[4] W.T. Grandy Jr., editor (1991). Maximum Entr opy and Bayesian Metho ds, ar amie 1990, Klu er. [5] S.F. Gull (1988). Ba esian inductiv inference and maxim um en trop in Maximum Entr opy and Bayesian Metho ds in scienc and engine ering, vol. 1: ounda- tions G.J. Eric kson and C.R. Smith, eds., Klu er. [6] S.F. Gull (1989). Dev elopmen ts in Maxim um en trop data analysis, in 19 ], 53{71. [7] S.F. Gull (1989). Ba esian data analysis: straigh t{line �tting, in 19 ], 511{518. [8] S.F. Gull and J. Skilling (1991). Quanti�e Maximum Entr opy. MemSys5 User’s manual, M.E.D.C., 33 North End, Ro yston, SG8 6NR, England. [9] D. Haussler, M. Kearns and R. Sc hapire (1991). Bounds on the sample complexit of Ba esian learn- ing using information theory and the dimension, Preprin t. [10] E.T. Ja ynes (1986). Ba esian metho ds: general bac k- ground, in Maximum Entr opy and Bayesian Metho ds in Applie Statistics, ed. J.H. Justice, C.U.P [11] H. Je�reys (1939). The ory of Pr ob ability, Oxford Univ. Press. [12] T.J. Loredo (1989). rom Laplace to sup erno SN 1987A: Ba esian inference in astroph ysics, in Maxi- mum Entr opy and Bayesian Metho ds, ed. ougere, Klu er. [13] D.J.C. MacKa (1991). practical Ba esian frame- ork for bac kprop net orks, submitted to Neur al om- putation [14] R.M. Neal (1991). Ba esian mixture mo deling Mon te Carlo sim ulation, Preprin t. [15] T. oggio, V. orre and C. Ko (1985). Computa- tional vision and regularization theory Natur 317 6035, 314{319. [16] G. Sc arz (1978). Estimating the dimension of mo del, nn. Stat. 2, 461{464. [17] S. Sibisi (1990). Ba esian in terp olation, in ], 349{ 355. [18] J. Skilling, D.R.T. Robinson, and S.F. Gull (1991). Probabilistic displa ys, in ], 365{368. [19] J. Skilling, editor (1989). Maximum Entr opy and Bayesian Metho ds, Cambridge 1988, Klu er. [20] J. Skilling (1991). On parameter estimation and quan- ti�ed MaxEn t, in ], 267{273. [21] J. Skilling (1989). The eigen alues of mega{ dimensional matrices, in 19 ], 455{466. [22] R. Szeliski (1989). Bayesian mo deling of unc ertainty in low level vision, Klu er. [23] D. Titterington (1985). Common structure of smo oth- ing tec hniques in statistics, Int. Statist. ev. 53 141{ 170. [24] C. S. allace and D. M. Boulton (1968). An infor- mation measure for classi�cation, Comput. J. 11 2, 185{194. [25] C. S. allace and R. reeman (1987). Estimation and Inference Compact Co ding, J. R. Statist. So c. 49 3, 240-265. thank Mik Lewic ki, Nic eir and Da vid R.T. Robin- son for helpful con ersations, and Andreas Herz for com- men ts on the man uscript. am grateful to Dr. R. Go dman and Dr. Sm yth for funding trip to Maxen 90. This ork as supp orted Caltec ello wship and Studen tship from SER C, UK. 15 able 1: Evidence for data sets and Data Set Data Set Mo del Best parameter alues Log evidence Best parameter alues Log evidence Hermite olynomials 22 -126 1.1 Hermite functions 18 -66 42.2 Gaussian radial basis functions 40, 25 -28 50, 77 27 Cauc radial basis functions 50, 27 -18 50, 25 Splines, 80 -9.5 50 8.2 Splines, 80 -5.6 50 19.8 Splines, 80 -13.2 50 22.1 Splines, 80 50 21.8 Splines, 80 -35.8 50 20.4 Neural net orks neurons, 25 -12.6 neurons, 19 25.7 If one only uses the generalisation error as criterion for mo del comparison, one is denied this mec hanism for learn- ing. The dev elopmen of image decon olution as held up for decades ecause no{one used the Ba esian hoice of once the Ba esian hoice of as used ], the results ob- tained ere most dissatisfactory making clear what or regulariser as eing used; this motiv ated an immediate searc for alternativ priors; the new priors disco ered this searc are no at the heart of the state of the art in image decon olution. Admitting neural net orks in to the canon of Ba esian in terp olation mo dels second pap er will discuss ho to apply this Ba esian framew ork to the task of ev aluating the evidence for feed- forw ard neural net orks. Preliminary results using these metho ds are included in table 1. Assuming that the ap- pro ximations used ere alid, it is in teresting that the evi- dence for neural nets is actually go for oth the spiky and the smo oth data sets. urthermore, neural nets, in spite of their arbitrariness, yield relativ ely compact mo del, with few