Sto c hastic Recurren t Net w orks:

Prediction and Classification

of Time Series

A thanasios Kehagias

Division of Applied Mathematics

Bro wn Univ ersit y

Pro vidence, RI 02912

e-mail: st401843@bro wn vm.bro wn.edu

Marc h 4, 1991

Abstract

W e use Sto chastic R e curr ent Networks of the t yp e in tro duced in

[Keh91a] as mo dels of finite-alphab et time series. W e dev elop the

Maximum Likeliho o d Pr e diction A lgorithm and the Maximum A Pos-

teriori Classific ation A lgorithm (whic h can b oth b e implemen ted in

recurren t PDP form). The prediction problem is: giv en the output up

to the presen t time: Y

1

, ..., Y t

and the input up to the immediate fu-

ture: U

1

, ..., U t +1

, predict with Maxim um Lik eliho o d the output Y t +1

that the SRN will pro duce in the immediate future. The classification

problem is: giv en the output up to the presen t time: Y

1

, ..., Y t

and

the input up to the presen t time: U

1

, ..., U t

, as w ell as a n um b er of

candidate SRN’s: M

1

, M

2

, .., M

K

, find the net w ork that has Max-

im um P osterior Probabilit y of pro ducing Y

1

, ..., Y t

. W e apply our

algorithms to prediction and classification of sp eec h w a v eforms.

Con ten ts

1 In tro duction 3

2 The SRN Mo del 4

3 Prediction 7

4 An Example of Prediction 10

5 Classification 11

6 An Example of Classification 15

7 Recurren t P arallel Distributed Pro cessing 17

8 Conclusions 19

NOT A TION

Giv en a finite set A , w e denote the n um b er of elemen ts in A b y | A | . E.g., for A = { a

1

, ..., a

N

} ,

| A | = N . The alphab et A of a sto c hastic pro cess { Z t

}

∞

t =1 is the set of all p ossible v alues that Z t

can tak e for an y t . E.g. w e could ha v e a binary sto c hastic pro cess { Z t

}

∞

t =1 where Z t

equals either

0 or 1 for ev ery t . In that case the alphab et is A = { 0 , 1 } . Or, w e could ha v e a ve ctor-binary

pro cess { Z t

}

∞

t =1

, where Z t

= [ Z t

1

...Z t

N

] and Z t

n is either 0 or 1 for ev ery t , n = 1 , ..., N . In that

case the alphab et is A

N

.

= { [ a

1

...a

N

] : a

n

∈ A, n = 1 , ..., N } .

W e use capital letters X , Y , Z etc. for sto c hastic pro cesses and small letters x, y , z for the

v alues of the pro cesses (c haracters of the alphab et). F or instance w e write P r ob ( X t

= x ) for

the probabilit y that X t

equals the c haracter x ∈ A ; w e write P r ob ( X t +1

= x

1

, ..., X t + τ

= x τ

)

for the probabilit y that X t +1

...X t + τ

equals x

1

...x τ

∈ A τ

. Sa y x = [ x

1

...x

m

], y = [ y

1

...y

n

]; then

the concatenation of x, y is xy = [ x

1

...x

m y

1

...y

n

].

W e will often consider probabilities that dep end on the v alue of a certain parameter, sa y P .

Then w e write, for instance, P r ob ( X t +1

= x

1

, ..., X t + τ

= x τ

; P ). Also, some times w e denote a

SRN b y a letter suc h as M and w e w an t to talk ab out probabilities of ev en ts related this SRN.

Then w e use notation suc h as P r ob ( X t +1

= x

1

, ..., X t + τ

= x τ

; M ).

W e often consider a set S = { 1 , ..., N } and v ector x = [ x

1

...x

N

]. W e sometimes write x

S

in place of x . Similarly , for a set R = { r

1

, ..., r

M

} ⊂ S w e write x

R in place of [ x

r

1

...x

r

M

].

Ob viously , if x

s

∈ A for s ∈ S , then x

S

∈ A

| S |

.

1 In tro duction

In [Keh91a] w e in tro duced Sto c hastic Recurren t Net w orks (henceforth, SRN) as a mo del for

finite-alphab et sto c hastic pro cesses. In this pap er w e dev elop prediction and classification

metho ds for suc h SRN’s. In what follo ws w e use the term Time Series as a synon ym for

Sto c hastic Pro cess . W e will dev elop algorithms for prediction and classification of finite

alphab et sto c hastic pro cesses and will apply them to sp eec h data problems.

The sub ject of time series prediction has receiv ed considerable atten tion in the connectionist

literature [LF87, MD88, Sut88, WZ88]. All of these w orks deal with con tin uously v alued time

series. Here w e deal with time series that can tak e v alues in a finite alphab et; ho w ev er, using

quan tization of con tin uous-v alued w a v eforms w e can solv e appro ximately the con tin uous-v alued

case as w ell.

Roughly , the prediction problem is: giv en the past history Y

1

= y

1

, Y

2

= y

2

, ..., Y t

= y t

of

a time series (and, when appropriate, the input history up to presen t U

1

= u

1

, ..., U t +1

= u t +1

)

compute a v alue

^

Y t +1

whic h is close to the actual v alue Y t +1

. The problem will b e describ ed in

a mathematically precise form in Section 3.

Classification of static patterns is a standard problem of Connectionism. Ho w ev er, classifi-

cation of time series has not receiv ed similarly wide atten tion. There is one significan t exception

to this statemen t: Sp eec h Recognition. In particular, phoneme recogn tion is ob viously a case of

dynamic patterns classification. This problem has b een attac k ed using b oth feedforw ard, static

classifiers [W+89a, W+89b] and feedbac k, dynamic classifiers [BW88, BW89, Rob88, Rob89,

Be+90a, Be+90b]. The general classification problem is, roughly , the follo wing: giv en sev eral

candidate SRN mo dels: M

1

, M

2

, .., M

N

, find the SRN that (giv en the input up to the presen t time: U

1

= u

1

, ..., U t

= u t

) is most lik ely to ha v e pro duced Y

1

= y

1

, ..., Y t

= y t

. Once again, w e

p ostp one a mathematically precise form ulation to Section 5.

Our p oin t of view is the follo wing. F or prediction, w e assume the sample y

1

, y

2

, ... is pro duced

b y a kno wn SRN M = (( S , N ) , P ) with input u

1

, u

2

, ... (this is the mo delling step, considered

in [Keh91a]). Then w e pro ceed to compute the conditional probabilit y of Y t +1

= a giv en

Y

1

= y

1

, ..., Y t

= y t

U

1

= u

1

, ..., U t +1

= u t +1

:

P r ob ( Y t +1

= a | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

; M ) a ∈ A. (1)

Our prediction of Y t +1

is obtained b y maximizing (1):

^

Y t +1

.

