Sto c hastic Recurren t Net w orks T raining

b y the Lo cal Bac kw ard-F orw ard Algorithm

A thanasios Kehagias

Division of Applied Mathematics

Bro wn Univ ersit y

Pro vidence, RI 02912

e-mail: st401843@bro wn vm.bro wn.edu

Marc h 4, 1991

Abstract

W e in tro duce Sto chastic R e curr ent Networks , whic h are collections

of in terconnected finite state units. A t ev ery discrete time step, eac h

unit go es in to a new state, follo wing a probabilit y la w that is condi-

tional on the state of neigh b oring units at the previous time step. A

net w ork of this t yp e can le arn a sto c hastic pro cess, where “learning”

means maximizing the probabilit y Lik eliho o d function of the mo del.

A new learning (i.e. Lik eliho o d maximization) algorithm is in tro-

duced, the L o c al Backwar d-F orwar d A lgorithm . The new algorithm is

based on the Baum Bac kw ard-F orw ard Algorithm (for Hidden Mark o v

Mo dels) and impro v es sp eed of learning substan tially . Essen tially , the

lo cal Bac kw ard-F orw ard Algorithm is a v ersion of Baum’s algorithm

whic h estimates lo cal transition probabilities rather than the global

transition probabilit y matrix. Using the lo cal BF algorithm, w e train

SRN’s that solv e the 8-3-8 enco der problem and the phoneme mo d-

elling problem.

2

Con ten ts

1 In tro duction 5

2 The SRN Mo del 7

3 Learning a Sto c hastic Pro cess 11

4 The Lo cal Bac kw ard F orw ard Algorithm 12

5 Applications 19

6 Conclusions 27

A SRN’s with p olynomially nonlinear units 35

B EM and the Boltzmann Mac hine 36

C SRN: a Sp ecies of Hidden Mark o v Mo dels 38

D Alternativ e Viewp oin ts 39

4

NOT A TION

Giv en a finite set A , w e denote the n um b er of elemen ts in A b y | A | . E.g., for A = { a

1

, ..., a

N

} ,

| A | = N . The alphab et A of a sto c hastic pro cess { Z t

}

∞

t =1 is the set of all p ossible v alues that Z t

can tak e for an y t . E.g. w e could ha v e a binary sto c hastic pro cess { Z t

}

∞

t =1 where Z t

equals either

0 or 1 for ev ery t . In that case the alphab et is A = { 0 , 1 } . Or, w e could ha v e a ve ctor-binary

pro cess { Z t

}

∞

t =1

, where Z t

= [ Z t

1

...Z t

N

] and Z t

n is either 0 or 1 for ev ery t , n = 1 , ..., N . In that

case the alphab et is { 0 , 1 }

N

.

= { [ a

1

...a

N

] : a

n

∈ { 0 , 1 } , n = 1 , ..., N } . In general, giv en a finite

alphab et A , w e define A

N

.

= { [ a

1

...a

N

] : a

n

∈ A, n = 1 , ..., N } .

W e use capital letters X , Y , Z etc. for sto c hastic pro cesses and small letters x, y , z for the

v alues of the pro cesses (c haracters of the alphab et). F or instance w e write P r ob ( X t

= x ) for the

probabilit y that X t

equals the c haracter x ∈ A ; w e write P r ob ( X t +1

= x

1

, ..., X t + τ

= x τ

) for

the probabilit y that X t +1

...X t + τ

equals x

1

...x τ

, x

1

, ..., x τ

∈ A τ

. Sa y x = [ x

1

...x m

], y = [ y

1

...y n

];

then the concatenation of x, y is denoted b y xy and defined b y xy

.

= [ x

1

...x m

y

1

...y n

].

W e will often consider probabilities that dep end on the v alue of a certain parameter, sa y P .

T o explicitly denote the dep endence, w e write: P r ob ( X t +1

= x

1

, ..., X t + τ

= x τ

; P ).

W e often consider a set S = { 1 , ..., N } and v ector x = [ x

1

...x

N

]. Sometimes w e write x

S

instead of x . Similarly , for a set R = { r

1

, ..., r

M

} ⊂ S w e write x

R in place of [ x

r

1

...x

r

M

]. F or

example, supp ose S = { 1 , 2 , 3 } , R = { 1 , 2 } , w e ha v e x

S

= [ x

1

, x

2

, x

3

], x

R

= [ x

1

, x

2

]. Ob viously ,

if x

s

∈ A for s ∈ S , then x

S

∈ A

| S |

.

On sev eral o ccasions w e use sums of the form

∑

N

n =1 w

n x

n

. W e sometimes write these using

inner pro duct notation: < w , x >

.

=

∑

N

n =1 w

n x

n

. Finally , B in ( m, n ), where m is an in teger,

means the n -th digit of in teger m written in binary notation.

1 In tro duction

The learning and repro duction of temp oral b eha vior ha v e a sp ecial place in connectionism.

A brief insp ection of the connectionist literature rev eals man y cases where w e apply neural

net w orks with dynamic b eha vior to the learning of static input/output patterns (e.g. [Hop82,

Hop85, Gro86a, Gro86b]). In suc h cases w e are essen tially trying to shap e the equilibrium

b eha vior of the net w ork. Other times w e use static net w orks (essen tially nonlinear regressors)

to learn temp oral b eha vior (e.g. [W+89a, W+89b], ). The use of recurren t net w orks for the

learning of dynamically ev olving temp oral relationships is a relativ ely new but fast gro wing area

of connectionism. F or some examples see [Alm87, Alm 88, Alm89, BW88, BW89, Elm88, Gil90,

Pin88, P ol87, R+88, Roh90, RR90, WZ88, Jo86, Sut88].

An imp ortan t example of a sto c hastic neural net w ork is the Boltzmann Mac hine [A+85].

In this case, a sto c hastic net w ork is used to learn a deterministic input/output relationship.

This is also true of other sto c hastic net w orks (see [Sun89, Ale89]). There is some w ork done on

sto c hastic net w orks and, in particular, the mo delling of probabilistic input/output relationships

(see [Ama71, Ama72, Ama83, Lin88a, Lin88b, P ea86, Sol88]) but it is probably safe to sa y that

sto c hastic net w orks are outside the mainstream of connectionist researc h. Ho w ev er, note also

the w ork of Hin ton and his group; they ha v e pro duced a large n um b er of pap ers dealing with

sto c hastic net w orks. [Nea90, No w90a, No w90b, No w90c] are of particular relev ance to our p oin t

of view, as will b e explained later.

This is the first in a sequence of pap ers [Keh1, Keh2, Keh3] that dev elop a theory of Sto c has-

tic Recurren t Net w orks (henceforth SRN ). W e try to dev elop a general t yp e of net w ork that

com bines sto c hastic and dynamic b eha vior. In our framew ork, deterministic and/or static b e-

ha vior app ear as sp ecial cases. W e lo ok at SRN’s from a computational p oin t of view. W e are

not concerned with issues of biological plausibilit y . What w e attempt here is to dev elop a mo del

that implemen ts parallel distributed computing and can b e trained v ery quic kly .

W e will giv e a precise definition of SRN in the next section; informally , a SRN is a c ol le ction

of inter c onne cte d finite state units that change states synchr onously, ac c or ding to a sto chastic

me chanism . F or an y particular unit, the sto c hastic c hange of state dep ends on the previous

state of this unit and its p ar ents . W e only deal with finite state units; the theory for units with

con tin uous v alued states is exactly analogous but mathematically more in v olv ed and will b e

dev elop ed elsewhere. In dev eloping the SRN theory w e rely hea vily on t w o p oin ts of view: (a)

that of Sto chastic Contr ol [Ma y82] and (b) that of Hidden Markov Mo del ling [L+83].

Sto c hastic Con trol deals mostly with con tin uous v alued dynamical systems; the problems

addressed within this con text are v ery similar to connectionist problems suc h as prediction and

classification. In addition, Sto c hastic Con trol is a mature discipline with a large to olkit of

theoretical and applied metho ds. W e will try to apply some of these metho ds to the study of

our finite state SRN’s.

The Hidden Mark o v Mo delling p oin t of view is used in dev eloping a new fast training al-

gorithm, the lo cal Bac kw ard-F orw ard algorithm. This is a mo dification of the celebrated

Bac kw ard F orw ard algorithm of Baum [Bau72,B+70,BE67, L+83]. Both of these algorithms

are fast: con v ergence to a lo cally Maxim um Lik eliho o d solution tak es place in v ery few itera-

tions (on the order of ten). F or discussions of the connections b et w een connectionist mo dels and

HMM’s see [Be+90a, Be+90b, W+89a, W+89b].

In [Keh2] w e will pro v e the follo wing equiv alence results.

1. Ev ery SRN has a HMM description (in terms of global transition and emission matrices)

2. F or ev ery HMM there is a SRN so that they b oth ha v e the same input/output b eha vior.

3. Ev ery connectionist net w ork of the classical t yp e (sigmoid units with linear com bination

inputs) can b e considered as a SRN.

4. Ev ery SRN can b e implemen ted as a net w ork of nonlinear (but not necessarily sigmoid)

units with random input/output b eha vior.

Some of these facts are ob vious (e.g. 1 and 3); others will b e briefly discussed in this pap er as

appropriate. The complete story ab out equiv alence of the three t yp es of mo dels (SRN, HMM

and calssical connectionist) will b e told in [Keh2], along with certain represen tation results.

W e men tion these facts here to p oin t out that our SRN mo del is a univ ersal mo del whic h

includes b oth HMM and connectionist mo dels. In particular, w e can sa y that SRN is a lo c al

implemen tation of Hidden Mark o v Mo delling. It is lo cal, as will b ecome apparen t in the next

section, b ecause w e sp ecify the mo del in terms of lo c al c onditional tr ansition pr ob abilities , instead

of the traditional description of HMM’s in terms of glob al transtion and emission probabilit y

matrices (see [L+83]).

In this pap er w e do the follo wing: giv e a precise definition of the SRN mo del (Section 2),

prop ose and discuss a basic learning task for sto c hastic pro cesses (Section 3) and finally deriv e

the Lo cal Bac kw ard F orw ard Algorithm (Section 4). Then w e presen t some training examples

(Section 5) and conclude with a discussion section (Section 6).

There are also four app endices. In App endix A w e compare the new SRN mo del to the

classical connectionist SRN mo del with sigmoidal units and sho w ho w w e can build an y SRN

from a collection of nonlinear units with random input. In App endix B w e discuss the EM

metho d [D+77]. The EM metho d is a general approac h to learning/estimation problems; the

lo cal BF algorithm is a sp ecial case of EM. W e sho w that Relaxation training (for Boltzmann

Mac hines) is also a sp ecial case of EM. In App endix C w e consider SRN from the p oin t of view of

Hidden Mark o v Mo delling. In App endix D w e tak e a v ery brief review of disciplines (other than

connectionism) whic h consider ob jects v ery similar to SRN’s and consider what can b e learned

from these alternativ e views. Generally sp eaking, the sub ject of recurren t, finite state net w orks

is v ery p opular and has b een examined b y man y differen t reasearc h comm unities outside of

connectionism. These connections are explored in m uc h greater detail in [Keh3].

Let us also men tion briefly the con ten t of the pap ers follo wing in the SRN sequence [Keh1,

Keh2, Keh3]. In [Keh1] w e dev elop a general theory of estimation and classification of sto c hastic

pro cesses; our starting p oin t is the basic mo del, learning task and training algorithm in tro duced

here. In [Keh2] w e pro v e certain theoretical results ab out represen tation p o w er of SRN’s and

consistency (in the statistical sense) of Maxim um Lik eliho o d estimation. In [Keh3] w e consider

similarities of our mo del with mo dels used in other researc h con texts and use these alternativ e

viewp oin ts to motiv ate some extensions of our metho ds.

2 The SRN Mo del

(W e assume the reader is familiar with the concepts of a random v ariable and a sto c hastic

pro cess.)

Here w e dev elop a t yp e of Sto c hastic Recurren t Net w ork ( SRN ) whic h consists of a

collection of in terconnected units. This net w ork receiv es an input sto c hastic pro cess { U t

}

∞

t =1 and

generates a hidden sto c hastic pro cess { X t

}

∞

t =1 and an output sto c hastic pro cess { Y t

}

∞

t =1

. In

this pap er all sto c hastic pro cesses (input, hidden and output) are v ectors with their comp onen ts

taking v alues in a finite alphab et A . Sev eral authors ha v e considered v ery similar mo dels ( see

[Sun89, Nea90]) .

The SRN mo del in tro duced here is somewhat differen t from classical connectionist recurren t

net w orks, in that it do es not consist of units with sigmoid input/output resp onse. The classical

mo del is a sp ecial case of ours; on the other hand any SRN can b e implemen ted as a classical

connectionist mo del with nonlinear units. This p oin t is discussed in App endix A.

Let us first giv e an informal description of the mec hanism that generates the hidden and

output pro cesses. (Later w e will giv e a mathematically precise description.) Consider a net w ork

of in terconnected units. F or simplicit y of presen tation assume eac h unit is binary , that is, it

can b e either on or off. When the unit is off its state is 0; when the unit is on its state is 1.