er parameters needed than to sp ecify the splines and radial basis function solutions. Conclusions The recen tly dev elop ed metho ds of Ba esian mo del com- parison and regularisation ha een presen ted. Mo d- els are rank ed ev aluating the evidence, solely data{ dep enden measure whic in tuitiv ely and consisten tly com- bines mo del’s abilit to �t the data with its complexit Regularising constan ts are set maximising the evi- dence. or man regularisation problems, the theory of the um er of ell determined parameters mak es it ossible to erform this optimisation on{line. In the in terp olation examples discussed, the evidence as used to set the um er of basis functions in olynomial mo del; to set the haracteristic size in radial basis func- tion mo del; to ho ose the order of the regulariser for spline mo del; and to rank all these di�eren mo dels in the ligh of the data. urther ork is needed to formalise the relationship of this framew ork to the pragmatic mo del comparison tec h- nique of cross{v alidation. By using the tec hniques in parallel it is ossible to detect a ws in the underlying as- sumptions implicit in the data mo dels eing used. Suc failures direct us in our searc for sup erior mo dels, pro vid- ing erful to ol for uman learning. There are thou- sands of data mo delling tasks aiting for the evidence to ev aluated for them. It will exciting to see ho uc can learn when this is done. References [1] J. Berger (1985). Statistic al de cision the ory and Bayesian analysis, Springer. [2] G.L. Bretthorst (1990). Ba esian Analysis. I. aram- eter Estimation Using Quadrature NMR Mo dels. I. Signal Detection and Mo del Selection. I. Applica- tions to NMR., J. Magnetic esonanc 88 3, 533{595. [3] A.R. Da vies and R.S. Anderssen (1986). Optimization in the regularization of ill{p osed problems, J. ustr al. Mat. So c. Ser. 28 114{133. 14 ference, giv en that is true, is log jH jH jH log jH jH (Note that this in tegral implicitly in tegrates er all ’s parameters according to their prior distribution under .) No it is ell kno wn that for normalised and log has minim um alue er of 0, whic is only ac hiev ed setting Therefore distinct yp othesis is nev er exp ected to systematic al ly defeat the true yp othesis, for just the same reason that it is not wise to et di�eren tly from the true dds. This has imp ortan implications. First, it giv es us fre- quen tist con�dence in the abilit of Ba esian metho ds on the erage to iden tify the true yp othesis. Secondly it pro vides sev ere test of an umerical implemen tation of Ba esian inference framew ork: imagine that ha writ- ten program that ev aluates the evidence for yp otheses and then can generate mo data from sources sim ulating and and ev aluate the evidences; if there is an systematic bias, eraged er sev eral mo data sets, for the estimated evidence to fa our the false yp othesis, then can sure that our umerical implemen tation is not ev aluating the evidence correctly This issue is illustrated using data set Y. The ‘truth’ is that this data set as actually generated from quadratic Hermite function, 1(1 By the ab ar- gumen the evidence ough probably to fa our the yp othe- sis ‘the in terp olan is 3{co e�cien Hermite function’ er our other yp otheses. Let us ev aluate the evidence for ariet of yp otheses and con�rm that none of them has greater evidence than the true yp othesis. able sho ws the evidence for the true Hermite function mo del, and for other mo dels. Notice that the truth is indeed considerably more probable than the alternativ es. Ha ving demonstrated that Ba es cannot systematically fail when one of the yp otheses is true, no examine the in whic this framew ork can fail, if none of the yp otheses o�ered to Ba es is an go d. Comparison with ‘generalisation error’ It is opular and in tuitiv criterion for ho osing et een alternativ in terp olan ts to compare their errors on test set that as not used to deriv the in terp olan t. ‘Cross{ alidation’ is more re�ned ersion of this same idea. Ho do es this metho relate to the ev aluation of the evidence describ ed in this pap er? Figure 7c displa ed the evidence for the family of spline in terp olan ts. Figure 7d sho ws the corresp onding test error, measured on test set with size