= arg max

a

P r ob ( Y t +1

= a | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

; M ) a ∈ A.

(2)

This computation is up dated for ev ery t and can b e implemen ted in recursiv e form b y a recurren t

PDP net w ork.

Similarly , for the classification problem, w e assume N mo dels M

1

, ..., M

N with kno wn pa-

rameters and w e compute P r ob ( M

n

| Y

1

, ..., Y t

) for n = 1 , 2 , ..., N . W e classify the signal as

b eing pro duced b y mo del M

^

N t

, where

^

N t

is defined b y

^

N t

.

= arg max

n

P r ob ( M

n

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t

= u t

) (3)

Once again, this computation is up dated for ev ery t and can b e implemen ted in recursiv e form

b y a recurren t PDP net w ork.

The motiv ation for our metho ds comes from sto c hastic con trol. As p oin ted out in [Keh91a],

an y SRN can b e implemen ted as a net w ork of input/output units, with hidden unit state v ector

X t

and output unit state v ector Y t

, t = 1 , 2 , ... . The equations these v ectors satisfy are:

X t

= f ( X t − 1

, U t

, V t

) , (4)

Y t

= f ( X t

, U t

, W t

); (5)

where U t

is the input v ector, and V t

, W t

are white noise inputs. The formal similarit y of (4), (5)

to the equations of con trol systems [Ma y82] suggests that w e apply mo dified v ersions of standard

con trol/estimation algorithms suc h as Kalman filtering for prediction [Kal60] and the Lainiotis

P artition algorithm algorithm for classification [Lain69,Lain71]. The treatmen t of con tin uous

state time series as sto c hastic dynamical systems is standard; see for instance [Aok87, BD87].

W e should p oin t out that all the algorithms presen ted in the follo wing sections apply equally

w ell to glob al Hidden Mark o v Mo dels, of whic h SRN are a sp ecial case (see also [Keh91b]).

Both the prediction and classification algorithm require the sp ecification of global transition

and emission probabilities. In the SRN con text these are readily computed in trems of the lo cal

conditionals (see [Keh91a]); in the HMM con text they are given to us (the HMM is sp ecified in

terms of the transition and emission matrices).

2 The SRN Mo del

In this section w e briefly review the Sto c hastic Recurren t Net w ork (SRN) mo del in tro duced in

[Keh91a]. A more detailed presen tation can b e found in [Keh91a]. Consider a SRN with M

i input units, M

h hidden units and M

o output units, all of them taking states from a finite set A .

Call U t

the M

i

-long state v ector of input units at time t , X t

the M

h

-long state v ector of hidden

units at time t , Y t

the M

o

-long state v ector of output units at time t . The comp onen ts of these

v ectors all come from the same finite set A = { 0 , 1 , ..., K − 1 } . The sequences { U t

}

∞

t =1

, { X t

}

∞

t =1

and { Y t

}

∞

t =1 are the input, hidden and output sto c hastic pro cesses, resp ectiv ely .

W e w an t a sp ecification of a SRN whic h, together with the initial state X

0

and the input

pro cess { U t

}

∞

t =1

, will describ e the hidden pro cess { X t

}

∞

t =1 and the output pro cess { Y t

}

∞

t =1

.

The pro cesses { U t

}

∞

t =1

, { X t

}

∞

t =1

, { Y t

}

∞

t =1 all tak e v alues in finite alphab ets ( A

M

i

, A

M

h

, A

M

o

resp ectiv ely). Hence they are fully describ ed b y their probabilit y functions :

p

U

( u

1

...u m

)

.

= P r ob ( U

1

= u

1

...U

m

= u m

) ∀ m, ∀ u

1

, ..., u m

∈ A

M

i

,

p

X

( x

1

...x m

)

.

= P r ob ( X

1

= x

1

...X

m

= x m

) ∀ m, ∀ x

1

, ..., x m

∈ A

M

h

,

p

Y

( y

1

...y m

)

.

= P r ob ( Y

1

= y

1

...Y

m

= y m

) ∀ m, ∀ y

1

, ..., y m

∈ A

M

o

.

The SRN will b e sp ecified in terms of a dir e cte d gr aph G and a set of lo c al c onditional

pr ob abilities P . Th us, a sto c hastic recurren t net w ork is a pair ( G , P ); giv en ( G , P ), p

U and an

initial condition X

0

, w e can compute p

X

( x

1

, ..., x m

), p

Y

( y

1

, ..., y m

) for all m , x

1

, ..., x m

, y

1

, ...,

y m

.

The directed graph G is itself a pair G = ( S , N ), where S = { s

1

, ..., s

M

} is the collection

of units (or no des, to use the graph theoretic term). The unit set S is partitioned in to three

m utually exclusiv e sets: S = S

i

∪ S

h

∪ S

o

, where S

i is the set of input units, S

h is the set of

hidden units, S

o is the set of output units. W e ha v e | S

i

| = M

i

, | S

h

| = M

h

, | S

o

| = M

o

. Note that

M = M

i

+ M

h

+ M

o

.

T ak e an y t w o units r , s ∈ S . If s reads the state of r b efore c hanging its o wn state then there

is a directed edge from unit r to unit s . In suc h a case w e sa y that r is a paren t of s . A unit

s ∈ S can ha v e none, one or man y paren ts and ev en b e a paren t of itself. The set of s ’s paren ts

is indicated b y N ( s ) and the class of all paren t sets is denoted b y N

.

= { N ( s ) , s ∈ S } .

( S , N ) is a complete description of the top ology of the net. W e assume the SRN top ology

satisfies the follo wing restriction. The paren t set of ev ery unit can b e partitioned as follo ws:

∀ s ∈ S

i

N ( s ) = ∅ ,

∀ s ∈ S

h

N ( s ) = N

i

( s ) ∪ N

h

( s ) where N

i

( s ) ⊂ S

i and N

h

( s ) ⊂ S

h

,

∀ s ∈ S

o

N ( s ) = N

i

( s ) ∪ N

h

( s ) where N

i

( s ) ⊂ S

i and N

h

( s ) ⊂ S

h

.

In w ords, this means that input units receiv e no input, while hidden and output units receiv e

input only from input and hidden units. This completes the description of the top ology of the

net w ork.