F ollo wing standard connectionist practice, the units are separated in three la y ers: input, hidden

and output. The state of the net w ork can b e fully describ ed b y three v ectors of 0’s and 1’s: one v ector for eac h la y er, one v ector comp onen t for eac h unit. A t a giv en time t − 1 ev ery unit of

the net w ork is in some state. A t time t a new ep o ch starts, during whic h the units up date their

state as follo ws.

1. First the input units turn on or off with a probabilit y that is indep enden t of the other

net w ork units and completely determined b y the external en vironmen t.

2. Then eac h of the hidden units receiv es as input the states of its “paren ts” (whic h can b e

input or hidden units, including that same unit, but not output units). Dep ending on the

configuration of its paren ts, there is a certain probabilit y that eac h hidden unit will turn

on or off.

3. Finally , eac h of the output units receiv es as input the states of its paren ts (whic h can b e

input or hidden units, but not output units) and turns on or off with a configuration-

dep enden t probabilit y . A t this p oin t all units in the net w ork ha v e up dated their state and

ep o c h t is complete.

Let us no w form ulate this mec hanism in a mathematically precise manner. Call U t

the M

i

-

long state v ector of input units at time t , X t

the M

h

-long state v ector of hidden units at time t ,

Y t

the M

o

-long state v ector of output units at time t . The comp onen ts of these v ectors all come

from the same finite set A = { 0 , 1 , ..., K − 1 } . The sequences { U t

}

∞

t =1

, { X t

}

∞

t =1 and { Y t

}

∞

t =1 are

the input, hidden and output sto c hastic pro cesses, resp ectiv ely .

W e w an t a sp ecification of a SRN whic h, together with the initial state X

0

and the input

pro cess { U t

}

∞

t =1

, will describ e the hidden pro cess { X t

}

∞

t =1 and the output pro cess { Y t

}

∞

t =1

.

The pro cesses { U t

}

∞

t =1

, { X t

}

∞

t =1

, { Y t

}

∞

t =1 all tak e v alues in finite alphab ets ( A

M

i

, A

M

h

, A

M

o

resp ectiv ely). Hence they are fully describ ed b y their probabilit y functions :

p

U

( u

1

...u m

)

.

= P r ob ( U

1

= u

1

...U

m

= u m

) ∀ m, ∀ u

1

, ..., u m

∈ A

M

i

,

p

X

( x

1

...x m

)

.

= P r ob ( X

1

= x

1

...X

m

= x m

) ∀ m, ∀ x

1

, ..., x m

∈ A

M

h

,

p

Y

( y

1

...y m

)

.

= P r ob ( Y

1

= y

1

...Y

m

= y m

) ∀ m, ∀ y

1

, ..., y m

∈ A

M

o

.

The SRN will b e sp ecified in terms of a dir e cte d gr aph G and a set of lo c al c onditional

pr ob abilities P . Th us, a sto c hastic recurren t net w ork is a pair ( G , P ); giv en ( G , P ), p

U and an

initial condition X

0

, w e can compute p

X

( x

1

, ..., x m

), p

Y

( y

1

, ..., y m

) for all m , x

1

, ..., x m

, y

1

, ...,

y m

.

The directed graph G is itself a pair G = ( S , N ), where S = { s

1

, ..., s

M

} is the collection

of units (or no des, to use the graph theoretic term). The unit set S is partitioned in to three

m utually exclusiv e sets: S = S

i

∪ S

h

∪ S

o

, where S

i is the set of input units, S

h is the set of

hidden units, S

o is the set of output units. W e ha v e | S

i

| = M

i

, | S

h

| = M

h

, | S

o

| = M

o

. Note that

M = M

i

+ M

h

+ M

o

.

T ak e an y t w o units r , s ∈ S . If s reads the state of r b efore c hanging its o wn state then there

is a directed edge from unit r to unit s . In suc h a case w e sa y that r is a paren t of s . A unit

s ∈ S can ha v e none, one or man y paren ts and ev en b e a paren t of itself. The set of s ’s paren ts

is indicated b y N ( s ) and the class of all paren t sets is denoted b y N

.

= { N ( s ) , s ∈ S } .

( S , N ) is a complete description of the top ology of the net. W e assume the SRN top ology

satisfies the follo wing restriction. The paren t set of ev ery unit can b e partitioned as follo ws:

∀ s ∈ S

i

N ( s ) = ∅ ,

∀ s ∈ S

h

N ( s ) = N

i

( s ) ∪ N

h

( s ) where N

i

( s ) ⊂ S

i and N

h

( s ) ⊂ S

h

,

∀ s ∈ S

o

N ( s ) = N

i

( s ) ∪ N

h

( s ) where N

i

( s ) ⊂ S

i and N

h

( s ) ⊂ S

h

.

In w ords, this means that input units receiv e no input, while hidden and output units receiv e

input only from input and hidden units. This completes the description of the top ology of the

net w ork.

The probabilistic state up date mec hanism is describ ed b y P , whic h is the set of lo c al c on-

ditional pr ob abilities . As already describ ed, the state up date tak es place sync hronously and

lo cally for ev ery unit. Mathematically , this is reflected in the Mark o vian factorization of join t

probabilities:

P r ob ( X t

= x

0

| X t − 1

= x

− 1

, X t − 2

= x

− 2

, ..., U t

= u

0

, U t − 1

= u

− 1

, U t − 2

= u

− 2

... ) =

∏

s ∈ S

h

P r ob ( X t

s

= x

0

s

| X t − 1

N

h

( s )

= x

− 1

N

h

( s )

, U t

N

i

( s )

= u

0

N

i

( s )

) . (1)

Similarly ,

P r ob ( Y t

= y

0

| ..., X t +1

= x

1

, X t

= x

0

, X t − 1

= x

− 1

, ..., U t +1

= u

1

, U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

o

P r ob ( Y t

s

= y

0

s

| X t

N

h

( s )

= x

0

N

h

( s )

, U t

N

i

( s )

= u

0

N

i

( s )

) . (2)

Remark: Equation (1) sa ys that, giv en all the past history of the hidden state and input, w e

gain no more information ab out the next hidden state , than if w e knew just the immediate

past. In addition, the lo cal state of an y unit dep ends only on the states of its paren ts. Similarly ,

equation (2) sa ys that, giv en all the history of the hidden state and input (past, presen t and

future) w e gain no more information ab out the presen t output, than if w e knew just the presen t

hidden state and input. In addition, the lo cal state of an y unit dep ends only on the states of

its paren ts.

Remark: Note that (2) is a stronger statemen t than

P r ob ( Y t

= y

0

| X t

= x

0

, X t − 1

= x

− 1

, ..., U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

o

P r ob ( Y t

s

= y

0

s

| X t

N

h

( s )

= x

0

N

h

( s )

, U t

N

i

( s )

= u

0

N

i

( s )

) . (3)

Equation (3) sa ys that kno wledge of all the p ast and pr esent of hidden state and input giv es no

more information on the v alue of the presen t output. But (2) sa ys that ev en kno wledge of p ast,

pr esent and futur e giv es no more information.

The pro cess { X t

}

∞

t =1 is ob viously Mark o v, not only in time, but also lo c al ly within the

net w ork. Therefore, if w e define the lo cal conditional probabilities for all s ∈ S

h

∪ S

o

,

a ∈ A , b ∈ A

| N

h

( s ) |

, c ∈ A

| N

i

( s ) |

p

s

( a | b, c )

.

= P r ob ( X t

s

= a | X t − 1

N

h

( s )

= b, U t

N

i

( s )

= c ) w e can compute the probabilit y P r ob ( X t

| X t − 1

, U t

) in terms of the lo cal conditionals:

P r ob ( X t

= x

0

| X t − 1

= x

− 1

, X t − 2

= x

− 2

, ..., U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

h p

s

( x

0

s

| x

− 1

N

h

( s )

, u

0

N

i

( s )

) .

Similarly w e can compute

P r ob ( Y t

= y

0

| ..., X t +1

= x

1

, X t

= x

0

, X t − 1

= x

− 1

, ..., U t +1

= u

1

, U t

= u

0

, U t − 1

= u

− 1

, ... ) =

∏

s ∈ S

o p

s

( y

0

s

| x

0

N

h

( s )

, u

0

N

i

( s )

) .

The set P is the set of all the lo cal conditionals:

P

.

=

{

p

s

( a | b, c ) , s ∈ S

h

∪ S

o

, a ∈ A, b ∈ A

| N

h

( s ) |

, c ∈ A

| N

o

( s ) |

}

.

No w supp ose ( ( S , N ) , P ) , p

U

, P r ob ( X

0

) are kno wn. W e will first compute p

X

( x

1

...x m

). W e ha v e

p

X

( x

1

...x m

) = P r ob ( X

1

...X m

= x

1

...x m

) =

∑

x

0

∈ A

M

h ,u

1

,...,u m

∈ A

M

i

P r ob ( X

0

...X m

= x

0

...x m

, U

1

...U m

= u

1

...u m

) =

∑

x

0

∈ A

M

h ,u

1

,...,u m

∈ A

M

i m

∏

t =1

∏

s ∈ S

h p

s

( x t

s

| x t − 1

N

h

( s )

, u t

N

i

( s )

) p

U

( u

1

...u m

) P r ob ( X

0

= x

0

) .

Similarly w e can compute p

Y

( y

1

...y m

):

p

Y

( y

1

...y m

) = P r ob ( Y

1

...Y m

= y

1

...y m

) =

∑

x

0

,x

1

,...,x m

∈ A

M

h ,u

1

,...,u m

∈ A

M

i

P r ob ( Y

1

..Y m

= y

1

..y m

, X

0

..X m

= x

0

..x m

, U

1

..U m

= u

1

..u m

) =

∑

x

0

,x

1

,...,x m

∈ A

M

h ,u

1

,...,u m

∈ A

M

i m

∏

t =1

∏

s ∈ S

h

∪ S

o p

s

( x t

s

| x t − 1

N

h

( s )

, u t

N

i

( s )

) p

U

( u

1

...u m

) P r ob ( X

0

= x

0

) .

This completes the computation of p

X

( y

1

...y m

) and p

Y

( y

1

...y m

). This computation can b e done

for an y m , y

1

, ...., y m

, x

1

, ..., x m

. Hence w e ha v e sho wn that ( G , P ), p

U and P r ob ( X

0

) are

sufficien t to determine p

X

, p

Y

.

Remark: This mo del can b e fully implemen ted b y a net w ork of nonlinear input/output units

with additional white noise input:

X t

= f ( X t − 1

, U t

, V t

) ,

Y t

= g ( X t

, U t

, W t

) .

This is pro v en in App endix A. Deterministic b eha vior can b e obtained as a sp ecial case, when the

noise has zero v ariance. There is a formal similarit y of the equations ab o v e with the equations of

a con tin uously v alued sto c hastic con trol system. This formal similarit y suggests that w e apply

sto c hastic con trol metho ds to solv e connectionist problems suc h as prediction and classification.

This is discussed briefly at the end of the next section and in more detail in [Keh1].

3 Learning a Sto c hastic Pro cess

“Learning” a sto c hastic pro cess { Y t

}

∞

t =1

, in the con text of SRN, can mean sev eral differen t

things.

1. Mo delling the pro cess, i.e. building a SRN ( G , P ) suc h that its output {

^

Y t

}

∞

t =1 is the

“same” as the original pro cess { Y t

}

∞

t =1

.

2. Prediction , i.e. building a net w ork ( G , P ) whic h receiv es the v alues ..., Y t − 1

, Y t

as input

and pro duces Y t +1

as output.

3. Classification , i.e. building a net w ork that receiv es the v alues ..., Y t − 1

, Y t

as input and

pro duces as output a guess as to whic h of sev eral candidate mo dels actually pro duced the

observ ations.

Also, w e need not b e limited to a single, “output” pro cess. Man y times w e are in terested in

learning an input/output relationship b et w een t w o pro cesses. Consider t w o pro cesses { U t

}

∞

t =1

and { Y t

}

∞

t =1

. T ak e the mo delling problem: it consists in finding a net w ork ( G , P ) that will

tak e input { U t

}

∞

t =1 and pro duce output {

^

Y t

}

∞

t =1

, whic h is “close” to { Y t

}

∞

t =1

. W e can similarly

redefine the prediction and classification problem. In fact w e can consider the “output-only”

problem as a sp ecial case of the input/output problem, assuming the input la y er of the net w ork

to b e empt y . This will b e clarified b y the phoneme mo delling example of Section 5.

In this pap er w e will only consider the mo delling problem. This is useful in itself, as w e will

sho w b y applications to the enco der problem, mo delling of phonemes etc. (Section 5). But it

is also useful as a stepping stone in solving the prediction (more generally , estimation) problem

and the classification problem. Ho w ev er these t w o problems will b e tac kled in a future pap er

[Keh1].