er wice as big (90) as the ‘training’ data set (37) used to determine the in terp olan t. similar comparison as made in �gure 5b. Note that the erall trends sho wn the evidence are matc hed trends in the test error (if ou ip one graph upside do wn). Also, for this particular problem, the ranks of the alterna- tiv spline mo dels under the evidence are similar to their ranks under the test error. And in �gure 5b, the evidence maxim um as surrounded the test error minima. Th us this suggests that the evidence migh reliable predic- tor of generalisation abilit Ho ev er, this is not necessarily the case. There are �v reasons wh the evidence and the test error migh not correlated. First, the test error is noisy quan tit It is necessary to dev ote large quan tities of data to the test set to obtain reasonable signal to noise ratio. In �gure 5b more than wice as uc data is in eac test set but the di�erence in et een the test error minima exceeds the size of the Ba esian con�dence in terv al for Second, the mo del with greatest evidence is not exp ected to the est mo del all the time Ba esian inferences are uncertain. The whole oin of Ba es is that it quan ti�es precisely those uncertain ties: the relativ alues of the evi- dence for alternativ mo dels express the plausibilit of the mo dels, giv en the data and the underlying assumptions. Third, there is more to the evidence than there is to the generalisation error. or example, imagine that for mo dels, the most probable in terp olan ts happ en to iden tical. In this case, the generalisation error for the solutions ust the same. But the evidence will not in general the same: ypically the mo del that as priori more complex will su�er larger Occam factor and will ha smaller evidence. ourth, the test error is measure of erformance only of the single most probable in terp olan t: the evidence is measure of plausibilit of the en tire osterior ensem ble around the est �t in terp olan t. stronger correlation e- een the evidence and the test statistic ould obtained if the test statistic used ere the erage of the test error er the osterior ensem ble of solutions. This ensem ble test error is not so easy to compute. The �fth and most in teresting reason wh the evidence migh not correlated with the generalisation error is that there migh a in the underlying assumptions suc that the yp otheses eing compared migh all or y- otheses. If or regulariser is used, for example, one that is ill{matc hed to the statistics of the orld, then the Ba esian hoice of will often not the est in terms of generalisation error ]. Suc failure ccurs in the companion pap er on neural net orks. What is our attitude to suc failure of Ba esian prediction? The failure of the evidence do es not mean that should discard the evi- dence and use the generalisation error as our criterion for ho osing failure is an opp ortunit to learn; health scien tist searc hes for suc failures, ecause they yield in- sigh ts in to the defects of the curren mo del. The detection of suc failure (b ev aluating the generalisation error for example) motiv ates the searc for new yp otheses whic do not fail in this y; for example alternativ regularisers can tried un til yp othesis is found that mak es the data more probable. 13 Fixed radial basis functions The basis functions are (( =r ), with equally spaced er the range of in terest. will examine hoices of gaussian and Cauc function, can quan titativ ely compare these alternativ mo dels of spatial correlation for an data set ev aluating the ev- idence. The regulariser is Note that this mo del includes one new free parameter, in these demon- strations this parameter has een set to its most probable alue i.e. the alue whic maximises the evidence). enalise this free parameter an Occam factor is included, ), where osterior uncertain in and is the prior on whic is usually sub jectiv to small degree. This radial basis function mo del is iden ti- cal to the ‘in trinsic correlation’ mo del of Gull, Skilling and Sibisi 17 ]. Figure 7b sho ws the evidence as function of the um er of basis functions, Note that for these mo dels there is not an Occam enalt for large um ers of parameters. The reason for this is that these extra parameters do not mak the mo del an more