The probabilistic state up date mec hanism is describ ed b y P , whic h is the set of lo c al c on-

ditional pr ob abilities . The state up date tak es place sync hronously and lo cally for ev ery unit.

Mathematically , this is reflected in the Mark o vian factorization of join t probabilities:

P r ob ( X t

= x

0

| X t − 1

= x

− 1

, X t − 2

= x

− 2

, ..., U t

= u

0

, U t − 1

= u

− 1

, U t − 2

= u

− 2

... ) =

∏

s ∈ S

h

P r ob ( X t

s

= x

0

s

| X t − 1

N

h

( s )

= x

− 1

N

h

( s )

, U t

N

i

( s )

= u

0

N

i

( s )

) . (6)

Similarly ,

P r ob ( Y t

= y

0

| ..., X t +1

= x

1

, X t

= x

0

, X t − 1

= x

− 1

, ..., U t +1

= u

1

, U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

o

P r ob ( Y t

s

= y

0

s

| X t

N

h

( s )

= x

0

N

h

( s )

, U t

N

i

( s )

= u

0

N

i

( s )

) . (7)

The pro cess { X t

}

∞

t =1 is ob viously Mark o v, not only in time, but also lo c al ly within the

net w ork. Therefore, if w e define the lo cal conditional probabilities for all s ∈ S

h

∪ S

i

, a ∈ A ,

b ∈ A

| N

h

( s ) |

, c ∈ A

| N

i

( s ) |

p

s

( a | b, c )

.

= P r ob ( X t

s

= a | X t − 1

N

h

( s )

= b, U t

N

i

( s )

= c )

w e can compute the probabilit y P r ob ( X t

| X t − 1

, U t

) in terms of the lo cal conditionals:

P r ob ( X t

= x

0

| X t − 1

= x

− 1

, X t − 2

= x

− 2

, ..., U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

h p

s

( x

0

s

| x

− 1

N

h

( s )

, u

0

N

i

( s )

) .

Similarly w e can compute

P r ob ( Y t

= y

0

| ..., X t +1

= x

1

, X t

= x

0

, X t − 1

= x

− 1

, ..., U t +1

= u

1

, U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

o p

s

( y

0

s

| x

0

N

h

( s )

, u

0

N

i

( s )

) .

The set P is the set of all the lo cal conditionals:

P

.

=

{

p

s

( a | b, c ) , s ∈ S

h

∪ S

o

, a ∈ A, b ∈ A

| N

h

( s ) |

, c ∈ A

| N

o

( s ) |

}

.

This mo del can b e fully implemen ted b y a net w ork of nonlinear input/output units with

additional white noise input:

X t

= f ( X t − 1

, U t

, V t

) ,

Y t

= g ( X t

, U t

, W t

) .

This is pro v en in [Keh91a]. Deterministic b eha vior can b e obtained as a sp ecial case, when the

noise has zero v ariance. There is a formal similarit y of the equations ab o v e with the equations of

a con tin uously v alued sto c hastic con trol system. This formal similarit y suggests that w e apply

sto c hastic con trol metho ds to solv e connectionist problems suc h as prediction and classification.

This approac h has already b een in tro duced in [Dre90, Keh90, Ruc89, Sin89].

3 Prediction

The problem considered here is the follo wing: giv en a sample sequence of inputs U

1

= u

1

, U

2

=

u

2

, ..., U t +1

= u t +1

and outputs Y

1

= y

1

, Y

2

= y

2

, ..., Y t

= y t

generated b y a SRN M =

(( S , N ) , P ), find a “reasonable” prediction of Y t +1

. Rep eat for t = 1 , 2 , ... The prediction is

written as

^

Y t +1

( y

1

, ..., y t

, u

1

, ..., u t +1

)

to stress the dep endence on the past samples. F or the rest of the discussion assume the y ’s, the

u ’s and the SRN M to b e fixed.

W e c ho ose our “reasonable” prediction suc h that it maximizes the Lik eliho o d function. F or

t = 1 , 2 , ... and y ∈ A

M

o

, define

γ

t

( y )

.

= P r ob ( Y t +1

= y | Y

1

...Y t

= y

1

...y t

; U

1

...U t +1

= u

1

...u t +1

; M ) .

(The dep endence of γ

t on y

1

, ..., y t

, u

1

, ..., u t +1

is suppressed from the notation b ecause the u ’s

and y ’s are fixed for the rest of this discussion.) No w the Maxim um Lik eliho o d Prediction is

defined b y:

^

Y t +1

( y

1

, ..., y t

, u

1

, ..., u t +1

)

.

= arg max

y ∈ A

M

o γ

t

( y ) .

F or fixed sample y

1

, ..., y t

, u

1

, ..., u t +1

and fixed M , w e ha v e P r ob ( Y

1

...Y t

= y

1

...y t

, U

1

...U t +1

=

u

1

...u t +1

; M ) is fixed. Then:

arg max

y ∈ A

M

o

(

P r ob ( Y t +1

= y | Y

1

...Y t

= y

1

...y t

, U

1

...U t +1

= u

1

...u t +1

; M )

)

=

arg max

y ∈ A

M

o

(

P r ob ( Y t +1

= y | Y

1

...Y t

= y

1

...y t

, U

1

..U t +1

= u

1

..u t +1

; M ) ·

P r ob ( Y

1

...Y t

= y

1

...y t

| U

1

...U t +1

= u

1

...u t +1

; M )

)

=

arg max

y ∈ A

M

o

(

P r ob ( Y

1

...Y t

Y t +1

= y

1

...y t

y | U

1

...U t +1

= u

1

...u t +1

; M )

)

. (8)

Define for t = 0 , 1 , 2 , ... , y ∈ A

M

o

δ

t +1

( y )

.

= P r ob ( Y

1

...Y t

Y t +1

= y

1

...y t

y | U

1

...U t +1

= u

1

...u t +1

; M ) .

The prediction problem is no w reduced to finding an efficien t w a y to compute δ

t

( y ) for all

y ∈ A

M

o

. As so on as that is accomplished, w e can find the v alue of y that maximizes δ

t

( y ) b y

exhaustiv e searc h. This is the same y that maximizes γ

t

( y ) and hence w e ha v e obtained the ML

prediction. W e will no w dev elop a recursiv e algorithm to compute the δ ’s.

The follo wing definitions are from [Keh91a]: The transition matrix is defined for all z , x ∈

A

M

h

, for t = 1 , 2 , ... :

P

z x

( t )

.

= P r ob ( X t

= x | X t − 1

= z , U t

= u t

; M ) .