In particular w e will consider Maxim um Lik eliho o d mo delling. Giv en a graph top ology G ,

an initial condition X

0

= x

0

, a sample u

1

, ..., u n

from an input pro cess { U t

}

∞

t =1 and a sample

y

1

, ..., y n

from an output pro cess { Y t

}

∞

t =1

, w e w an t to find a set of lo cal conditionals

^

P suc h that

L ( P )

.

= P r ob ( Y

1

= y

1

, ..., Y n

= y n

| X

0

= x

0

, U

1

= u

1

, ..., U n

= u n

; ( G , P ))

is maximized at P =

^

P . Note that w e assume some fixed G = ( S , N ) on whic h P liv es.

W e c ho ose P b y Maxim um Lik eliho o d training; the lo cal BF algorithm pro vides a rather easy

solution to this problem. The c hoice of ( S , N ), on the other hand, is m uc h harder; in [Keh2] w e

will consider this question in somewhat more detail, but there are essen tially no easy answ ers.

This completes the mathematical sp ecification of the mo delling problem. The reader ma y

w an t to skip to Section 5 where he can study a few examples of mo delling problems. Before

w e finish this section, let us men tion briefly ho w w e in tend to use mo delling for prediction and

classification (in [Keh1]) and ho w our metho ds are differen t from classical connectionist metho d.

T ak e for example the prediction problem. Prediction in connectionism is usually done b y

nonlinear regression. One builds a mo del that at time t receiv es as input past v alues ..., Y t − 1

,

Y t

and pro duces

^

Y t +1

as a prediction of the next v alue

^

Y t +1

. This is an essen tially static

(feedforw ard) estimator, v ery similar to FIR filters in Signal Pro cessing, and is not necessarily

the b est solution to the prediction problem. In sto c hastic con trol [Aok87], Signal Pro cessing

(I IR filters) as w ell as in Statistics [BD87], m uc h impro v ed estimates are obtained b y the use of

dynamical (feedbac k) estimators, most notably the Kalman filter [Kal60]. Probably the most

attractiv e c haracteristic of the Kalman filter is its recursiv e nature. In the con text of con tin uous

v alued sto c hastic pro cesses, the recursiv e computation of Kalman filtering only applies to linear

systems. Ho w ev er, as w e will sho w in [Keh1], for discrete v alued pro cesses w e can implemen t a

recursiv e analog of Kalman filtering for an y SRN.

Similarly , consider classification. In the connectionist literature classifiers t ypically p erform a

nonlinear regression on the observ ables ..., Y t − 1

, Y t

. Ev en when w e are dealing with an essen tially

dynamic problem, suc h as sp eec h, it is not un usual to use static net w orks ([W+89a, W+89b]

- but see also [Rob88, Rob89, BW88, BW89] for dynamic net w orks). Ho w ev er, in Sto c hastic

Con trol Theory , esp ecially in System Iden tification and Adaptiv e Con trol dynamical metho ds of

classification, are a v ailable, most notably the Lainiotis algorithm [Lai71]. In [Keh1] w e use the

Lainiotis algorithm for classification of discrete state SRN’s. Note that the Lainiotis algorithm

is (for dynamic pro cesses) the analog of No wlan’s c omp eting exp erts metho d [ No w90b].

4 The Lo cal Bac kw ard F orw ard Algorithm

In this section w e dev elop the L o c al Backwar d-F orwar d algorithm (henceforth lo c al BF ) to solv e

the Maxim um Lik eliho o d learning problem for SRN’s. This algorithm is a mo dification of the

Baum Bac kw ard-F orw ard algorithm [Bau72, BE67] used in Sp eec h Recogn tion [L+83, Rab88].

It is an alternativ e to Bac k-Propagation [Alm87, Alm88, Alm89, AN89, Pin88] or Relaxation

t yp e metho ds (used in training Boltzmann Mac hines - e.g. see [A+85]) and its basic adv an tage

is great sp eed of learning.

Recall the Maxim um Lik eliho o d Learning problem. W e are giv en an initial condition x

0

,

input sample u

1

, u

2

, ..., u

T

and output sample y

1

, y

2

, ..., y

T

whic h will b e considered fixed for the

rest of the discussion. W e are also giv en a fixed net w ork top ology G = ( S , N ). No w w e w an t to

select a set of lo cal conditionals P suc h that the Lik eliho o d function L ( P ) is maximized; where

L ( P ) is defined to b e:

L ( P )

.

= P r ob ( Y

1

= y

1

, ..., Y

T

= y

T

| X

0

= x

0

, U

1

= u

1

, ..., U

T

= u

T

; ( G , P )) .

T o solv e the Maxim um Lik eliho o d Learning problem, w e will no w dev elop the lo cal BF algorithm.

First define some useful quan tities:

Ψ

P

( x

1

, ..., x

T

)

.

=

P r ob ( Y

1

= y

1

, ...., Y

T

= y

T

, X

1

= x

1

, ..., X

T

= x

T

| X

0

= x

0

, U

1

= u

1

, ..., U

T

= u

T

; ( G , P )) .

Note that w e ha v e

∑

x

1

..x

T

∈ A

M

h

Ψ

P

( x

1

..x

T

) = L ( P ). W e also define:

Φ( P , Q )

.

=

∑

x

1

...x

T

∈ A

M

h

Ψ

P

( x

1

, ..., x

T

) log Ψ

Q

( x

1

, ..., x

T

) . (4)

No w w e will pro v e the follo wing theorem:

Theorem 1 (Baum’s The or em - [BE67] ) Supp ose Φ( P , Q ) ≥ Φ( P , P ) . Then L ( Q ) ≥ L ( P ) .

Pro of:

log

L ( Q )

L ( P )

= log

∑

x

1

..x

T

Ψ

Q

( x

1

..x

T

)

L ( P )

= log

∑

x

1

..x

T

Ψ

P

( x

1

..x

T

)

L ( P )

·

Ψ

Q

( x

1

..x

T

)

Ψ

P

( x

1

..x

T

)

(5)

No w, w e ha v e

∑

x

1

..x

T Ψ

P

( x

1

..x

T

) /L ( P ) = 1 so (5) is a con v ex com bination; also log ( . ) is a

conca v e function. Hence (b y Jensen’s Theorem):

log

L ( Q )

L ( P )

≥

∑

x

1

..x

T

Ψ

P

( x

1

..x

T

)

L ( P ) log

Ψ

Q

( x

1

..x

T

)

Ψ

P

( x

1

..x

T

)

=

1

L ( P )

( Φ( P , Q ) − Φ( P , P ) ) ≥ 0 . (6)

This completes the pro of. •

Baum’s Theorem forms the basis of a class of ML algorithms (see [BE67, Bau72]). Cho ose

P

0 arbitrarily , then maximize Φ( P

0

, P ) with resp ect to P ; call the maximizer P

1

. Ob viously

Φ( P

0

, P

1

) ≥ Φ( P

0

, P

0

), hence also L ( P

1

) ≥ L ( P

0

). No w maximize Φ( P

1

, P ) with resp ect to P ;

caal the maximizer P

2

. Ob viously Φ( P

1

, P

2

) ≥ Φ( P

1

, P

1

), hence also L ( P

2

) ≥ L ( P

1

) ≥ L ( P

0

).

Pro ceeding in this manner w e get a sequence P

0

, P

1

, ... suc h that

L ( P

0

) ≤ L ( P

1

) ≤ L ( P

2

) ≤ ....

This is an iterativ e, greedy algorithm: at ev ery iteration the v alue of the Lik eliho o d is increased.

It has b een pro v en [W u83] that this pro cedure guaran tees con v ergence to a lo cal maxim um.

Con v ergence to the global maxim um is not guaran teed. In all these resp ects the algorithm is

similar to a steep est ascen t pro cedure. Ho w ev er there is one imp ortan t difference: at ev ery step

m w e can explicitly compute the maximizer p m

s

(as w e will sho w presen tly) and hence are not

confined to a small step | p m

s

− p m +1

s

| .

W e w an t to minimize the function Φ( P , Q ) with resp ect to Q , where P = { p

s

, s ∈ S

h

∪ S

o

} ,

Q = { q

s

, s ∈ S

h

∪ S

o

} are t w o sets of lo cal conditionals. So w e w an t to minimize Φ( P , Q ) with

resp ect to q

s

( a | b, c ), s ∈ S , a ∈ A , b ∈ A

| N

h

( s ) |

, c ∈ A

| N

i

( s ) |

. These are real v ariables in the range

[0 , 1]; ho w ev er they are not indep enden t. They m ust satisfy:

∑

a ∈ A q

s

( a | b, c ) = 1 ∀ s ∈ S , b ∈ A

| N

h

( s ) |

, c ∈ A

| N

i

( s ) |

. (7)

W e incorp orate these constrain ts to the Lik eliho o d function b y using Lagrange m ultipliers

μ

s

( b, c ), s ∈ S , b ∈ A

| N

h

( s ) |

, c ∈ A

| N

i

( s ) |

:

Φ

∗

( P , Q ) = Φ( P , Q ) +

∑

s ∈ S

h

∪ S

o

∑

b ∈ A

| N

h

( s ) |

,c ∈ A

| N

i

( s ) | μ

s

( b, c )

∑

a ∈ A q

s

( a | b, c ) .

Maximization of Φ( P , Q ) under the constrain ts (7) is equiv alen t to maximization of Φ

∗

( P , Q )

without constrain ts. T o maximize Φ

∗

w e apply the usual necessary condition that the partial

deriv ativ es with resp ect to the q ’s equal zero. The partial deriv ativ es are giv en b y:

∂ Φ

∗

∂ q

s

( a | b, c )

= μ

s

( a | b, c )+

∑

t

∑

x

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X

1

..X

T

= x

1

..x

T

| U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P ) 1

a,b,c

( x t +1

s

, x t

N

h

( s )

, u t

N

i

( s )

)

q

s

( a | b, c )

.

(8)

Here the function 1

a,b,c

( x, z , u ) equals 1 when x = a , z = b and u = c ; it is zero otherwise.

Supp ose no w that s is a hidden unit. Setting (8) equal to 0 w e obtain that

q

s

( a | b, c ) =

∑

t : u t +1

N

i

( s )

= c

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t +1

s

= a, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

)

∑

t : u t +1

N

i

( s )

= c

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

)

Remark: Note that the summation is tak en only o v er these times t suc h that u t

N

i

( s )

= c .

No w w e ha v e the follo wing reestimation iteration:

p m +1

s

( a | b, c ) =

∑

t : u t +1

N

i

( s )

= c

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t +1

s

= a, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P m

)

∑

t : u t +1

N

i

( s )

= c

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P m

)

(9)

W e can compute the terms in the fraction en tirely in terms of the p m

’s. Ho w ev er to do so w e

m ust sum out all p ossible X

1

, ..., X

T

configurations, the n um b er of whic h gro ws exp onen tially

with T . This renders direct computation impractical. T o o v ercome this difficult y w e mo dify

the algorithm sligh tly . First, assume U

1

= u

1

, ..., U

T

= u

T

, X

0

= x

0

are fixed for the rest of

this discussion and define some auxiliary quan tities. The transition matrix is defined for all

z , x ∈ A

M

h

, for t = 1 , 2 , ..., T :

P m

z x

( t )

.

= P r ob ( X t

= x | X t − 1

= z , U t

= u t

; P m

) .

This can b e computed in terms of the p m

’s:

P m

z x

( t ) =

∏

s ∈ S

h p m

s

( x

s

| z

N

h

( s )

, u t

N

i

( s )

) .

The emission matrix is defined for all x ∈ A

M

h

, y ∈ A

M

o

, for t = 1 , 2 , ..., T :

Q m

xy

( t )

.

= P r ob ( Y t

= y | X t

= x, U t

= u t

; P m

) .

This can also b e computed in terms of the p m

’s:

Q m

xy

( t ) =

∏

s ∈ S

o p

s

( y

s

| x

N

h

( s )

, u t

N

i

( s )

) .

Next w e define the forw ard and bac kw ard probabilities for all x ∈ A

M

h

, t = 1 , ..., T

α m

t

( x )

.

= P r ob ( Y

1

...Y t

= y

1

...y t

, X t

= x | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P m

) ,

β m

t

( x )

.

= P r ob ( Y t +1

= y t +1

...Y

T

= y

T

| X t

= x, U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P m

) .

The α ’s are called forwar d pr ob abilities and the β ’s b ackwar d pr ob abilities . No w w e will obtain an

ev olution equation for the forw ard probabilities. This ev olution equation in most cases is only

appr oximately true . It is exactly true under the assumption that the input sto c hastic pro cess

{ U t

}

∞

t =1 is a sequence of indep enden t random v ariables. In that case the forw ard probabilities

ob ey the forw ard ev olution equation for all x ∈ A

M

h

, t = 0 , ..., T − 1:

α m

t +1

( x ) =

∑

z ∈ A

M

h α m

t

( z ) P m

z x

( t + 1) Q m

xy t +1

( t + 1)

with initial condition α m

0

( x

0

) = 1, α m

1

( x ) = 0 for all x ≠ x

0

. The bac kw ard probabilities satisfy

the bac kw ard ev olution equation: for all x ∈ A

M

h

, t = 1 , ..., T − 1:

β m

t

( x ) =

∑

z ∈ A

M

h

P m

xz

( t + 1) Q m

z y t +1

( t + 1) β m

t +1

( z )

with final condition β

T

m

( x ) = 1, ∀ x ∈ A

M

h

.