erful (for �xed and ). The increased densit of basis functions do es not enable the mo del to mak an signi�can new predictions ecause the ernel band{limits the ossible in terp olan ts. Splines: Occam’s razor for the hoice of regulariser implemen the splines mo del as follo ws: let the basis func- tions fourier set cos hx; sin hx Use the regulariser cos sin If then in the limit ha the cubic splines reg- ulariser (4) 00 dx if ha the regu- lariser (2) dx etc. Figure 7c sho ws the evi- dence for data set as function of the um er of terms, for 6. Notice that in terms of Occam’s ra- zor, oth cases discussed ab ccur: for 1, as increases, the mo del ecomes more erful and there is an Occam enalt or 6, increasing giv es rise to no enalt The case seems to on the fence et een the o. As increases, the regulariser ecomes more opp osed to strong curv ature. Once reac 6, the mo del ecomes improbable ecause the data do es in fact ha sharp discon- tin uities. The evidence can ho ose the order of our splines regulariser for us. or this data set, it turns out that is the most probable alue of few ultiples of Results for smo other data set Figure sho ws data set Y, whic comes from uc smo other in terp olan than data set X. able summarises the evidence for the alternativ mo dels. Note the di�er- ences from data set X: in the splines family the most prob- able alue of has shifted up ards to the mo dels whic enalise curv ature more strongly as ould in tuitiv ely exp ect; among the radial basis function mo dels, the Figure 8: Data set ‘Y’, in terp olated with splines, gaussian correlation mo del no has sligh edge; Hermite functions, whic ere or mo del for data set X, are no in �rst place, for reason whic will ecome clear shortly Wh Ba es can’t systematically reject the truth Let us ask frequen tist question: if one of the yp othe- ses o�er to Ba es is actually true, i.e. it is the mo del from whic the data ere generated, then is it ossible for Ba es to systematically (o er the ensem ble of ossible data sets) prefer false yp othesis? Clearly under orst case analysis, Ba esian’s osterior ma fa our false yp oth- esis. urthermore, Skilling demonstrated that with some data sets free form (maxim um en trop y) yp othesis can ha greater evidence than the truth 20 ], but is it ossi- ble for this to happ en in the typic al case, as Skilling seems to claim? will sho that the answ er is no, the e�ect that Skilling demonstrated cannot systematic. precise, the exp ectation er ossible data sets of the log evidence for the true yp othesis is greater than the exp ectation of the log evidence for an other �xed yp othesis. What then as the cause of Skilling’s result? Presumably the particu- lar parameter alues of the true mo del that generated the data ere not ypical of the prior used when ev aluating the evidence for the true mo del. Pr of. Supp ose that the truth is actually single data set arriv es and compare the evidences for and di�eren �xed yp othesis. Both yp otheses ma ha free parameters, but this will irrelev an to the argumen t. In tuitiv ely exp ect that the evidence for jH ), should usually greatest. Examine the di�erence in log evidence et een and The exp ectation of this dif- 12 a) b) c) d) Figure 7: The Evidence for data set a) Log Evidence for Hermite olynomials and functions. Notice the evidence maxim um. The gen tle slop to the righ is due to the ‘Occam factors’ whic enalise the increasing complexit of the mo del. b) Log Evidence for radial basis function mo dels. Notice that there is no Occam enalt for the additional co e�cien ts in these mo dels, ecause increased densit of radial basis functions do es not mak the mo del more erful. The oscillations in the evidence are due to the details of the pixellation of the basis functions relativ to the data oin ts. c) Log Evidence for splines. The evidence is sho wn for the alternativ splines regularisers (see text). In the represen tation used, eac spline mo del is obtained in the limit of an in�nite um er of co e�cien ts. or example, yields the cubic splines mo del. d) est error for splines. The um er of data oin ts in the test set as 90, c.f. um er of data oin ts in training set 37. The axis sho ws the alue of for the true in terp olan has exp ectation 0.225 0.02. 11