This can b e computed in terms of the p ’s:

P

z x

( t ) =

∏

s ∈ S

h p

s

( x

s

| z

N

h

( s )

, u t

N

i

( s )

) . (9)

The emission matrix is defined for all x ∈ A

M

h

, y ∈ A

M

o

, for t = 1 , 2 , ..., T :

Q

xy

( t )

.

= P r ob ( Y t

= y | X t

= x, U t

= u t

; M ) . (10)

This can also b e computed in terms of the p ’s:

Q

xy

( t ) =

∏

s ∈ S

o p

s

( y

s

| x

N

h

( s )

, u t

N

i

( s )

) .

Next w e define the forw ard probabilities for all x ∈ A

M

h

, t = 1 , 2 , ... .

1

α

t

( x )

.

= P r ob ( Y

1

...Y t

= y

1

...y t

, X t

= x | U

1

..U t

= u

1

..u t

; M ) ,

No w w e will obtain an ev olution equation for the forw ard probabilities. This ev olution equation

in most cases is only appro ximately true. It is exactly true under the assumption that the

input sto c hastic pro cess { U t

}

∞

t =1 is a sequence of indep enden t random v ariables. In that case

the forw ard probabilities ob ey the forw ard ev olution equation for all x ∈ A

M

h

, t = 0 , 1 , 2 , ... :

α

t +1

( x ) =

∑

z ∈ A

M

h α

t

( z ) P

z x

( t + 1) Q

xy t +1 ( t + 1); (11)

F urther, if w e assume all initial states to b e equally lik ely , w e ha v e initial condition α

0

( x )

.

=

P r ob ( X

0

= x ) = 1 / | A |

M

h

for all x ∈ A

M

h

.

As already men tioned, the ev olution equation holds true only if U

1

, U

2

, ... are indep enden t

of eac h other (or, trivially , if there is no input pro cess). In man y cases w e ha v e no reason to

exp ect the input pro cess to b e indep enden t but w e also ha v e no information ab out the nature

of correlation across time. In that case the assumption of indep endence is a natural one and in

most cases w e can exp ect the ev olution equation to hold up to a reasonably go o d appro ximation.

Giv en α

t w e can easily compute δ

t

:

δ

t +1

( y ) =

∑

x,z α

t

( x ) P

xz

( t + 1) Q

z y

( t + 1) ∀ y ∈ A

M

o

This completes the solution of the prediction problem. Putting all the pieces together w e get:

Maxim um Lik eliho o d Prediction Algorithm

Giv en a sample sequence of inputs u

1

, u

2

, ..., u t +1

and outputs y

1

, y

2

, ..., y t

generated b y a SRN

M = (( S , N ) , P ), find the Maxim um Lik eliho o d Prediction defined b y:

^

Y t +1

( y

1

, ..., y t

, u

1

, ..., u t +1

)

.

= arg max

y ∈ A

M

o γ

t

( y )

1

Note that this definition is sligh tly differen t from the one giv en in [Keh91a] (as w ell as in the Hidden Mark o v

Mo dels literature [Jel+83]) in that the terminal time t is not fixed but v ariable; also there is no conditioning on

the initial state X

0

.

where ∀ y ∈ A

M

o

γ

t

( y )

.

= P r ob ( Y t +1

= y | Y

1

...Y t

= y

1

...y t

; U

1

...U t +1

= u

1

...u t +1

; M ) .

T o find the ML prediction, first set

α

0

( x ) = 1 / | A |

M

h

∀ x ∈ A

M

h

.

Then for ev ery t = 1 , 2 , ... , x, z ∈ A

M

h

, y ∈ A

M

o

compute

P

z x

( t ) =

∏

s ∈ S

h p

s

( x

s

| z

N

h

( s )

, u t

N

i

( s )

) .

Q

xy

( t ) =

∏

s ∈ S

o p

s

( y

s

| x

N

h

( s )

, u t

N

i

( s )

) .

α

t +1

( x ) =

∑

z ∈ A

M

h α

t

( z ) P

z x

( t + 1) Q

xy t +1 ( t + 1) .

Finally , for all y ∈ A

M

h

, t = 1 , 2 , ... , compute

δ

t +1

( y ) =

∑

x,z α

t

( x ) P

xz

( t + 1) Q

z y

( t + 1)

and find the maximizing y b y exhaustiv e en umeration; δ

t +1

( y ) and γ

t +1

( y ) are maximized at the

same v alue of y .

This completes the description of the recursiv e prediction algorithm. A few remarks are in

order:

Remark: The pro cedure w e just outlined is a recursiv e pro cedure for computing the maxim um

lik eliho o d estimate of Y t +1

giv en Y

1

, ..., Y t

, U

1

, ..., U t +1

. As suc h, it is completely analogous to

Kalman filtering [Kal60] of con tin uous v alued sto c hastic pro cesses.

Remark: F ollo wing Kalman’s classification of Estimation problems, w e note that the prediction

problem discussed here is only one of sev eral p ossible problems. A general class of problems is

the follo wing. Giv en Y

1

, ..., Y t

, U

1

, ..., U t +1

, compute the Maxim um Lik eliho o d estimate of Z t + τ

(where { Z t

}

∞

t =1 is some sto c hastic pro cess that is ( Y , U )-measurable).

1. When τ > 0 w e ha v e a problem of prediction.

2. When τ = 0 w e ha v e a problem of filtering.

3. When τ < 0 w e ha v e a problem of smo othing.

In our case { Z t

}

∞

t =1 is the pro cess { Y t

}

∞

t =1 itself so problems (2) and (3) are trivial, b ecause

{ Y t

}

∞

t =1 is fully observ able. An in teresting case for whic h (1)-(3) are non trivial is state estimation,

where { Z t

}

∞

t =1 is the hidden pro cess { X t

}

∞

t =1

. The problem can b e solv ed in exactly the same

w a y as the Y t

prediction problem.

Fig.1 ab out here

Figure 1: Plot of Quan tized Sp eec h W a v eform - [ah]

Remark: The ML prediction algorithm applies equally w ell to the prediction of global HMM’s.

In that case w e need not compute the transition and emission matrices ( P and Q ) as they are

giv en to us directly . The corresp onding computation in the algorithm is omitted; the rest of the

algorithm is applied in exactly the same manner.