As already men tioned, the ev olution equations hold true only if U

1

, U

2

, ... are indep enden t

of eac h other (or, trivially , if there is no input pro cess). In man y cases w e ha v e no reason to

exp ect the input pro cess to b e indep enden t but w e also ha v e no information ab out the nature

of correlation across time. In that case the assumption of indep endence is a natural one and in

most cases w e can exp ect the ev olution equation to hold up to a reasonably go o d appro ximation.

No w, using the forw ard and bac kw ard probabilities w e can write the follo wing relationship:

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t +1

s

= a, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

, P m

) =

∑

x t

,x t +1

: x t +1

s

= a,x t

N

h

( s )

= b α m

t

( x t

) P m

x t

x t +1

( t + 1) Q m

x t +1

y t +1

( t + 1) β m

t +1

( x t +1

) .

Similarly , w e ha v e:

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

, P m

) =

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

) .

No w w e can rewrite the fraction in (9) as

p m +1

s

( a | b, c ) =

∑

t : u t +1

N

i

( s )

= c

∑

x t

,x t +1

: x t +1

s

= a,x t

N

h

( s )

= b α m

t

( x t

) P m

x t

x t +1

( t + 1) Q m

x t +1

y t +1

( t + 1) β m

t +1

( x t +1

)

∑

t : u t +1

N

i

( s )

= c

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

)

(10)

Once again, note that summation is not o v er all t , just the ones whic h ha v e appropriate input:

u t

N

i

( s )

= c .

The reestimation form ula (10) holds for all hidden units s ∈ S

h

. If s is an output unit

( s ∈ S

o

), w e can follo w similar reasoning as b efore to get:

p m +1

s

( a | b, c ) =

∑

t : u t

N

i

( s )

= c,y t

s

= a

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

)

∑

t : u t

N

i

( s )

= c

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

)

(11)

Note that, once again, the summation is not o v er all t , just o v er the ones where the appropriate

restriction of u t

, y t

equals c, a , resp ectiv ely .

This completes the description of the lo cal BF algorithm. Putting all the pieces together,

w e ha v e:

The lo cal BF algorithm:

Giv en a sample y

1

, y

2

, ..., y

T

and u

1

, u

2

, ..., u

T

, and a net w ork top ology G = ( S , N ), w e w an t

to find a set of lo cal conditionals

^

P that is compatible with ( S , N ) and maximizes the Lik eliho o d

L ( P ) = P r ob ( Y

1

= y

1

, ..., Y

T

= y

T

, U

1

= u

1

, ..., U

T

= u

T

; ( G , P )) .

W e obtain

^

P as the limit of P

0

, P

1

, ... whic h are obtained as follo ws:

1. Cho ose P

0

arbitrarily .

2. ...

3. Giv en P m

compute P m

( t ), Q m

( t ), t = 1 , ..., T with:

P m

z x

( t ) =

∏

s ∈ S

h p m

s

( x

s

| z

N

h

( s )

, u t

N

i

( s )

) .

Q m

x,y

( t ) =

∏

s ∈ S

o p

s

( y

s

| x

N

h

( s )

, u t

N

i

( s )

) .

Giv en P m

( t ) , Q m

( t ), t = 1 , 2 , ..., T , compute α m

( t ), β m

( t ) ( t = 1 , ..., T ) with:

α m

1

( x

0

) = 1 , α m

1

( x ) = 0 ∀ x ≠ x

0

.

α m

t +1

( x ) =

∑

z ∈ A

M

h α m

t

( z ) P m

z x

( t + 1) Q m

xy t +1

( t + 1)

β

T

m

( x ) = 1 ∀ x ∈ A

M

h

,

β m

t

( x ) =

∑

z ∈ A

M

h

P m

xz

( t + 1) Q m

z y t +1

( t + 1) β m

t +1

( z )

4. Giv en α m

, β m

compute P m +1

b y:

∀ s ∈ S

h p m +1

s

( a | b, c ) =

∑

t : u t +1

N

i

( s )

= c

∑

x t

,x t +1

: x t +1

s

= a,x t

N

h

( s )

= b α m

t

( x t

) P m

x t

x t +1

( t + 1) Q m

x t +1

y t +1

( t + 1) β m

t +1

( x t +1

)

∑

t : u t +1

N

i

( s )

= c

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

)

∀ s ∈ S

o p m +1

s

( a | b, c ) =

p m +1

s

( a | b, c ) =

∑

t : u t

N

i

( s )

= c,y t

s

= a

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

)

∑

t : u t

N

i

( s )

= c

∑

x t

: x t

N

h

( s )

= b α m

t

( x t

) β m

t

( x t

)

W e ha v e pro v en rigorously that our algorithm will increase the Lik eliho o d at ev ery step.

Con v ergence to a lo cal maxim um can also b e rigorously pro v en [W u83].

No w w e will presen t a complemen tary p oin t of view, where the algorithm is deriv ed heuris-

tically , from a general principle kno wn as the EM metho d [D+77]. Supp ose w e did not kno w

the actual v alues of the p

s

’s. Ho w ev er w e could assume some arbitrary v alues P

0 and using

these pro ceed to compute v arious statistics of the net w ork. In particular let us tak e some unit s

(sa y it is a hidden unit) and, giv en the observ ed input and output, let us compute the exp ected

n um b er of times that unit s is state a and its paren ts w ere (one time ep o c h ago) in states b, c .

The actual n um b er of suc h configurations is:

T − 1

∑

t =0

1

a,b,c

( X t +1

s

, X t

N

h

( s )

, U t +1

N

i

( s )

) . (12)

No w the exp ectation of this quan tit y , with resp ect to the probabilit y measure P r ob ( . | Y

1

..Y

T

= y

1

..y

T

, U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P

0

) (the probabilit y conditional on the input and output)

is itself a probabilit y:

E

(

T − 1

∑

t =0

1

a,b,c

( X t +1

s

, X t

N

h

( s )

, U t +1

N

i

( s )

)

)

= (13)

∑

t : u t +1

N

i

( s )

= c

P r ob ( X t +1

s

= a, X t

N

h

( s )

= b | Y

1

..Y

T

= y

1

..y

T

, U

1

..U

T

= u

1

..u

T

, X

0

= x

0

, P

0

)

Similarly w e can compute the exp ected n um b er of times the paren ts of s w ere in state bc . The

actual n um b er is:

T − 1

∑

t =0

1

b,c

( X t

N

h

( s )

, U t +1

N

i

( s )

) . (14)

No w the exp ectation of this quan tit y , with resp ect to P ( . | Y

1

..Y

T

= y

1

..y

T

, U

1

..U

T

= u

1

..u

T

,

X

0

= x

0

; P

0

) (the probabilit y conditional on the input and output) is in fact a probabilit y:

E

(

T − 1

∑

t =0

1

b,c

( X t

N

h

( s )

, U t +1

N

i

( s )

)

)

=

∑

t : u t

N

i

( s )

= c

P r ob ( X t

N

h

( s )

= b | Y

1

..Y

T

= y

1

..y

T

, U

1

..U

T

= u

1

..u

T

, X

0

= x

0

, P

0

) (15)

No w, a reasonable re-estimate p

1

s

( a | b, c ) w ould b e the ratio of the t w o exp ectations in (13),(15):

p

1

s

( a | b, c ) =

∑

t

P r ob ( X t +1

s

= a, X t

N

h

( s )

= b | Y

1

..Y

T

= y

1

..y

T

, U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P

0

)

∑

t

P r ob ( X t

N

h

( s )

= b | Y

1

..Y

T

= y

1

..y

T

, U

1

..U

T

= u

1

..u

T

, X

0

= x

0

; P

0

)

Multiplying b oth n umerator and denominator b y P r ob ( Y

1

..Y

T

= y

1

..y

T

| U

1

..U

T

= u

1

..u

T

,

X

0

= x

0

; P

0

) w e get

p

1

s

( a | b, c ) =

∑

t

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t +1

s

= a, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

, P

0

)

∑

t

P r ob ( Y

1

..Y

T

= y

1

..y

T

, X t

N

h

( s )

= b | U

1

..U

T

= u

1

..u

T

, X

0

= x

0

, P

0

)

(16)

Using the same reasoning w e can get the same reestimation form ula for ev ery s ∈ S

h and a

similar one from ev ery output unit s ( s ∈ S

o

). Applying this reestimation for all s ∈ S

h

∪ S

o w e

get a new set of lo cal conditionals, P

1

. No w w e can use this new estimate P

1

to recompute (16)

and then compute another P

2

estimate etc. Ho w ev er, the reestimate (16) is simply (9). The

analogy w orks out in exactly the same w a y for the output units.

This heuristic discussion illuminates the mathematical deriv ation of the lo cal BF. The heuris-

tic is a sp ecial case of the EM metho d [D+77] whic h is used for ML estimation of parameters

of random phenomena. The general idea is: assume the parameters to ha v e some v alues, use

these v alues to compute some statistics of the random phenomenon and use these statistics to

recompute the parameters. W e k eep iterating un til con v ergence is ac hiev ed. In man y cases (e.g.

BF, lo cal BF) con v ergence can b e pro v en. In App endix B w e sho w the Relaxation metho d used

for Boltzmann Mac hine training is a sp ecial case of EM as w ell. Con v ergence can b e pro v en

when the training tak es place under certain conditions (sim ulated annealing). F urthermore,

b oth Relaxation and BF are greedy ascen t metho ds. Similarly , Bac k Propagation, is a greedy

desc ent metho d. (W e w an t to minimize square error.) Ho w ev er, there is an imp ortan t differ-

ence b et w een Boltzmann Mac hine and Bac k Propagation learning and the lo cal BF. BF has

automatic step selection: giv en P m

w e compute P m +1

b y (10) and the difference ‖P m +1

− P m

‖

need not b e small. BP and Relaxation require that ‖P m +1

− P m

‖ is small. This implies that

they ha v e to mo v e slo wly to w ards the optim um of the ob jectiv e function. This is not the case

for lo cal BF, indeed there is a considerable sp eedup of con v ergence, as w e will see in the next

section.

Remark: The lo cal BF algorithm is essen tially a v ersion of the BF algorithm that estimates

lo cal conditional probabilities, rather than the global transition matrix whic h is estimated b y the

Baum BF algorithm [L+83]. A p oin t that is imp ortan t to note is that the computational effort

is of the order O ( T · | A |

2 M

h

). The linear rate in the sample length T is of course v ery satisfactory

from the computational p oin t of view. The M

h exp onen tial do es not lo ok go o d at first sigh t,

but recall that a net w ork with M

h hidden units has | A |

M

h

states, so what w e really ha v e here is

the usual result for HMM’s: the computational effort is O ( T · K

2

), where K is the n um b er of

states. Of course this analysis of computational complexit y do es not tak e in to accoun t the fact

that BF-t yp e algorithms con v erge in few er iterations than, sa y , Bac k Propagation.

Remark: Ev en though the lo cal BF algorithm has b een dev elop ed for application to recurren t

net w orks, it can b e used equally w ell for the training of static, feedforw ard net w orks. T o see

this, start with the observ ation that a recurren t net w ork in t = 1 , ..., T , unfolded in time, can

b e considered as a T -la y er feedforw ard net w ork (see [Keh90]). This feedforw ard net w ork can b e

trained b y the lo cal BF algorithm. It is a sp ecial t yp e of feedforw ard net w ork, in that (a) ev ery

la y er has the same n um b er of units and (b) groups of units across la y ers are constrained to ha v e

the same lo cal conditionals. Both of these constrain ts follo w from the fact that the t -th la y er is

a time-shifted cop y of the ( t − 1)-th la y er. A more general t yp e of feedforw ard net w ork consists

of sev eral la y ers of probabilistic units, where eac h la y er has an arbitrary n um b er of units and eac h unit has a distinct lo cal conditional. The lo cal BF algorithm applies equally w ell to suc h a

net w ork with small mo difications. The basic requiremen t for the algorithm to w ork is that the

Ψ function in (4) can b e written as a pro duct of probabilities. (Wh y this is necessary b ecomes

apparen t from insp ection of Baum’s theorem and the maximization step - for a more general

discussion see [BS68].) In a feedforw ard net, w e will t ypically ha v e a set of L input/output

pairs: ( u

1

, y

1

) , ..., ( u

L

, y

L

). The Lik eliho o d function will b e a pro duct of probabilities:

L ( P ) =

L

∏

l =1

P r ob ( Y l

= y l

| U l

= u l

) , (17)

b ecause w e can consider the sequence of input presen tations as a sequence of indep enden t random

exp erimen ts. Starting from (17), w e can obtain the lo cal BF algorithm for feedforw ard net w orks

in exactly the same w a y as b efore. This will b e pursued in a later pap er.

Remark: Another mo dification of the lo cal BF algorithm is necessary when w e do not ha v e

enough data to reliably estimate a large n um b er of lo cal conditionals (problem of o v erfitting).

