕⌈⟩\} ⊣\⌈ √≀∫⟩⊔⟩≀\ ⌋≀\⊔∇≀↕ ⟨⊣∫ ⌊⌉⌉\∫⊓⌋⌋⌉∫∫{⊓↕↕†⊓∫⌉⌈⊣∫ √⊣∇⊔≀{ ⊔⟨⌉ CMU ⌉\⊔∇†⊖ODYSSEUS⪰ ⟩\ ⊔⟨⌉⊘∇∫⊔ AAAI ∇≀⌊≀⊔ ⌋≀⇕√⌉⊔⟩⊔⟩≀\ ⟩\ C⊣↕⟩{≀∇\⟩⊣⇔ ∞∃∃∈↙

⊣\⌈ H⊣\‖ W⊣\⇔ {≀∇ ⌊⌉⟩\} ⊣\ ⌉§⌋⌉↕↕⌉\⊔ ⊔⌉⊣⇕ ⊣∫ ⊒⌉↕↕ ⊣∫ {≀∇ ⇕⊣\† ⌈⟩∫⌋⊓∫∫⟩≀\∫↙ F⊓∇⊔⟨⌉∇⇕≀∇⌉⇔ I ⊔⟨⊣\‖ R⌉⟩⌈ S⟩⇕⇕≀\∫ ⊣\⌈ C⟨∇⟩∫ F⌉⌈≀∇ {≀∇ √∇≀⊑⟩⌈⟩\} ⊔⟨⌉ T⊣∫‖ C≀\⊔∇≀↕ A∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ ∫≀{⊔⊒⊣∇⌉ REFERENCES ∪∞⊎ C⟨∇⟩∫⊔≀√⟨⌉∇ A↙ A⊔‖⌉∫≀\↙ U∫⟩\} ↕≀⌋⊣↕↕† ⊒⌉⟩}⟨⊔⌉⌈ ∇⌉}∇⌉∫∫⟩≀\ {≀∇ ∇≀⌊≀⊔ ↕⌉⊣∇\⟩\}↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ ∞∃∃∞ IEEE I\⊔⌉∇\⊣⊔⟩≀\⊣↕ C≀\{⌉∇⌉\⌋⌉ ≀\ R≀⌊≀⊔⟩⌋∫ ⊣\⌈ A⊓⊔≀⇕⊣⊔⟩≀\⇔ √⊣}⌉∫ ∃▽∀∘∃∉⇔ S⊣⌋∇⊣⇕⌉\⊔≀⇔ CA⇔ A√∇⟩↕ ∞∃∃∞↙ ∪∈⊎ J≀\⊣⊔⟨⊣\ R↙ B⊣⌋⟨∇⊣⌋⟨↙ A ⌋≀\\⌉⌋⊔⟩≀\⟩∫⊔ ↕⌉⊣∇\⟩\} ⌋≀\⊔∇≀↕ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉ {≀∇ \⊣⊑⟩}⊣⊔⟩≀\↙ I\ R↙ P↙ L⟩√√⇕⊣\\⇔ J↙ E↙ M≀≀⌈†⇔ ⊣\⌈ D↙ S↙ T≀⊓∇⌉⊔‡‖†⇔ ⌉⌈⟩⊔≀∇∫⇔ A⌈⊑⊣\⌋⌉∫ ⟩\ N⌉⊓∇⊣↕ I\{≀∇⇕⊣⊔⟩≀\ P∇≀⌋⌉∫∫⟩\} S†∫⊔⌉⇕∫ ∋⇔ √⊣}⌉∫ △▽∘△∌⇔ S⊣\ M⊣⊔⌉≀⇔ ∞∃∃∞↙ M≀∇}⊣\ K⊣⊓{⇕⊣\\↙ ∪∋⊎ A\⌈† G↙ B⊣∇⊔≀⇔ S⊔⌉⊑⌉\ J↙ B∇⊣⌈⊔‖⌉⇔ ⊣\⌈ S⊣⊔⟩\⌈⌉∇ P↙ S⟩\}⟨↙ R⌉⊣↕↖⊔⟩⇕⌉ ↕⌉⊣∇\↖ ⟩\} ⊣\⌈ ⌋≀\⊔∇≀↕ ⊓∫⟩\} ⊣∫†\⌋⟨∇≀\≀⊓∫ ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\}↙ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ COINS ∃∞↖▽⇔ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ M⊣∫∫⊣⌋⟨⊓∫⌉⊔⊔∫⇔ MA⇔ A⊓}⊓∫⊔ ∞∃∃∞↙ ∪△⊎ A↕⌊⌉∇⊔≀ E↕⊑⌉∫↙ S≀\⊣∇↖⌊⊣∫⌉⌈ ∇⌉⊣↕↖⊒≀∇↕⌈ ⇕⊣√√⟩\} ⊣\⌈ \⊣⊑⟩}⊣⊔⟩≀\↙ IEEE J≀⊓∇\⊣↕ ≀{ R≀⌊≀⊔⟩⌋∫ ⊣\⌈ A⊓⊔≀⇕⊣⊔⟩≀\⇔ RA↖∋⇐∋⇒¬∈△∃∘∈▽̸⇔ J⊓\⌉ ∞∃∀↙ ∪▽⊎ D⟩⌉⊔⌉∇ F≀§⇔ V≀↕‖⌉∇ H⌉⟩\‡⌉⇔ K\⊓⊔ M�≀↕↕⌉∇⇔ S⌉⌊⊣∫⊔⟩⊣\ B↙ T⟨∇⊓\⇔ ⊣\⌈ G⌉∇⌈ V⌉⌉\‖⌉∇↙ L⌉⊣∇\⟩\} ⌊† ⌉∇∇≀∇↖⌈∇⟩⊑⌉\ ⌈⌉⌋≀⇕√≀∫⟩⊔⟩≀\↙ I\ S⟩⇕⊓↕⊣⇔ K≀⟨≀\⌉\⇔ ⌉⌈⟩⊔≀∇∫⇔ P∇≀⌋⌉⌉⌈⟩\}∫≀{ I\⊔⌉∇\⊣⊔⟩≀\⊣↕C≀\{⌉∇⌉\⌋⌉≀\A∇⊔⟩⊘⌋⟩⊣↕ N⌉⊓∇⊣↕N⌉⊔↖ ⊒≀∇‖∫⇔ A⇕∫⊔⌉∇⌈⊣⇕⇔ ∞∃∃∞↙ E↕∫⌉⊑⟩⌉∇ P⊓⌊↕⟩∫⟨⌉∇↙ ∪⊎̸ J⌉∇≀⇕⌉ H↙ F∇⟩⌉⌈⇕⊣\\↙ M⊓↕⊔⟩⊑⊣∇⟩⊣⊔⌉ ⊣⌈⊣√⊔⟩⊑⌉ ∇⌉}∇⌉∫∫⟩≀\ ∫√↕⟩\⌉∫↙ A\\⊣↕∫ ≀{ S⊔⊣⊔⟩∫⊔⟩⌋∫⇔ ∞∃⇐∞⇒¬∞∘∞△∞⇔ M⊣∇⌋⟨ ∞∃∃∞↙ ∪⊎ R≀⌊⌉∇⊔ A↙ J⊣⌋≀⌊∫ ⊣\⌈ M⟩⌋⟨⊣⌉↕ I↙ J≀∇⌈⊣\↙ A ⇕≀⌈⊓↕⊣∇ ⌋≀\\⌉⌋⊔⟩≀\⟩∫⊔ ⊣∇⌋⟨⟩↖ ⊔⌉⌋⊔⊓∇⌉ {≀∇ ↕⌉⊣∇\⟩\} √⟩⌉⌋⌉⊒⟩∫⌉ ⌋≀\⊔∇≀↕ ∫⊔∇⊣⊔⌉}⟩⌉∫↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ A⇕⌉∇⟩⌋⊣\ C≀\⊔∇≀↕ C≀\{⌉∇⌉\⌋⌉↙ D⌉√⊔↙ ≀{ B∇⊣⟩\ ⊣\⌈ C≀}\⟩⊔⟩⊑⌉ S⌋⟩⌉\⌋⌉∫⇔ MIT⇔ ∞∃∃∞↙ ∪∀⊎ S⊑⌉\ K≀⌉\⟩}↙ T⟨⌉ ⌋≀⇕√↕⌉§⟩⊔† ≀{ ∇⌉⊣↕↖⊔⟩⇕⌉ ∫⌉⊣∇⌋⟨↙ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ CMU↖CS↖∃∈↖∞△▽⇔ C⊣∇\⌉}⟩⌉ M⌉↕↕≀\ U\⟩⊑⌉∇∫⟩⊔†⇔ A√∇⟩↕ ∞∃∃∈↙ ∪∃⊎ L≀\}↖J⟩L⟩\↙ P∇≀}∇⊣⇕⇕⟩\}∇≀⌊≀⊔∫⊓∫⟩\}∇⌉⟩\{≀∇⌋⌉⇕⌉\⊔↕⌉⊣∇\⟩\}⊣\⌈⊔⌉⊣⌋⟨↖ ⟩\}↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫≀{ AAAI↖∃∞⇔ M⌉\↕≀ P⊣∇‖⇔ CA⇔ J⊓↕† ∞∃∃∞↙ AAAI P∇⌉∫∫ ∝ T⟨⌉ MIT P∇⌉∫∫↙ ∪∞′⊎ A\⌈∇⌉⊒ W↙ M≀≀∇⌉↙ E{⊘⌋⟩⌉\⊔ M⌉⇕≀∇†↖⌊⊣∫⌉⌈L⌉⊣∇\⟩\} {≀∇ R≀⌊≀⊔ C≀\⊔∇≀↕↙ P⟨D ⊔⟨⌉∫⟩∫⇔ T∇⟩\⟩⊔† H⊣↕↕⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ C⊣⇕⌊∇⟩⌈}⌉⇔ E\}↕⊣\⌈⇔ ∞∃∃′↙ ∪∞∞⊎ H⊣\∫ P↙ M≀∇⊣⊑⌉⌋↙ S⌉\∫≀∇ {⊓∫⟩≀\ ⟩\ ⌋⌉∇⊔⊣⟩\⊔† }∇⟩⌈∫ {≀∇ ⇕≀⌊⟩↕⌉ ∇≀⌊≀⊔∫↙ AI M⊣}⊣‡⟩\⌉⇔ √⊣}⌉∫ ∞̸∘△⇔ S⊓⇕⇕⌉∇ ∞∃∀∀↙ ∪∞∈⊎ S⊔⌉⊑⌉\ J↙ N≀⊒↕⊣\↙ C≀⇕√⌉⊔⟩\} ⌉§√⌉∇⊔∫¬ A\ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩≀\ ≀{ ⊣∫∫≀⌋⟩⊣⊔⟩⊑⌉ ⇕⟩§⊔⊓∇⌉ ⇕≀⌈⌉↕∫↙ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ CRG↖TR↖∃′↖▽⇔ D⌉√⊔↙ ≀{ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ T≀∇≀\⊔≀⇔ C⊣\⊣⌈⊣⇔ S⌉√⊔⌉⇕⌊⌉∇ ∞∃∃′↙ ∪∞∋⊎ D⊣⊑⟩⌈ E↙ R⊓⇕⌉↕⟨⊣∇⊔⇔ G⌉≀{{∇⌉† E↙ H⟩\⊔≀\⇔ ⊣\⌈ R≀\⊣↕⌈ J↙ W⟩↕↕⟩⊣⇕∫↙ L⌉⊣∇\↖ ⟩\} ⟩\⊔⌉∇\⊣↕ ∇⌉√∇⌉∫⌉\⊔⊣⊔⟩≀\∫ ⌊† ⌉∇∇≀∇ √∇≀√⊣}⊣⊔⟩≀\↙ I\ D↙ E↙ R⊓⇕⌉↕⟨⊣∇⊔ ⊣\⌈ J↙ L↙ M⌋C↕⌉↕↕⊣\⌈⇔ ⌉⌈⟩⊔≀∇∫⇔ P⊣∇⊣↕↕⌉↕ D⟩∫⊔∇⟩⌊⊓⊔⌉⌈ P∇≀⌋⌉∫∫⟩\}↙ V≀↕↙ I ⇓ II↙ MIT P∇⌉∫∫⇔ ∞∃∀↙̸ ∪∞△⊎ R⌉⟩⌈ S⟩⇕⇕≀\∫↙ C≀\⌋⊓∇∇⌉\⊔ √↕⊣\\⟩\} ⊣\⌈ ⌉§⌉⌋⊓⊔⟩≀\ {≀∇ ⊣⊓⊔≀\≀⇕≀⊓∫ ∇≀⌊≀⊔∫↙ IEEE C≀\⊔∇≀↕ S†∫⊔⌉⇕∫⇔ ∞∈⇐∞⇒¬△∘̸▽′⇔ F⌉⌊∇⊓⊣∇† ∞∃∃∈↙ ∪∞▽⊎ S⊣⊔⟩\⌈⌉∇ P↙ S⟩\}⟨↙ T⟨⌉ ⌉{⊘⌋⟩⌉\⊔ ↕⌉⊣∇\⟩\} ≀{ ⇕⊓↕⊔⟩√↕⌉ ⊔⊣∫‖ ∫⌉∐⊓⌉\⌋⌉∫↙ I\ J↙ E↙ M≀≀⌈†⇔ S↙ J↙ H⊣\∫≀\⇔ ⊣\⌈ R↙ P↙ L⟩√√⇕⊣\\⇔ ⌉⌈⟩⊔≀∇∫⇔ A⌈⊑⊣\⌋⌉∫ ⟩\ N⌉⊓∇⊣↕ I\{≀∇⇕⊣⊔⟩≀\ P∇≀⌋⌉∫∫⟩\} S†∫⊔⌉⇕∫ △⇔ √⊣}⌉∫ ∈▽∞∘∈▽∀⇔ S⊣\ M⊣⊔⌉≀⇔ CA⇔ ∞∃∃∈↙ M≀∇}⊣\ K⊣⊓{⇕⊣\\↙ ∪∞⊎̸ R⟩⌋⟨⊣∇⌈ S↙ S⊓⊔⊔≀\↙ I\⊔⌉}∇⊣⊔⌉⌈ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉∫ {≀∇ ↕⌉⊣∇\⟩\}⇔ √↕⊣\\⟩\}⇔ ⊣\⌈ ∇⌉⊣⌋⊔⟩\} ⌊⊣∫⌉⌈ ≀\ ⊣√√∇≀§⟩⇕⊣⊔⟩\} ⌈†\⊣⇕⟩⌋ √∇≀}∇⊣⇕⇕⟩\}↙ I\ P∇≀⌋⌉⌉⌈⟩\}∫ ≀{ ⊔⟨⌉ S⌉⊑⌉\⊔⟨I\⊔⌉∇\⊣⊔⟩≀\⊣↕C≀\{⌉∇⌉\⌋⌉≀\M⊣⌋⟨⟩\⌉L⌉⊣∇\⟩\}⇔ J⊓\⌉∞∃∃′⇔ √⊣}⌉∫ ∈∞∘̸∈∈△⇔ ∞∃∃′↙ ∪∞⊎ S⌉⌊⊣∫⊔⟩⊣\B↙ T⟨∇⊓\↙ E{⊘⌋⟩⌉\⊔ ⌉§√↕≀∇⊣⊔⟩≀\⟩\ ∇⌉⟩\{≀∇⌋⌉⇕⌉\⊔↕⌉⊣∇\⟩\}↙ T⌉⌋⟨↖ \⟩⌋⊣↕ R⌉√≀∇⊔ CMU↖CS↖∃∈↖∞′∈⇔ C⊣∇\⌉}⟩⌉ M⌉↕↕≀\ U\⟩⊑⌉∇∫⟩⊔†⇔ P⟩⊔⊔∫⌊⊓∇}⟨⇔ PA ∞▽∈∞∋⇔ J⊣\⊓⊣∇† ∞∃∃∈↙ ∪∞∀⊎ S⌉⌊⊣∫⊔⟩⊣\ B↙ T⟨∇⊓\↙ T⟨⌉ ∇≀↕⌉ ≀{ ⌉§√↕≀∇⊣⊔⟩≀\ ⟩\ ↕⌉⊣∇\⟩\} ⌋≀\⊔∇≀↕↙ I\ D⊣⊑⟩⌈ A↙ W⟨⟩⊔⌉ ⊣\⌈ D≀\⊣↕⌈ A↙ S≀{}⌉⇔ ⌉⌈⟩⊔≀∇∫⇔ H⊣\⌈⌊≀≀‖ ≀{ ⟩\⊔⌉↕↕⟩↖ }⌉\⊔ ⌋≀\⊔∇≀↕¬ \⌉⊓∇⊣↕⇔ {⊓‡‡† ⊣\⌈ ⊣⌈⊣√⊔⟩⊑⌉ ⊣√√∇≀⊣⌋⟨⌉∫⇔F↕≀∇⌉\⌋⌉⇔ K⌉\⊔⊓⌋‖† △∞′∈∈⇔ ∞∃∃∈↙ V⊣\ N≀∫⊔∇⊣\⌈ R⌉⟩\⟨≀↕⌈↙ ∪∞∃⊎ S⊔⌉⊑⌉\ D↙ W⟨⟩⊔⌉⟨⌉⊣⌈↙ A ∫⊔⊓⌈† ≀{ ⌋≀≀√⌉∇⊣⊔⟩⊑⌉ ⇕⌉⌋⟨⊣\⟩∫⇕∫ {≀∇ {⊣∫⊔⌉∇ ∇⌉⟩\{≀∇⌋⌉⇕⌉\⊔ ↕⌉⊣∇\⟩\}↙ T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ ∋▽̸⇔ U\⟩⊑⌉∇∫⟩⊔† ≀{ R≀⌋⟨⌉∫⊔⌉∇⇔ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉ D⌉√⊣∇⊔⇕⌉\⊔⇔ R≀⌋⟨⌉∫⊔⌉∇⇔ NY⇔ M⊣∇⌋⟨ ∞∃∃∞↙