Remark: Essen tially the same tec hnique that w e apply here has b een prop osed b y Bucy [Bu69,

Bu71] for the estimation of con tin uous v alued, nonlinear sto c hastic systems. The problem in that

case is the so called curse of dimensionality : the computation of the forw ard probabilities has to

b e p erformed for a con tin uous set of v alues; of course this can only b e done b y an appro ximation

of the state-space b y a discrete grid. Ho w ev er, sa y the hidden pro cess is a K-dimensional v ector;

then ev en a gross discretization implies a computational load that is exp onen tial in K . Hence

the metho d is un tenable for con tin uous v alued sto c hastic pro cesses of high dimensionalit y .

4 An Example of Prediction

In this section w e presen t an example application of the prediction algorithm of the previous

section. W e will predict future v alues of a sp eec h w a v eform. The w a v eform w e will use is a

prepro cessed steady state segmen t from an utterance of the phoneme [ah] in the w ord “one”.

So as to b e able to apply our metho ds w e ha v e to con v ert this w a v eform to a finite alphab et

sto c hastic pro cess. W e do so b y using a 4-lev el quan tized v ersion of the original w a v eform; this

quan tized w a v eform is plotted in Fig.1. W e rep eat the exact same exp erimen t with a similar

w a v eform, extracted from the steady state segmen t from an utterance of the phoneme [ou] in

the w ord “one”. The 4-lev el quan tized v ersion is plotted in Fig.2.

In Figs.3 and 4 w e plot the results of the application of the prediction algorithm; namely w e

plot the predicted and actual v alue at ev ery time step t . Let us note that: (a) the SRN mo del of

the phoneme [ou] has b een obtained in accordance to the metho ds of [Keh91a], using the lo cal

BF algorithm and (b) in this case w e ha v e only an output sto c hastic pro cesses, but no input;

this can b e easily accommo dated b y the prediction algorithm b y dropping all u dep endence in

Fig.2 ab out here

Figure 2: Plot of Quan tized Sp eec h W a v eform - [ou]

Fig.3 ab out here

Figure 3: Plot of Predicted vs. Actual Sp eec h W a v eform

the prediction algorithm.

W e see that the predicted v alues lie quite close to the actual ones and hence the algorithm is

quite accurate. It is also v ery fast as it can b e implemen ted in a P arallel Distributed Pro cessing

form; for more details see Section 7.

5 Classification

The classification problem is as follo ws. Supp ose w e ha v e N SRN’s, M

1

= ( G

1

, P

1

), ..., M

N

=

( G

N

, P

N

). W e also ha v e a sequence of input/output data u

1

, u

2

, ..., u t

, y

1

, y

2

, ..., y t

whic h w e

kno w to ha v e b een generated b y one of the SRN’s, but w e do not kno w whether it w as M

1

,

M

2

, ... or M

N

. W e m ust form a “reasonable” guess as to whic h SRN mo del actually pro duced

these observ ations. This guess, whic h ma y b e c hanging with time, is describ ed b y a sto c hastic

Fig.4 ab out here

Figure 4: Plot of Predicted vs. Actual Sp eec h W a v eform

pro cess

^

N t

whic h tak es v alues in { 1 , 2 , ..., N } . F or instance, if

^

N t

= n then our guess (at time

t ) is that the y observ ations ha v e b een pro duced b y M

n with input u .

W e form ulate the problem as follo ws: in tro duce a new v ariable Z whic h tak es v alues in

{ 1 , 2 , ..., N } . The data ha v e b een pro duced b y M

Z

; e.g. if Z = n , then the sequence u

1

, ..., u t

y

1

, ..., y t

w as pro duced b y SRN M

n

. Notice the difference b et w een Z , whic h is fixed for all time,

reflecting the fact that the observ ed data u

1

, u

2

, ... , y

1

, y

2

, ... are indeed pro duced b y a fixed

SRN, and

^

N

t whic h c hanges in time as more data is collected, and reflects our opinion as to

whic h is the “true” SRN mo del. This opinion ma y c hange o v er time, so the v alue

^

N τ

ma y b e

differen t from that of

^

N t

for t ≠ τ .

No w w e adopt a Bayesian p oin t of view. Z is a random v ariable. Once it tak es a v alue,

this v alue will remain fixed. Ho w ev er, our prior kno wledge as to what the v alue of Z is, is

not complete; it is describ ed in terms of a prior pr ob ability distribution p

0

n

.

= P r ob ( Z = n ),

n = 1 , 2 , ..., N . As w e collect more data, our kno wledge ab out the v alue of Z will c hange and

this will b e reflected on the p osterior distribution p t

n

( y

1

, ..., y t

, u

1

, ..., u t

) (sometimes denoted

simply b y p t

n

) whic h is defined b y:

p t

n

( y

1

, ..., y t

, u

1

, ..., u n

)

.

= P r ob ( Z = n | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t

= u t

) .

Giv en p t

n

( y

1

, ..., y t

, u

1

, ..., u t

), w e set

^

N t

( y

1

, ..., y t

, u

1

, ..., u t

)

.

= arg max

1 ≤ n ≤ N p t

n

( y

1

, ..., y t

, u

1

, ..., u t

) .

That is, at time t w e claim that the data y

1

, ..., y t

, u

1

, .., u t

w as pro duced b y

^

N t

, whic h maximizes

the p osterior probabilit y . This is a v ery reasonable c hoice, usually referred to as Maximum A

Posteriori estimate. The issue then is to find an efficien t w a y to compute p t

n

, t = 1 , 2 , .... ,

n = 1 , 2 , ..., N . W e no w presen t a recursiv e algorithm to do this. Note that

p t +1

n

= P r ob ( Z = n | Y

1

= y

1

, ..., Y t +1

= y t +1

, U

1

= u

1

, ..., U t +1

= u t +1

) =

P r ob ( Y t +1

= y t +1

, Z = n | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

)

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

)

=

P r ob ( Y t +1

= y t +1

, Z = n | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

)

∑

N

m =1

P r ob ( Y t +1

= y t +1

, Z = m | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

)

. (12)

Also note that

P r ob ( Y t +1

= y t +1

, Z = n | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

) =

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

, Z = n ) ·

P r ob ( Z = n | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

) =

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

, Z = n ) · p t

n

. (13)

No w (12), (13) imply the recursion:

p t +1

n

=

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

, Z = n ) · p t

n

∑

N

m =1

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

, Z = m ) · p t

m

.

What remains to b e done is finding a recursiv e w a y to compute the quan tit y P r ob ( y t

| y

1

,

..., y t − 1

, u

1

, ..., u t − 1

, u t

; Z = n ) for n = 1 , 2 , ..., N , t = 1 , 2 , ... . Note ho w ev er that if Z = n then

the true mo del is M

n and the probabilities in all the equations ab o v e can b e computed b y using

the parameter set P

n

.