One w a y to deal with this, is b y assuming certain units to ha v e the same lo cal conditionals.

Ob viously this limits the n um b er of free parameters, hop efully to a lev el where w e ha v e enough

data for reliable estimation. Sa y that units s

1

, s

2

, ..., s

D ha v e the same lo cal conditionals (this

implies they also ha v e the same size of paren t sets). Call the lo cal conditional probabilit y of

this group p

σ

(or q

σ etc.). Then, when computing the partial deriv ativ e of Q ( P , Q ) with resp ect

to q

σ

, as in (8), w e ha v e to add up the con tribution of all sites s

d

, d = 1 , ..., D . This is the

only c hange in the algorithm; the rest go es as previously and the details are omitted. This is

the equiv alen t of “tied” transition probabilities discussed in [Jel83] and can result in substan tial

decrease of the n um b er of parameters that need to b e estimated.

5 Applications

In this section w e will use the lo cal BF algorithm to solv e t w o problems: (a) the 8-3-8 enco der

and (b) phoneme mo delling. These are rather simple problems used to illustrate the most

imp ortan t features of the algorithm and also to in tro duce some practical tric ks that impro v e its

efficiency .

(a) 8-3-8 Enco der: This is a “static” problem discussed in [A+85] and elsewhere. W e ha v e a

set of input/output pairs ( u

1

, y

1

) , ..., ( u

8

, y

8

) and w e w an t to build a net w ork that tak es input u n

and pro duces output y n

for n = 1 , ..., 8. The input/output pairs are the follo wing 8-long binary

v ectors: u

1

= y

1

= 10000000, u

2

= y

2

= 01000000, ..., u

8

= y

8

= 00000001. The net w ork has

three hidden units. Hence the name “8-3-8 enco der”.

The net w ork consists of: 8 binary input units (call them i

0

, i

1

, ..., i

7

), 3 binary hidden units

(call them h

1

, h

2

, h

3

) fully connected to eac h other and to all the input units and 8 binary output

units (call them o

0

, o

1

, ..., o

7

) fully connected to the hidden units. This completes the top ology

description. F or sp ecifying the lo cal conditionals w e will use the lo cal BF algorithm.

Ho w ev er, w e c hange the lo cal BF algorithm somewhat so as to facilitate the learning pro cess.

Namely , w e will only estimate the lo cal conditionals of the hidden units; the lo cal conditionals

Fig.1 ab out here

Figure 1: Plot of Input vs. Time

of the output units will not b e estimated but “hand-pic k ed” as follo ws. F or n = 0 , ..., 7:

p

o

n

(1 | x

0

1 x

0

2 x

0

3

) =

{

1 iff x

0

1

+ 2 x

0

2

+ 4 x

0

3

= n

0 else

In w ords, the n -th output unit turns on if n is equal to the binary n um b er that corresp onds to

the activ ation pattern of the hidden units.

So the learning problem is to find a set of lo cal conditionals for the hidden units: { p

h

n

( x |

u

0

1 u

0

2

...u

0

7

), n = 1 , 2 , 3, x, u

0

0

, ..., u

0

7

∈ { 0 , 1 } } .

W e w an t to teac h a static input/output relationship to a recurren t net w ork. W e need to

con v ert the static problem to a dynamic one. W e do so b y in v en ting an appropriate time

ev olving input/output sequence. There are man y w a ys to ac hiev e this. W e use the follo wing

input/output sequence. The input sequence is u

1

, ..., u

200

and the output sequence is y

1

, ..., y

200

;

w e tak e u t

= y t

= 10000000 for t = 1 , ..., 25, u t

= y t

= 01000000 for t = 26 , ..., 50 etc. In other

w ords, for ev ery t yp e of constan t input w e w an t the SRN to settle do wn to the appropriate

deterministic steady state. It is not easy to plot an 8-long binary v ector vs. time; instead w e

plot in Fig.1 the n um b er of the activ e output unit (there is only one activ e output at an y giv en

time t ).

W e can see immediately that there is at least one set of hidden lo cal conditionals that will

realize the desired input/output b eha vior:

p

h

n

(1 | u

0

0

...u

0

7

) =

{

1 iff for some m ∈ { 0 , .., 7 } u

0

m

= 1 and B in ( m, n ) = 1

0 else .

(18)

It is easy to c hec k that for an y legal input (all but one input units are off !) the output activ ation

pattern will b e exactly the sane as the input one. T o see this, tak e an y legal input to the net w ork

- only one input unit will b e on at an y giv en time. T ak e this unit’s n um b er and write it out

in binary notation. The corresp onding binary n um b er will reflect the activ ation pattern of the

hidden units and this in conjunction with (18) will giv e the correct output. It is easy to c hec k there are man y other p ossible sets of lo cal conditionals that will pro duce the desired b eha vior

(the problem is underdetermined) but (18) is, in an ob vious sense, the b est solution. The

question is whether the lo cal BF will pic k up this solution and ho w fast.

W e initialize the hidden units for completely random output: p

h

n

(1 | u

0

0

...u

0

7

) = . 5, n =

0 , 1 , ..., 7, ∀ x, u

0

0

, ..., u

0

7

∈ { 0 , 1 } . After 5 iterations of the BF algorithm (sev en min utes on a

Sun/4) w e arriv e to the follo wing solution:

p

h

n

(1 | u

0

0

...u

0

7

) =

{

1 − ϵ iff for some m ∈ { 0 , ..., 7 } u

0

m

= 1 and B in ( m, n ) = 1

ϵ else .

The ϵ v aries for eac h n = 1 , 2 , 3, x, u

0

0

, ..., u

0

7 but is alw a ys less than .001. The SRN b eha v es

almost deterministically and the solution is almost p erfect solution. Of all the sets of conditional

probabilities that solv e the learning task, the lo cal BF algorithm pic ks up the “b est” solution

v ery quic kly .

It is clear that finding a go o d solution of the enco der problem is extremely easy using our

mo del and algorithm. There are man y p ossible sets of conditional probabilities that solv e the

learning task; in this sense the problem is underdetermined. What is remark able is that the

lo cal BF algorithm pic ks up the b est solution v ery fast.

(b) Phoneme Mo del: No w consider a dynamic problem. W e will tak e a sample sp eec h

w a v eform and build a SRN mo del that will repro duce this w a v eform.

This task is essen tially the same as Hidden Mark o v Mo delling of a phoneme, m uc h in the

spirit of [L+83]. See App endix C for a discussion of the connection b et w een SRN and HMM.

Ho w ev er, there are some imp ortan t differences from [L+83]. First of all w e estimate lo c al

conditional probabilities, not glob al ones (namely , the probabilit y transition matrix). Second,

w e mo del the ra w sp eec h w a v eform rather than the LPC co efficien ts or some suc h parametric

mo del. Suc h ra w signal mo dels of phonemes are relativ ely rare - for a more extensiv e treatmen t

of this problem see [Keh91]. In [Keh91] w e dev elop glob al HMM’s; here w e will dev elop a lo cal

HMM, in the sense that w e estimate the lo cal conditionals. Once again, w e solv e this problem as

an example of the lo cal BF and do not mak e an y conclusiv e claims ab out the practical usefulness

of suc h mo dels. W e do b eliev e they ma y ha v e imp ortan t practical applications and w e pursue

them further in [Keh91] and [Keh1]. Still, b oth [Keh91, Keh1] are rather theoretical - there is

need for more applications-orien ted w ork.

Consider a t ypical steady state sp eec h w a v eform (Fig.2). This is the w a v eform corresp onding

to the steady state part of phoneme [ou], from the utterance “one”. It is a con tin uous v alued

w a v eform; on the other hand our SRN’s pro duce output from a finite alphab et. W e ha v e to

“prepro cess” the original phoneme w a v eform; in particular w e quan tize it to four lev els to get

the w a v eform of Fig.3, whic h still retains the c haracteristic [ou] shap e. In Fig.4 w e plot the

original and quan tized w a v eform together. No w w e w an t to build a mo del that “repro duces”

the w a v eform of Fig.3.

W e ha v e to b e careful ab out the meaning of “repro duction”. Before w e pro ceed with the

net w ork description, let us describ e our mo delling ob jectiv e.

Once w e fix the net w ork top ology , w e will c ho ose the v alues of the lo cal conditionals in suc h

a w a y that Lik eliho o d is maximized; this is a w ell defined criterion. Ho w ev er, a p o or c hoice of

top ology ma y result in the Maxim um Lik eliho o d mo del for this sp ecific top ology not b eing v ery

Fig.2 ab out here

Figure 2: Steady State, Con tin uous V alued Sp eec h W a v eform of [ou]

Fig.3 ab out here

Figure 3: Steady State, Quan tized Sp eec h W a v eform of [ou]

Fig.4 ab out here

Figure 4: Con tin uous and Quan tized Sp eec h W a v eform of [ou]

go o d. Clearly , some top ologies will b e b etter than others; at least w e in tuitiv ely exp ect bigger

net w orks (more units) to do b etter. W e need some absolute criterion of go o dness of mo delling,

indep enden t of top ologies. There are sev eral p ossible p oin ts of view. Here w e will men tion only

t w o.

The first p oin t of view is that the original sp eec h w a v eform is a sto c hastic pro cess, and so

is the output of the SRN mo del. Hence w e w an t to dev elop a measure of distance of sto c hastic

pro cesses and c hec k that in our case the distance from original to mo del is small. This approac h is

explained in more detail in [Keh91] and [Keh2]. There w e dev elop and discuss sev eral appropriate

distance measures. All of these measures dep end on the join t probabilities (for the original and

mo del pro cesses) of finite length outputs. This approac h is theoretically imp ortan t and is used

in [Keh91, Keh2] to pro v e consistency of ML estimation. Ho w ev er, it is not appropriate for

practical application in the case of sp eec h w a v eforms, b ecause of the follo wing reason. The

imp ortan t information ab out sp eec h app ears in fairly long term dep endencies, e.g. in the fact

that the w a v eform of Fig.3 is quasi-p erio dic with appro ximately the same pattern b eing rep eated

ev ery sixteen or so time steps. No w, for these dep endencies to app ear in the join t probabilit y

distributions P r ob ( X t +1

...X t + n

), w e m ust lo ok at n big enough to capture the p erio dicit y , e.g.

n = 16. And to compute distances b et w een t w o suc h 16-th order join t probabilities, w e m ust

compute their v alues for all p ossible v alues of 16-long quaternary strings X t +1

...X t +16

. But

there is sev eral billions of these! So this approac h is not v ery practical for computation.

An alternativ e approac h, whic h w e will follo w here, is to concen trate on the shap e of the

sp eec h w a v eforms. F or differen t phonemes w e get c haracteristically differen t shap es; compare

Fig. 3 (an [ou] phoneme) with Fig.5 (an [ah] phoneme). The visual textur e of the t w o w a v eforms

is strikingly differen t. This corresp onds to differen t audio texture, b ecause the visual app ear-

ance dep ends on the n um b er and lo cation of the formants (see [Gra76]) whic h can b e used to

discriminate b et w een differen t phonemes. Therefore, in this example w e will consider our mo del

succesful if it pro duces an output pro cesses whic h “lo oks similar” to the original. This will

b e called the visual similarit y criterion . It is admittedly a v ague criterion, but in practice

it w orks quite w ell, in other w ords it is prett y clear when the visual texture of a w a v eform is

Fig.5 ab out here

Figure 5: Steady State, Quan tized Sp eec h W a v eform of [ah]

captured. A further confirmation of the v alidit y of our mo del will app ear in [Keh1], where it is

used succesfully as the starting p oin t of our prediction and classification algorithms.

Let us no w return to the description of our SRN mo del. W e use a net w ork with no input

units (since there is no input pro cess correlated with the sp eec h w a v eform), four binary hidden

units ( h

1

, ..., h

4

) (fully connected to eac h other) and one four-v alued output unit (call it o

1

),

fully connected to the hidden units.

The lo cal BF algorithm can b e mo dified to accomo date the lac k of input units; just drop the

input dep endence from lo cal and global conditionals. It is more natural to use one four-v alued

output unit than t w o binary ones; this can also b e easily accommo dated in the algorithm. The

fact that w e use a four-v alued alphab et causes no increase in computation, (no exp onen tial

explosion) b ecause the output v alues are observ ed and fixed.

Just lik e in the previous example, w e adopt a h ybrid approac h in c ho osing the lo cal condi-

tionals. W e will once again “handpic k” the emission matrix. In this case the emission matrix

is the same as the lo cal conditional p

o

1

( y | x

0

1

...x

0

4

). The reason for using handpic k ed emission

matrix is that a judicious c hoice can force the lo cal BF algorithm to searc h in the righ t region

of the parameter space. Before w e elab orate on the c hoice of the emission matrix consider again

the w a v eform of Fig.3.