P r ob ( y t +1

| y

1

, ..., y t

, u

1

, ..., u t

, u t +1

, Z = n ) =

P r ob ( y t +1

| y

1

, ..., y t

, u

1

, ..., u t

, u t +1

; P

n

) =

P r ob ( y t +1

, y t

, ..., y

1

| u t +1

, ..., u

1

; P

n

)

P r ob ( y t

, ..., y

1

| u t

, ..., u

1

; P

n

)

=

∑

x α n

t +1

( x )

∑

x α n

t

( x )

.

W e compute the α probabilities using the follo wing equations for n = 1 , 2 , ..., N , t = 1 , 2 , ... ,

x, z ∈ A

M

h

, y ∈ A

M

o

P n

z x

( t ) =

∏

s ∈ S

h p n

s

( x

s

| z

N

h

( s )

, u t

N

i

( s )

) .

Q n

x,y

( t ) =

∏

s ∈ S

o p n

s

( y

s

| x

N

h

( s )

, u t

N

i

( s )

) .

These are exactly the same as (9), 10) in Section 3; the n sup erscript implies that w e compute

them using the lo cal conditionals P

n

. The same holds true for the α n

probabilities whic h are

computed according to (11), using the parameter set (lo cal conditionals) P

n

. This completes

the description of the classification algorithm. Putting all the pieces together w e get:

Maxim um A P osteriori Classification Algorithm

(Lainiotis Classification Algorithm)

Giv en a sample sequence of inputs u

1

, u

2

, ..., u t +1

and outputs y

1

, y

2

, ..., y t

and a set of SRN’s

M

1

= (( S , N )

1

, P

1

), ..., M

N

= (( S , N )

N

, P

N

), w e kno w that the data sequence has b een

pro duced b y the SRN M

Z

, where Z is a random v ariable with probabilit y distribution p

0

n

=

P r ob ( Z = n ), n = 1 , 2 , ..., N . The Maxim um A P osteriori Classification of the data sequence

y

1

, ..., y t

, u

1

, ..., u t

is M

^

N t

. Here

^

N t

is giv en b y

^

N t

.

= arg max

1 ≤ n ≤ N p t

n

( y

1

, ..., y t

, u

1

, ..., u t

)

and p t

n for n = 1 , ..., N , t = 1 , 2 , ... is defined b y

p t

n

( y

1

, ..., y t

, u

1

, ..., u n

)

.

= P r ob ( Z = n | Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t

= u t

) .

T o obtain the Maxim um A P osteriori classification w e need to compute p t

n for t = 1 , 2 , .. ,

n = 1 , 2 , ..., N . T o do this, first set

α n

0

( x ) = 1 / | A |

M

h

∀ x ∈ A

M

h

, n = 1 , 2 , ..., N

then for ev ery t = 1 , 2 , ... , n = 1 , 2 , ..., N , x, z ∈ A

M

h

, y ∈ A

M

o

, compute

P n

z x

( t ) =

∏

s ∈ S

h p n

s

( x

s

| z

N

h

( s )

, u t

N

i

( s )

) .

Q n

x,y

( t ) =

∏

s ∈ S

o p n

s

( y

s

| x

N

h

( s )

, u t

N

i

( s )

) .

α n

t +1

( x ) =

∑

z ∈ A

M

h α n

t

( z ) P n

z x

( t ) Q n

xy t +1

;

P r ob ( y t +1

| y

1

, ..., y t

, u

1

, ..., u t

, u t +1

, Z = n ) =

∑

x α n

t +1

( x )

∑

x α n

t

( x )

;

p t +1

n

=

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

, Z = n ) · p t

n

∑

N

m =1

P r ob ( Y t +1

= y t +1

| Y

1

= y

1

, ..., Y t

= y t

, U

1

= u

1

, ..., U t +1

= u t +1

, Z = m ) · p t

m

.

Remark: This completes the description of the MAP classification algorithm. This is the

adaptation of the L ainiotis Partition algorithm [L ai69, L ai71] to finite state systems . Similar

metho ds ha v e b een used b y No wlan [No w90a, No w90b, No w90c] for static problems.

Remark: The MAP classification algorithm applies equally w ell to the classification of global

HMM’s. In that case w e need not compute the transition and emission matrices ( P and Q ) as

they are giv en to us directly . The corresp onding computation in the algorithm is omitted; the

rest of the algorithm is applied in exactly the same manner.

Fig.5 ab out here

Figure 5: Ev olution of p t

1

, p t

2

6 An Example of Classification

F or the classification problem w e use the t w o quan tized w a v eforms of Section 4 (Figs. 2 and

4). So w e ha v e t w o candidate mo dels ( N = 2) with kno wn SRN mo dels (these mo dels w ere

computed using the lo cal BF algorithm as describ ed in [Keh91a]; in particular no input pro cess

w as used).

The first classification exp erimen t in v olv es using as y

1

, ..., y

180

the w a v eform of Fig.1 (phoneme

[ah]). Things w ork out exactly as exp ected: the algorithm pic ks up the righ t mo del M

1 and

assigns to it a p osterior probabilit y whic h rapidly rises to practically 1. Consequen tly mo del

M

2 is assigned probabilit y 0. The ev olution of the p t

1

, p t

2 probabilities is plotted in Fig. 5.

Exactly similar results obtain in the second exp erimen t, whic h is iden tical to the first one,

except that the sequence y

1

, ..., y

180

is no w the w a v eform of Fig.2 (phoneme [ou]). The algorithm

pic ks up the righ t mo del M

2 and assigns to it a p osterior probabilit y whic h rapidly rises to

practically 1. Consequen tly mo del M

1 is assigned probabilit y 0. The ev olution of the p t

1

, p t

2

probabilities is plotted in Fig. 6.

Finally w e apply the algorithm to a tric kier problem. Namely , w e use a w a v eform whic h is a

concatenation of the w a v eforms in Fig.2 and Fig.4. The comp osite w a v eform is plotted in Fig.

7.

No w, the deriv ation of our Classification algorithm w as based on the assumption that the

w a v eform w e ha v e b een using w as pro duced b y a single SRN. As the assumption is ob viously

violated in this case, there is no theoretical guaran tee that the algorithm should w ork. Still, the

sample sequence do es come from a fixed SRN o v er long p erio ds of time. If w e could in tro duce

some t yp e of forgetting factor in the algorithm, w e w ould exp ect that shortly after ev ery mo del

switc hing, the algorithm should readjust the probabilit y v alues, just b ecause it forgets the old

v alues of the data sequence.