Lo oking at the quan tized sp eec h w a v eform, w e realize that it is quasi-p erio dic, with one

quasip erio d b eing ab out 16 time steps long. In particular, it is appr oximately comp osed of

protot yp e elemen ts lik e the one sho wn in Fig.6. By “appro ximately” w e mean the follo wing:

tak e a sequence of deformations of the elemen t in Fig.6 (e.g. dilations and compressions of

time scale) and string them together. What w e will get is a w a v eform lik e the one of Fig.7,

that satisfies the criterion of visual similarit y that w e p ostulated in the previous paragraphs.

So the question is: ho w to build a SRN that creates this t yp e of output, with lo cal time scale

deformations.

W e can think of ev ery time step t (t=0,1,...,15) in one protot yp e as corresp onding to one

state of the SRN. Recall that ev ery state of the SRN is a 4-long binary v ector. The sixteen

four-long binary v ectors corresp ond to the sixteen states of the proto yp e. W e can n um b er eac h

Fig.6 ab out here

Figure 6: Protot yp e W a v eform

Fig.7 ab out here

Figure 7: “Deformed Protot yp es” W a v eform v ector/state b y the binary n um b er that corresp onds to this v ector. There are sixteen states

(0-15).: 0 , 1 , ..., 15 .

1

Supp ose the SRN c hanges states as follo ws: if at time t − 1 it is in state

t-1 , at time t it will go deterministically to state t (state 15 go es to state 0 ). A t the same time

it pro duces output y t

. Therefore, for s = 0 , ..., 15, t = 1 , 2 , ... w e ha v e

P r ob ( Y t

= y s

| X t

) =

{

1 iff ∃ k ∈ { 0 , 1 , 2 , ... } and t = s · k + 1

0 else

(19)

In this w a y w e ha v e sp ecified the global transition and emission probabilities.

With a little reflection it should b e clear that, if w e start with a protot yp e y

0

, ..., y

15

from

Fig.6, and the net w ork w e describ ed ab o v e, w e will get a mo del that pro duces p erfect copies

of the original protot yp e. Call this Mo del 1 . No w, Mo del 1 satisfies the visual criterion,

but it is a p o or Maxim um Lik eliho o d mo del, b ecause our sample also has sections whic h are

sligh tly differen t from the first quasip erio d/protot yp e and these will b e assigned (under this

deterministic mo del) probabilit y zero.

T o rectify this w eakness of the mo del, w e relax the deterministic state transition h yp othesis

and allo w for random transitions b et w een states. Sa y w e allo w ev ery state t w o options: either

mo v e on to the next state (with high probabilit y) or lo op bac k to itself (with lo w probabilit y).

This mo del will b e called Mo del 2 . It is still a prett y simple mo del, but will allo w every p ossible

state path and will repro duce deformed copies of the protot yp e elemen t of Fig.6. This mo del

has higher Lik eliho o d than Mo del 1. Ho w ev er, it is conceiv able that a more general transition

mo del will do ev en b etter (higher Lik eliho o d, b etter visual texture).

No w, b oth of the mo dels discussed so far, are “handcrafted” mo dels, in that w e handpic k

the global emission and transition conditionals. Theoretically , w e should do at least as w ell

if w e implemen t the mo del using lo cal conditionals estimated b y the Maxim um Lik eliho o d

metho d. Ho w ev er, there are man y practical considerations (e.g. will the lo cal BF yield a

globally maximizing set of lo cal conditionals?). Hence w e will tak e a sligh tly differen t, h ybrid

approac h to obtain Mo del 3 .

1. W e retain the emission matrix already describ ed, namely

Q =

1 0 0 1 1 0 0 0 1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 1 1 0 1 1

0 0 0 0 0 1 1 1 0 0 0 0 0 1 0 0

0 1 1 0 0 0 0 0 0 1 1 0 0 0 0 0

T

.

Comparing this matrix with the protot yp e w a v eform of Fig. 6 w e see that it implemen ts

(19). W e can implemen t this global output matrix in terms of lo cal conditionals b ecause

there is only one output unit, whic h is fully connected to all hidden units. So in this case,

emission matrix and lo cal conditional are iden tical. In other w ords, w e ha v e handpic k ed

the emission lo cal conditionals.

1

What w ould happ en if the protot yp e w as not sixteen time steps long? Sa y it w as t w elv e time steps long. If

w e use binary units w e need four of them and the SRN will ha v e sixteen states an yw a y . W e ha v e four sup erfluous

states; w e need to tak e them out out of the game. One w a y to do this is to ha v e the extra states emit an extra

output c haracter that has nev er b een observ ed. This guaran tees that Maxim um Lik eliho o d estimation of the

lo cal conditionals will assign zero probabilit y to these states.

2. It is not so ob vious ho w to “handpic k” the hidden lo cal conditionals. First of all, it is not

ob vious ho w to c ho ose lo cal conditionals that implemen t our Mo del 2 transition matrix.

Secondly , ma yb e there is a “b etter” (higher Lik eliho o d) set of hidden lo cal conditionals to

use with our emission matrix. W e will trust that the lo cal BF algorithm will find this set

of hidden lo cal conditionals.

It is ob vious that w e ha v e used a h ybrid approac h of estimation. W e ha v e a go o d guess for the

emission matrix and so w e use this guess, rather than estimating the emission matrix. W e also

ha v e some idea of what the global transition matrix should lo ok lik e, but do not kno w m uc h

ab out the lo cal conditionals. So w e let the lo cal BF algorithm searc h the parameter space for

the Maxim um Lik eliho o d lo cal conditionals. Hop efully , our c hoice of emission matrix “forces”

the BF algorithm to go quic kly to the relev an t regions of the parameter space.

No w let us test our metho d b y using lo cal BF to determine the parameters of Mo del 3. W e

initialize the hidden units as follo ws (completely randomly): p

h

n

( x

1

n

| x

0

1

..x

0

4

) = . 5, n = 1 , 2 , 3 , 4,

∀ x

1

n

, x

0

1

, ..., x

0

4

∈ { 0 , 1 } . After 30 iterations of the BF algorithm (t w en t y min utes on a Sun/4) w e

get a con v ergen t solution; the actual v alues of the lo cal conditionals are not v ery illuminating,

but the global transition matrix w e get from them is what w e exp ect to b e a “go o d” solution:

most state transitions are completely imp ossible, ev ery state has high probabilit y of going to

the next state and a lo w probabilit y of lo oping bac k in to itself. This “go o d” global transition

matrix w as deriv ed from lo cal conditionals whic h the lo cal BF algorithm disco v ered quic kly ,

starting from random initial v alues. So it app ears that the lo cal BF do es indeed con v erge to

the appropriate region of the parameter space quic kly , ev en when it starts far a w a y from it. Of

course, the judicious c hoice of the emission matrix has help ed things considerably .

W e do not list the transition matrix here; it is big and w ould b e a wkw ard to represen t. A t an y

rate, more imp ortan t than the parameter v alues, is the degree to whic h our mo del repro duces

faithfully the sample w a v eform. T o test this w e run the SRN mo del to pro duce a new output

sample and w e get the w a v eform of Fig.8. It is in tuitiv ely ob vious that the mo del captures the

general shap e of the original sample and should b e a v ery go o d mo del. The succesful use of this

mo del for prediction and classification (see [Keh1]) will confirm our in tuition.

6 Conclusions

W e ha v e dev elop ed a new SRN mo del and a Maxim um Lik eliho o d algorithm to train it. W e

ha v e used these to mo del static as w ell as dynamic input/output relationships. W e get accurate

and easy to train mo dels. Extensions to training of feedforw ard net w orks are easy to obtain.

W e can pro v e that our SRN can mo del a v ery large class of sto c hastic pro cesses and in-

put/output relationships. This will b e done in [Keh2] where w e study the represen tation p o w er

of SRN mo dels. W e ha v e presen ted t w o examples where w e mo del an input/output relationship

b y an SRN. W e sho w ed that a static input/output relationship can b e captured as the steady

state of a SRN (enco der problem). W e also built a SRN that repro duces a dynamic, con tin uously

ev olving sto c hastic pro cess (sp eec h w a v eform). Once w e ha v e a mo del of a sto c hastic pro cess

w e can use it for more adv anced learning tasks suc h as prediction and classification. This will

b e done in [Keh1].

Fig.8 ab out here

Figure 8: SRN Mo del Pro duced W a v eform

Of all the v arious p oin ts of view on SRN (see App endix D for a v ery brief review) t w o are

particularly promising. Using the nonlinear input/output system approac h puts us our mo del

in the con text of sto c hastic con trol; this is a mature discipline with a history of sev eral decades

of theory and applications. Man y estimation and learning metho ds that ha v e b een dev elop ed

in sto c hastic con trol can b e applied to connectionist problems. W e will pursue this direction

in [Keh1]. The other in teresting approac h is to consider the SRN as an inhomogeneous Hidden

Mark o v Mo del; this is briefly explained in App endix C. Clearly , this has b een our motiv ation

in dev eloping the lo cal BF algorithm. The adv an tage of the HMM approac h is the sp eed and

ease of training. On the other hand, using the SRN form ulation w e enjo y the adv an tages of

parallelism and parsimonious mo delling.

The SRN mo del w e dev elop ed is more general than the classical connectionist mo del with

sigmoidal units. On the other hand, our mo del can b e implemen ted as a connectionist net w ork of

sto c hastic nonlinear (but not sigmoidal) units (see App endix A). So there is a certain equiv alence

b et w een our SRN and more traditional connectionist mo dels.

The lo cal BF algorithm is a sp ecial case of the EM metho d. EM is a v ery p erv asiv e heuristic;

in App endix B w e p oin t out that w e can view Boltzmann Mac hine training as another sp ecial

case of EM. Ho w ev er the BF algorithm has an additional c haracteristic whic h giv es it a sp eed

adv an tage: it self-selects optimal step size. This is not the case with relaxation learning, or

with Bac k Propagation for that matter. Both of these are small step steep est ascen t/descen t

algorithms. This explains their relativ e slo wness.

In conclusion, w e ha v e dev elop ed a p o w erful and easily trainable mo del. W e b eliev e that the

com bination of HMM and Sto c hastic Con trol metho ds will help further dev elopmen t of SRN

theory and application to man y difficult problems of learning temp orally ev olving relationships.

Ac kno wledgemen t: I w an t to thank Nic k Chater, Stev e No wlan and Ah Tsung Tsoi for useful

suggestions on ho w to impro v e the notation and the organization of this pap er.

References

[A

+

85] D.H. Ac kley et al. A learning algorithm for Boltzmann mac hines. Co gnitive Scienc e ,

9, 1985.

[Ale89] I. Aleksander. The logic of connectionist systems. In I. Aleksander, editor, Neur al

Computing A r chite ctur es . MIT, 1989.

[Alm87] L.B. Almeida. A learning rule for async hronous p erceptrons with feedbac k in a com bi-

natorial en vironmen t. In Pr o c. of 1st Int. Conf. on Neur al Networks, S. Die go . IEEE,

1987.

[Alm88] L.B. Almeida. Bac kpropagation in p erceptrons with feedbac k. In R. Ec kmiller and

C.v.d. Malsburg, editors, Neur al Computers . Springer, 1988.

[Alm89] L.B. Almeida. Bac kpropagation in nonfeedforw ard net w orks. In I. Aleksander, editor,

Neur al Computing A r chite ctur es . MIT Press, 1989.

[Ama71] S.I. Amari. Characteristics of randomly connected threshold elemen ts and net w ork

systems. Pr o c. of the IEEE , 39:33–47, 1971.

[Ama72] S.I. Amari. Learning patterns and pattern sequences b y self-organizing nets of thresh-

old elemen ts. IEEE T r ans. on Computers , 21:1197–1206, 1972.

[Ama83] S.I. Amari. Field theory of self-organizing neural nets. IEEE T r ans. on Systems ,

Man and Cyb ernetics , pages 741–748, 1983.

[AN89] L.B. Almeida and J.P . Neto. Recurren t bac kpropagation and Hopfield net w orks. In

F. F ogelman-Soulie, editor, Neur o c omputing, A lgorithms A r chite ctur es and Applic a-

tions . Springer, 1989.

[Aok87] M. Aoki. State Sp ac e Mo del ling of Time Series . Springer, Berlin, 1987.

[Bar89] A.G. Barto. Connectionist learning for con trol:an o v erview. T ec hnical Rep ort TR

89-89, COINS Dept., Un. of Mass. at Amherst, 1989.

[BA85] A.G. Barto and P . Anandan. P attern recognizing sto c hastic learning automata. IEEE

T r ans. on Systems , Man and Cyb ernetics , SMC 15(3), June 1985.

[Bau72] L.E. Baum. An inequalit y and asso ciated maximization tec hnique in statistical esti-

mation. Ine qualities , 3:1–8, 1972.

[B

+

70] L.E. Baum et al. A maximization tec hnique o ccurring in the statistical analysis of

probabilistic functions of Mark o v Chains. A nn. of Math. Stat. , 41(1):164–171, 1970.

[BE67] L.E. Baum and J.A. Eagon. An inequalit y with applications to statistical estimation

for probabilistic functions of Mark o v Pro cesses. A nn. of Math. Stat. , pages 36–363,

1967.

[Be+90a] Y. Bengio et al. A h ybrid co der for Hidden Mark o v Mo dels using a recurren t neural

net w ork. Pr o c e e dings of the International c onfer enc e on A c oustics, Sp e e ch and Signal

Pr o c essing , Albuquerque, NM, April 1990, pp.537-540.

[Be+90b] Y. Bengio et al. Global optimization of neural net w ork-HMM h ybrid. T ec hnical

Rep ort TR-SOCS-90.22. McGill Univ ersit y , Sc ho ol of Computer Science. Decem b er

1990.

[Bo o67] T. Bo oth. Se quential Machines and A utomata The ory . Wiley , New Y ork, 1967.

[BS68] L.E. Baum and G.R. Sell. Gro wth transformations for functions on manifolds. Pac.

J. of Math. , 27(2):211–227, 1968.

[BW88] H. Bourlard and C.J. W ellek ens. Links b et w een Mark o v mo dels and m ultila y er p er-

ceptrons. T ec hnical Rep ort, Phillips Researc h Lab, 1988.

[BW89] H. Bourlard and C.J. W ellek ens. Sp eec h dynamics and recurren t neural nets. In Pr o c.

of the ICASSP . IEEE, 1989.

[BD87] P .J. Bro c kw ell and R.A. Da vis. Time Series: The ory and Metho ds . Springer, New

Y ork, 1987.

[D

+

77] A.P . Dempster et al. Maxim um Lik eliho o d estimation via the EM algorithm. J. of

the Stat. R oy. So c. B , 39(1):1–38, 1977.

[Dob65] R.L. Dobrushin. Existence of a phase transition in t w o-dimensional and three-

dimensional ising mo dels. Th. of Pr ob. and its Appl. , 10(2):193–213, 1965.

[Dob70] R. L. Dobrushin. Prescribing a system of random v ariables b y conditional distribu-

tions. Th. of Pr ob. and its Appl. , 15(3):459–486, 1970.

[dL88] D. d’Humieres and P . Lallemand. Fluid dynamics with lattice gases. In R. Livi et al.,

editors, Chaos and Complexity , pages 279–301. W orld Scien tific, Singap ore, 1988.

[Dre90] S.E. Dreyfus. Artificial neural net w orks bac kpropagation and the Kelly-Bryson gra-

dien t pro cedure. J. Guid. Cont. Dyn. , 13(5):926–928, Sept.-Oct. 1990.

[Ell85] R. S. Ellis. Entr opy, L ar ge Deviations and Statistic al Me chanics . Grundlehren der

Math. Wissensc haften. Springer, New Y ork, 1985.

[Elm88] J. L. Elman. Finding structure in time. T ec hnical Rep ort CRL TR 8801, Cen ter for

Researc h in Language, Univ ersit y of California at San Diego, 1988.

[GG84] S.Geman and D. Geman. Sto c hastic relaxation Gibbs distributions and the ba y esian

restoration of images. IEEE P AMI -9:721–741, 1984.

[Gid85] B. Gidas. Nonstationary Mark o v Chains and con v ergence of the annealing algorithm.

J. Stat. Physics , 39:73–131, 1985.

[Gil90] C.L. Giles. Higher order recurren t net w orks and grammatical inference. In D. T ouret-

zky , editor, A dvanc es in Neur al Information Pr o c essing , San Mateo California, 1990.

Morgan Kauffman.

[Gra76] A.H. Gra y , Jr. and J.D. Mark el. Linear Prediction of Sp eec h. Springer, Berlin, 1976.

[Gro86a] S. Grossb erg. The A daptive br ain:I L e arning, r einfor c ement, motivation and rhythm .

Wiley , 1986.

[Gro86b] S. Grossb erg. The A daptive br ain:II Vision, Sp e e ch, L anguage and Motor Contr ol .

Wiley , 1986.

[Hop82] J.J. Hopfield. Neural nets and ph ysical systems with emergen t collectiv e computa-

tional prop erties. Pr o c. Nat’l A c ad. Sci. USA , 1982.

[Hop85] J.J.Hopfield and D.W.T ank. Neural computation of decisions in optimization prob-

lems. Biol. Cyb. , 52, 1985.

[HS86] G. Hin ton and T. Sejno wski. Learning and relearning in Boltzmann mac hines. In

Par al lel Distribute d Pr o c essing , v olume 1. MIT, 1986.

[Jel83] F. Jelinek et al. A Maxim um Lik eliho o d approac h to con tin uous sp eec h recognition.

IEEE P AMI-5(2), pp.179-190.

[Jor86] M.I. Jordan. A ttractor dynamics and parallelism in a connectionist sequen tial ma-

c hine. In Pr o c. of the 8th A nn. Conf. of Co g. Sci. So c. , 1986.

[K

+

69] R.E. Kalman et al. T opics in Mathematic al System The ory . McGra w-Hill, New Y ork,

1969.

[Kal60] R.E. Kalman. A new approac h to linear filtering and prediction problems. ASME J.

Bas. Eng. , pages 35–45, 1960.

[Keh90] A. Kehagias. Optimal con trol for training: the missing link b et w een Hidden Mark o v

Mo dels and connectionist net w orks. Math. Comp. Mo d. , V ol. 14, pages 284-289, 1990.

[Keh91] A. Kehagias. Appr oximation and Estimation of Sto chastic Pr o c esses by Hidden Markov

Mo dels . PhD thesis, Division of Applied Mathematics, Bro wn Un., Pro vidence, Rho de

Island, Ma y 1991.

[Keh1] A. Kehagias. Sto c hastic Recurren t Net w orks: Prediction and Classification of Time

Series. T ec hnical Rep ort, Division of Applied Mathematics, Bro wn Un., Pro vidence,

Rho de Island.

[Keh2] A. Kehagias. Sto c hastic Recurren t Net w orks: Represen tation Prop erties. T ec hnical

Rep ort, Division of Applied Mathematics, Bro wn Un., Pro vidence, Rho de Island, –

In preparation.

[Keh3] A. Kehagias. Sto c hastic Recurren t Net w orks: Unification and Extension. T ec hnical

Rep ort, Division of Applied Mathematics, Bro wn Un., Pro vidence, Rho de Island, –

In preparation.

[Lai71] D.G. Lainiotis. Optimal adaptiv e estimation: Structure and pattern adaptation. IEEE

A C , 16(2):160–170, 1971.

[L

+

89] J. L. Leb o witz et al. Probabilistic cellular automata: Some statistical mec hanical

considerations. T ec hnical rep ort, Dept. of Mathematics, Rutgers Un. New Brunswic k

NJ, 1989.

[Leb90] J.L. Leb o witz. Statistical mec hanical p orp erties of probabilistic cellular automata. J.

Stat. Phys. , 59(1/2):117–170, 1990.

[L

+

83] S.E. Levinson et al. An in tro duction to the application of the theory of probabilistic

functions of a Mark o v Chain. The Bel l Sys. Te ch. J. , 62(4), April 1983.

[Lig85] T. Ligget. Inter acting Particle Systems . New Y ork. Springer, New Y ork, 1985.

[Lin88a] R. Linsk er. Ho w to generate ordered maps b y maximizing the m utual information b e-

t w een input and output signals. T ec hnical Rep ort R C 14624(Nr.65530), IBM Researc h

Division - T.J. W atson Researc h Cen ter, Y orkto wn Heigh ts NY, 1988.

[Lin88b] R. Linsk er. An application of the principle of maxim um information preserv ation to

linear systems. T ec hnical Rep ort R C 14195(Nr.63478), IBM Researc h Division - T.J.

W atson Researc h Cen ter, Y orkto wn Heigh ts NY, 1988.

[M

+

53] N. Metrop olis et al. Equations of state calculations b y fast computing mac hines. J.

Chem. Physics , 21(1087-1092), 1953.

[Ma y82] P .S. Ma yb ec k. Sto chastic Mo dels Estimation and Contr ol . Mathematics in Science

and Engineering. Academic, New Y ork, 1982.

[NT89] K.S. Narendra and M.A.L. Thathac har. L e arning A utomata: an Intr o duction .

Pren tice-Hall, Englew o o d Cliffs New Jersey , 1989.

[Nea90] R.M. Neal. Learning Sto c hastic F eedforw ard Net w orks. T ec hnical Rep ort CR G-TR-

90-7, Dept. of Computer Science, Un. of T oron to, No v em b er 1990.

[No w90a] S.J. No wlan Maxim um Lik eliho o d Comp etition in RBF Net w orks. T ec hnical Rep ort

CR G-TR-90-2, Dept. of Computer Science, Un. of T oron to, F ebruary 1990.

[No w90b] S.J. No wlan. Comp eting Exp erts: An Exp erimen tal In v estigation of Asso ciativ e Mix-

ture Mo dels. T ec hnical Rep ort CR G-TR-90-5, Dept. of Computer Science, Un. of

T oron to, Septem b er 1990.

[No w90c] S.J. No wlan. Maxim um Lik eliho o d Comp etitiv e Learning. In A dvanc es in Neur al

Information Pr o c essing Systems 2 , ed. D. T ouretzky . Morgan Kauffman, 1990.

[P ea86] B.A. P earlm utter and G. Hin ton. Learning state space tra jectories in recurren t neural

nets. In Pr o c. of IJCNN . IEEE, 1986. In J.S. Denk er, editor, Neur al Networks for

Computing , pages 333–338. American Institute for Ph ysics, 1986.

[P az71] A. P az. A n Intr o duction to Pr ob abilistic A utomata . Academic, New Y ork, 1971.

[Pin88] F. Pineda. Generalization of bac kpropagation to recurren t and higher order neural

net w orks. In D. Anderson, editor, Neur al Information Pr o c essing Systems , 1988.

[P ol87] J. B. P ollac k. Cascaded bac k propagation on dynamic connectionist net w orks. In

Pr o c. of the 9th A nn. Conf. of the Co g. Sci. So c. , 1987.

[R

+

88] Riedel et al. T emp oral sequences and c haos in neural net w orks. Phys. R ev. A , 36:1428,

1988.

[Rob88] An thon y J. Robinson. A dynamic connectionist mo del for phoneme recognition. T ec h-

nical rep ort, Cam bridge Univ ersit y Engineering Departmen t, Cam bridge, England,

1988.

[Rob89] An thon y J. Robinson. Dynamic Err or Pr op agation Networks . PhD thesis, Cam bridge

Univ ersit y Engineering Departmen t, Cam bridge, England, 1989.

[Roh90] R. Roh w er. The mo ving targets training algorithm. In Pr o c. of the EURASIP , 1990.

[RR90] S. Renals and R. Roh w er. A study of net w ork dynamics. J. Stat. Phys. , In Press,

1990.

[Rue69] D. Ruelle. Statistic al Me chanics . Mathematical Ph ysics Monographs. Addison-W esley ,

Reading Mass., 1969.

[Rab88] L.R. Rabiner. A tutorial on HMM and selected applications in sp eec h recognition.

Pr o c. of the IEEE , 1988.

[Sol88] S. Solla. Accelerated learning exp erimen ts in la y ered neural net w orks. Complex Sys-

tems , 2, 1988.

[Sun89] R. Sun. The discrete neuronal mo del and the probabilistic discrete neuronal mo del.

In Neur al and Intel ligent System Inte gr ation , (ed. B. Soucek). Wiley , 1991.

[Son90] E. D. Son tag. F eedbac k stabilization using t w o-hidden-la y er nets. T ec hnical Rep ort

SYCON-90-11, Rutgers Cen ter for Systems and Con trol, Rutgers Un. New Brunswic k

New Y ork, 1990.

[Sut88] R.S. Sutton. Learning to predict b y the metho ds of temp oral difference. Machine

L e arning , 3:9–44, 1988.

[V as69] L.N. V asherstein. Mark o v pro cesses o v er den umerable pro ducts of spaces describing

large systems of automata. Pr oblemy Per e dachi Informatsii , 5(3):64–72, 1969.

[W

+

89a] A. W aib el et al. Mo dularit y and scaling in large phonemic neural net w orks. IEEE

ASSP , ASSP-37(12):1888–1898, Decem b er 1989.

[W

+

89b] A. W aib el et al. Phoneme recognition using time-dela y neural net w orks. IEEE ASSP ,

37(3):328–339, Marc h 1989.

[WZ88] R.J. Williams and D. Zipser. A learning algorithm for con tin ually running fully con-

nected recurren t neural net w orks. T ec hnical Rep ort ICS-8805, Un. of California at

San Diego, 1988.

[W ol86] S. W olfram. The ory and Applic ation of Cel lular A utomata . W orld Scien tific, Singa-

p ore, 1986.

[W u83] C.F.J. W u. On the con v ergence prop erties of the EM algorithm. The A nnals of

Pr ob ability , 11(1):95–103, 1983.

A SRN’s with p olynomially nonlinear units

The lo cal conditional form ulation used in Section 2 do es not conform fully to classical connec-

tionist mo dels. These are usually built from units with a nonlinear (sigmoid) input/output

resp onse function. That is, unit s receiv es a deterministic input Z t

s and a white noise input V t

s

and pro duces output X t

s

. W e ha v e the follo wing relationships:

Z t

s

=

∑

r ∈ N

h

( s ) w

sr

X t − 1

r

+

∑

r ∈ N

i

( s ) w

sr

U t

r

.