The metho d w e use to in tro duce forgetting of old parts of the sequence is en tirely ad ho c

and w e ha v e no theoretical justification for it. On the other hand, as w e will presen tly sho w, it

w orks satisfactorily , so there is some merit to it.

Fig.6 ab out here

Figure 6: Ev olution of p t

1

, p t

2

Fig.7 ab out here

Figure 7: Comp osite W a v eform

Fig.8 ab out here

Figure 8: Ev olution of p t

1

, p t

2 sup erimp osed on original w a v eform

The tric k w e use is prett y simple. The exact up date for the forw ard probabilities is giv en

b y:

α n

t +1

( x ) =

∑

z ∈ A

M

h α n

t

( z ) P n

z x

( t ) Q n

xy t +1

; (14)

Instead of using this up date, w e use:

α n

t +1

( x ) =

∑

z ∈ A

M

h α n

t

( z ) P n

z x

( t ) Q n

xy t +1

+ ϵ (15)

where ϵ is small p ositiv e constan t. The result of this mo dification is the follo wing: probabilities

nev er b ecome extremely small. F or mo dels whic h, under the observ ed data, ha v e relativ ely

high probabilit y the small ϵ do es not mak e a big difference and (14), (15) yield practically

the same results. On the other hand, when under the observ ed data a mo del M

n has v ery

lo w probabilit y , ϵ is a lo w er b ound for α n

. This forces the algorithm to forget that the past

observ ations essen tially rule out mo del M

n

. If at a later time the data-pro ducing mec hanism

switc hes to a new mo del, the algorithm will quic kly forget the mo del’s incompatibilit y with past

observ ations and will concen trate on more recen t v alues. Hence the p osterior probabilit y will

so on reb ound.

Indeed, when w e run the algorithm using the tric k describ ed ab o v e, w e obtain the follo wing

ev olution of the conditional probabilities, plotted in Fig.9. The same plot is sup erimp osed to the

original w a v eform in Fig.8, for illustrativ e purp oses. This is exactly the b eha vior w e describ ed

in the previous paragraph.

7 Recurren t P arallel Distributed Pro cessing

W e ha v e prop osed prediction and classification algorithms for finite alphab et time series. The

deriv ation of these algorithms w as based on the assumption that the time series w as pro duced b y

a Sto c hastic Recurren t Net w ork. First of all, let us p oin t out once again, that these algorithms

Fig.9 ab out here

Figure 9: Ev olution of p t

1

, p t

2

w ould apply equally w ell to time series that are pro duced b y a global mo del, sa y a Hidden

Mark o v Mo del. The lo cal c haracter of the SRN mo dels comes in to pla y only at the initial stage

of our algorithms, where w e use the lo cal conditionals parametrization to compute the global

transition and emission matrix. If these matrices w ere giv en (whic h w ould b e the case for a

Hidden Mark o v Mo del), w e omit the initial stage of the algorithm and pro ceed as usual.

The SRN represen tation has certain adv an tages when compared to the global HMM repre-

sen tation (see [Keh91a]), particularly with connection to parallel computation and the statistical

principle of parsimonious mo delling.

It is a matter of some in terest to note that starting with a sto c hastic recurren t net w ork, w e

obtain another net w ork whic h computes probabilities asso cicated with the original SRN. Call

the new net w ork a meta-network (as it computes statistics of the original net w ork) and note

a certain dualit y: the SRN is sto c hastic but the meta-net w ork is deterministic; the SRN is

finite state but the meta-net w ork is con tin uous state. Finally they b oth are dynamic, recurren t

net w orks.

As so on as w e fix the mo del whic h w e assume to b e generating the observ ed data, all the

computations of the prediction and classification algorithms can b e p erformed on the meta-

net w ork of parallel distributed pro cessors. F or instance, the ev olution of the α probabilities

describ ed b y the (11) equations in Section 3 can b e implemen ted on a recurren t net w ork of

A

M

h

units, with summations and a nonlinear function of the input/output observ ations. The

taking of maxima implicit in (8) can b e implemen ted b y a softmax unit whic h is connected to

the output of all these pro cessors etc. That parallel algorithms can b e programmed on connec-

tionist net w orks has b een rep orted b y sev eral authors [Keh90, Brid89, Kung89, Vlo89]. These

net w orks are definitely of a differen t fla v or than the more classical, Bac k-Propagation trained

ones. In our case the training is limited to the mo delling phase [Keh91a]; the meta-net w orks are

handcrfated to implemen t the appropriate algorithms. Y et the net w orks are indeed recurren t,

parallel distributed pro cessing net w orks and it is not unlik ely that they ha v e adv an tages as par-

allel implemen tations o v er sequen tial/global v ersiosn of the same algorithms. This is a question

whic h cannot b e answ ered without further researc h.

8 Conclusions

W e ha v e presen ted the ML prediction algorithm and the Lainiotis MAP classification algorithm

whic h apply to SRN’s as w ell as to HMM’s. These algorithms can b e implemen ted on recurren t

PDP meta-net w orks. There is a certain dualit y b et w een the SRN and the meta-net w ork; the

SRN is finite state and sto c hastic, whereas the meta-net w ork is con tin uous state and determin-

istic. Both are dynamic net w orks.

Our algorithms exhibit fast and robust b eha vior in practical applications and p erform their

assigned tasks v ery succesfully . There is no training issue here - all the training is p erformed at

the SRN lev el, whereas the meta-net w ork is “handcrafted”. In the future w e w ould lik e to apply

our algorithms to practical tasks, esp ecially to sp eec h recogn tion. It app ears that phoneme

classification could b e p erformed succesfully b y the Lainiotis algorithm.

References

[Aok87] M. Aoki. State Sp ac e Mo del ling of Time Series . Springer, Berlin, 1987.

[Be+90a] Y. Bengio et al. A h ybrid co der for Hidden Mark o v Mo dels using a recurren t neural

net w ork. Pr o c e e dings of the International c onfer enc e on A c oustics, Sp e e ch and Signal

Pr o c essing , Albuquerque, NM, April 1990, pp.537-540.

[Be+90b] Y. Bengio et al. Global optimization of neural net w ork-HMM h ybrid. T ec hnical

Rep ort TR-SOCS-90.22. McGill Univ ersit y , Sc ho ol of Computer Science. Decem b er

1990.

[BW88] H. Bourlard and C.J. W ellek ens. Links b et w een Mark o v mo dels and m ultila y er p er-

ceptrons. T ec hnical Rep ort, Phillips Researc h Lab, 1988.

[BW89] H. Bourlard and C.J. W ellek ens. Sp eec h dynamics and recurren t neural nets. In Pr o c.

of the ICASSP . IEEE, 1989.

[BD87] P .J. Bro c kw ell and R.A. Da vis. Time Series: The ory and Metho ds . Springer, New

Y ork, 1987.

[Bri89] J. S. Bridle. Alpha-nets: A recurren t neural net w ork arc hitecture with a hidden

Mark o v mo del in terpretation. T ec hnical Rep ort SP4 Researc h Note 104, Ro y al Signals

and Radar Establishmen t, Octob er 1989.

[Bu69] R.S. Bucy . Ba y es Theorem and Digital Realizations for Nonlinear Filters. J. A ust.

Sci. , 17(2):80-94, Sept.-Oct. 1969.

[Bu71] R.S. Bucy and K.D. Senne. Digital Syn thesis of Nonlinear Filters. A utomatic a , 7:287-

298, 1971.

[Dre90] S.E. Dreyfus. Artificial neural net w orks, bac kpropagation and the Kelly-Bryson gra-

dien t pro cedure. J. Guid. Cont. Dyn. , 13(5):926–928, Sept.-Oct. 1990.

[Jel83] F. Jelinek and others A Maxim um Lik eliho o d approac h to con tin uous sp eec h recog-

nition. IEEE P AMI-5(2), pp.179-190.

[Kal60] R.E. Kalman. A new approac h to linear filtering and prediction problems. ASME J.

Bas. Eng. , pages 35–45, 1960.

[Keh90] A. Kehagias. Optimal con trol for training: the missing link b et w een Hidden Mark o v

Mo dels and connectionist net w orks. Math. Comp. Mo d. , V ol. 14, pages 284-289, 1990.

[Keh91a] A. Kehagias. Sto c hastic Recurren t Net w orks T raining b y the Lo cal Bac kw ard-F orw ard

Algorithm. T ec hnical Rep ort, Division of Applied Mathematics, Bro wn Un., Pro vi-

dence, Rho de Island, – In preparation.

[Keh91b] A. Kehagias. Appr oximation and Estimation of Sto chastic Pr o c esses by Hidden Markov

Mo dels . PhD thesis, Division of Applied Mathematics, Bro wn Un., Pro vidence, Rho de

Island, Ma y 1991.

[KH89a] S.Y. Kung and J.N. Hw ang. A unified mo delling of connectionist neural net w orks.

IEEE ASSP , 32(1):1–10, 1989.

[KH89b] S.Y. Kung and J.N. Hw ang. A unified systolic arc hitecture for artificial neural net-

w orks. In ICASSP’89 , Glasgo w - England, Ma y 1989. IEEE.

[KH89c] S.Y. Kung and J.N. Hw ang. A unifying viewp oin t of m ulti-la y er p erceptrons and hid-

den Mark o v mo dels. In Int. Symp osium on Cir cuits and Systems , P ortland - Oregon,

1989. IEEE.

[SL69] F.L. Sims and D.G. Lainiotis. Recursiv e algorithm for the calculation of the adaptiv e

Kalman filter co efficien ts. IEEE A C , 14(2):215–218, 1969.

[Lai71] D.G. Lainiotis. Optimal adaptiv e estimation: Structure and pattern adaptation. IEEE

A C , 16(2):160–170, 1971.

[LF87] A. Lap edes and R. F arb er. Nonlinear signal pro cessing using neural net w orks: Pre-

diction and system mo delling. T ec hnical Rep ort LA UR 87-?, Los Alamos National

Lab, 1987.

[Ma y82] P .S. Ma yb ec k. Sto chastic Mo dels Estimation and Contr ol . Mathematics in Science

and Engineering. Academic, New Y ork, 1982.

[MD88] J. Mo o dy and C. Dark en. Learning with lo calized receptor fields. In Conne ctionist

Mo dels Summer Scho ol . Carnegie Mellon Univ ersit y , 1988.

[No w90a] S.J. No wlan Maxim um Lik eliho o d Comp etition in RBF Net w orks. T ec hnical Rep ort

CR G-TR-90-2, Dept. of Computer Science, Un. of T oron to, F ebruary 1990.

[No w90b] S.J. No wlan. Comp eting Exp erts: An Exp erimen tal In v estigation of Asso ciativ e Mix-

ture Mo dels. T ec hnical Rep ort CR G-TR-90-5, Dept. of Computer Science, Un. of

T oron to, Septem b er 1990.

[No w90c] S.J. No wlan. Maxim um Lik eliho o d Comp etitiv e Learning. In A dvanc es in Neur al

Information Pr o c essing Systems 2 , ed. D. T ouretzky . Morgan Kauffman, 1990.

[Rob88] An thon y J. Robinson. A dynamic connectionist mo del for phoneme recognition. T ec h-

nical rep ort, Cam bridge Univ ersit y Engineering Departmen t, Cam bridge, England,

1988.

[Rob89] An thon y J. Robinson. Dynamic Err or Pr op agation Networks . PhD thesis, Cam bridge

Univ ersit y Engineering Departmen t, Cam bridge, England, 1989.

[Ruc89] D.W. Ruc k et al. Bac k Propagation: A Degenerate Kalman Filter. Submitted, IEEE

P AMI .

[Sin89] S. Singal and L. W u. T raining Multila y er P erceptrons with the extended Kalman

algorithm. In A dvanc es in Neur al Network Information Pr o c essing , D.S. T ouretzky ,

ed.. Morgan Kauffman, 1989.

[Sut88] R.S. Sutton. Learning to predict b y the metho ds of temp oral difference. Machine

L e arning , 3:9–44, 1988.

[Vlo89] J.A. Vlon tzos et al. A Systolic Neural Net w ork Arc hitecture for Hidden Mark o v

Mo dels. IEEE ASSP , 37(12):1967-1979, Dec. 1989.

[W

+

89a] A. W aib el et al. Mo dularit y and scaling in large phonemic neural net w orks. IEEE

ASSP , ASSP-37(12):1888–1898, Decem b er 1989.

[W

+

89b] A. W aib el et al. Phoneme recognition using time-dela y neural net w orks. IEEE ASSP ,

37(3):328–339, Marc h 1989.

[WZ88] R.J. Williams and D. Zipser. A learning algorithm for con tin ually running fully con-

nected recurren t neural net w orks. T ec hnical Rep ort ICS-8805, Un. of California at

San Diego, 1988.