X t

s

= f ( Z t

s

− V t

s

) .

where f is a nonlinear function, w

sr are connectivit y w eigh ts and V t

s is a random n um b er

uniformly distributed in some appropriate range. F or deterministic resp onse w e tak e V t

s to b e a

fixed n um b er, usually called the threshold of the unit s .

The t w o mo dels are not incompatible. T rivially , a recurren t net w ork of sigmoidal units has

lo cal conditional probabilities (p ossibly concen trating all probabilit y mass on one output, if the

units ha v e a deterministic input/output resp onse) and can b e sp ecified in terms of a ( G , P ) pair.

In the rest of this section w e will sho w that, con v ersely , an y ( G , P ) SRN can b e built from units

with nonlinear (but not necessarily sigmoidal) random input/output resp onse function.

Consider for simplicit y a SRN ( G , P ) where the units are binary (i.e. the alphab et A =

{ 0 , 1 } ). W e will design a net w ork of nonlinear units that has the same graph/top ology ( S , N )

and the same lo cal conditional P .

W e retain the top ology of ( S , N ). W e use input/output units s ∈ S has deterministic input

U t

s

, random input V t

s and output X t

s

. T o express the relationship b et w een these quan tities, use

an in termediate v ector Z t

with:

Z t

s

=

∑

r ∈ N

h

( s ) w

sr

X t − 1

r

+

∑

r ∈ N

i

( s ) w

sr

U t

r

.

Then w e ha v e:

X t

s

= H ( f

s

( Z t

s

) − V t

s

) .

and V t

s is a random n um b er uniformly distributed in the in terv al [0 , 1]. Also, w

sr are connectivit y

w eigh ts, H ( . ) is the Hea viside step function and f

s is a nonlinear function sp e cific to unit s . That

is, ev ery unit has its o wn resp onse function. W e tak e all of these functions to b e p olynomials:

f

s

( z ) = α

s 0

+ α

s 1 z + ... + α

sn

s z n

s

.

No w the output X t

s will b e 0 if f

s

( Z t

s

) is less than V t

s and 1 otherwise. Then w e ha v e the follo wing

probabilities:

P r ob ( X t

s

= 1 | X t − 1

N

h

( s )

= x, U t

N

i

( s )

= u ) = P r ob ( f

s

( < w

s

, xu > ) > V t

s

) =

α

s 0

+ α

s 1

< w

s

, xu > + ... + α

sn

s

< w

s

, xu > n

s

.

On the other hand w e w an t P r ob ( X t

s

= 1 | X t − 1

N

h

( s )

= x, U t

N

i

( s )

= u ) to b e equal to the lo cal conditional p

s

(1 | x, u ). So w e m ust find α

sr

, s, r ∈ S suc h that for all s ∈ S , ∀ x ∈ A

| N

h

( s ) |

,

u ∈ A

| N

i

( s ) |

w e ha v e

α

s 0

+ α

s 1

< w

s

, xu > + ... + α

sn s

< w

s

, xu > n s

= p

s

(1 | x, u ) . (20)

This is a linear equation in the α ’s. The follo wing conditions are sufficien t to guaran tee the

existence of a solution:

1. The degree n

s of the p olynomial in (20) is large enough,

2. The matrix [ < w , xu > n

]

xu ∈ A

M

h

+ M

i , 1 ≤ n ≤ n s is nonsingular.

If conditions 1 , 2 are satisfied, the solution to (20) is easy to compute.

W e can c ho ose n

s as large as w e please; to ensure that the matrix is nonsingular, c ho ose the

connectivit y w eigh ts as follo ws: w

sr

= 2 r

, for all s ∈ S , r = 1 , ..., n

s

. Then 1 , 2 are satisfied

and w e ha v e obtained the desired v alues for the lo cal conditionals p

s

(1 | x, u ). As p

s

(0 | x, u )=1 −

p

s

(1 | x, u ), it follo ws that p

s

(0 | x, u ) also ha v e the desired v alues. So w e ha v e repro duced the lo cal

conditionals exactly and w e ha v e built the sp ecified net w ork ( G , P ) from p olynomial units. Note

that w e can write the ev olution equations for the hidden and output v ectors as

X t

= g ( X t − 1

, U t

, V t

) , (21)

Y t

= h ( X t

, U t

, W t

) . (22)

This represen tation will b e useful (w e use it in [Keh1], [Keh3]) b ecause of the analogy with

con trol systems [Ma y82]. The case of non-binary alphab et A is more complicated, but can b e

solv ed similarly . The details will b e rep orted elsewhere [Keh2].

W e ha v e t w o net w ork descriptions: one is in terms of lo cal conditionals, the other in terms

of nonlinear functions and connection w eigh ts. In either case, a certain list of n um b ers has to b e

remem b ered b y ev ery unit (w e can think of the unit as a small pro cessor with a limited amoun t

of memory); these n um b ers are either the lo cal conditionals or the p olynomial co efficien ts. In

a certain sense the really imp ortan t quan tities are the lo cal conditionals, b ecause these can b e

computed (via the lo cal BF algorithm, see Section 4) m uc h faster than the w eigh ts. Ho w ev er,

once the lo cal conditionals are kno wn, sev eral represen tations are p ossible. W e ha v e a c hoice

of storing the full set of lo cal conditionals, or a full set of α co efficien ts that represen t exactly

the lo cal conditionals, or finally , a reduced set of co efficien ts that corresp ond to a lo w er order

p olynomial. A lo w order p olynomial can b e c hosen that appr oximates the lo cal conditionals.

W e can use a least squares appro ximation; the problem is linear in in the α co efficien ts and can

b e solv ed easily . W e ha v e to b e careful that w e do not get negativ e probabilit y v alues as a result

of the appro ximation. The robustness of Mark o v c hains to small p erturbations should minimize

the degradation of p erformance b ecause of appro ximation.

B EM and the Boltzmann Mac hine

The Boltzmann mac hine is an example of a recurren t sto c hastic net w ork. In the classical pap er

[A+85] b y Ac kley , Hin ton and Sejno wski it is describ ed as follo ws: “ ... The machine is c omp ose d of primitive c omputing elements c al le d units that ar e c onne cte d to e ach other by bidir e ctional

links. A unit is always in one of two states, on or off, and it adopts these states as a pr ob abilistic

function of the states of its neighb oring units and the weights on its links to them. ... The units

of a Boltzmann machine p artition into two functional gr oups, a nonempty set of visible units

and a ... set of hidden units ... ”. Ac kley et al. pro ceed to set up the 8-3-8 enco der problem as

follo ws: “ Two gr oups of visible units, designate d as V

1 and V

2 r epr esent two systems that want

to c ommunic ate their states. ... Each envir omental ve ctor in turn was clamp e d over the visible

units ... If the ener gy gap b etwe en the on and off states of the k -th unit is Δ E

k then r e gar d less

of the pr evious state set s

k

=1 with pr ob ability

p

k

=

1

1 + e

− Δ E

k

/T

(23)

wher e T is a p ar ameter that acts like temp er atur e... ”. They pro ceed to describ e a rather com-

plicated parameter estimation sc heme, whic h will b e discussed presen tly .

Let us place their mo del in the framew ork of sto c hastic recurren t net w orks. T ranslating

their terminology to ours, V

1

= S

i

, V

2

= S

o

, H = S

h

(where H is the set of hidden units). Our

conditional probabilit y function is in their case expressed b y (23); this is a relativ ely simple form

where Δ E

k is a function of the state of the neigh b ors and the w eigh ts (net w ork parameters).

T o b e more explicit, w e rename their no de k to s , with an input neigh b orho o d N

h

( s ) ∪ N

i

( s ).

Then the p

k in (23) is in our notation p

s

(1 | x

N

h

( s )

, u

N

i

( s )

) and is giv en b y

p

s

(1 | x

N

h

( s )

, u

N

i

( s )

) =

1

1 + e

( E (0 ,x

N

h

( s )

,u

N

i

( s )

) − E (1 ,x

N

h

( s )

,u

N

i

( s )

)) /T

(24)

where E ( . ) is an appropriate energy function. Th us (24) is the translation of (23) in our notation.

No w let us consider the connections b et w een the classical training of the Boltzmann mac hine,

the EM metho d and our lo cal BF algorithm.

W e ha v e explained the general EM idea in Section 4. Let us see ho w the classical Boltzmann

Mac hine estimation pro cedure, as presen ted in [A+85] fits in this sc heme. This pro cedure is

outlined b y Ac kley et al. as follo ws:

“...

1. Estimation of p

ij

: Each envir omental ve ctor in turn was clamp e d over the visible units ...

Statistics ab out how often p airs of units wer e b oth on to gether wer e gather e d at e quilib-

rium...

2. Estimation of p

′

ij

: The network was left c ompletely unclamp e d and al lowe d to r e ach e quilib-

rium ... Statistics ab out c o o c cur enc es wer e then gather e d for as many anne alings as wer e

use d to estimate p

ij

.

3. Up dating the weights: A l l weights in the network wer e incr emente d or de cr emente d by fixe d

weight step, with the sign of the incr ement b eing determine d by the sign of p

ij

− p

′

ij

. ...”

The EM c haracter of this pro cedure should b e ob vious. Steps 1 and 2 corresp ond to the

exp ectation phase (the exp ectations are computed b y thermo dynamic r elaxation and collection of empirical statistics) and Step 3 corresp onds to the optimization phase: Ac kley et al. sho w in

their App endix that the gradien t of their cost function with resp ect to w eigh t w

ij is proprtional

to p

ij

− p

′

ij

. Therefore their up date rule in Step 3 p oin ts to appro ximately the steep est descen t

direction.

So, BM training b y Relaxation, as w ell as our lo cal BF training are b oth sp ecial cases of

EM metho d. Comparison of lo cal BF training for the enco der problem (Section 5) with the

corresp onding section from [HS86] sho ws the clear sup eriorit y of lo cal BF, esp ecially in sp eed of

learning. On the other hand Boltzmann training b y sim ulated annealing is guaran teed to arriv e

to the global maxim um of the cost function if a slo w annealing sc hedule is used. No suc h claim

can b e made for lo cal BF. Ho w ev er, considering the standard practice of sp eeding up annealing

sc hedules, this p oin t b ecomes somewhat mo ot.

C SRN: a Sp ecies of Hidden Mark o v Mo dels

As w e ha v e already p oin ted out, the motiv ation for SRN training comes from the field of Hidden

Mark o v Mo dels (HMM) [BE67, L+83]. The lo cal BF algorithm is a mo dification of the Baum

BF algorithm. Another p oin t that is quite ob vious is that the SRN mo del is sp ecial case of a

HMM; in this app endix w e discuss this p oin t in more detail.

A HMM in v olv es t w o sto c hastic pro cesses { X t

}

∞

t =1 and { Y t

}

∞

t =1

. The hidden pro cess { X t

}

∞

t =1

is Mark o v, that is:

P r ob ( X t

| X t − 1

, X t − 2

, ... ) = P r ob ( X t

| X t − 1

) . (25)

The output pro cess { Y t

}

∞

t =1 dep ends “instan taneously” on the hidden pro cess. That is:

P r ob ( Y t

| ...X t +1

, X t

, X t − 1

, ... ) = P r ob ( Y t

| X t

) . (26)

On the other hand, w e kno w that the hidden and output pro cesses of a SRN satisfy:

P r ob ( X t

| X t − 1

, X t − 2

, ..., U t

, U t − 1

, ... ) = P r ob ( X t

| X t − 1

, U t

) . (27)

P r ob ( Y t

| ...X t +1

, X t

, X t − 1

, ..., U t +1

, U t

, U t − 1

, ... ) = P r ob ( Y t

| X t

, U t

) . (28)

It is ob vious that, if w e consider the (giv en) input U t

as a parameter, (25),(26) is exactly the

same as (27),(28). So SRN is a HMM. The only difference from traditional HMM’s, is that here

the pro cesses are not time in v arian t but v ary in time according to the v alue of input U t

at time

t . F or instance, sa y that the input U

1

= u

1

, U

2

= u

2

, ... is fixed. No w the Mark o v Chain { X t

}

is not homo gene ous , but inhomo gene ous , since

P r ob ( X t

= x | X t − 1

= z ; U t

= u t

) = P

z x

( t ) .

In other w ords the transition probabilit y matrix is time v arying. The same is true of the emission

probabilit y matrix:

P r ob ( Y t

= y | X t

= x ; U t

= u t

) = Q

xy

( t ) .

Note that, an y pair of pro cesses that satisfy the equations

X t

= g ( X t − 1

, U t

, V t

) , (29)

Y t

= h ( X t

, U t

, W t

) , (30)

is a HMM. This and the discussion in App endix A pro vide another p oin t of view that places

SRN as a sp ecial case of HMM. The represen tation ab o v e is also v ery common in the con text

of sto c hastic con trol [Ma y82]. The metho ds of sto c hastic con trol and HMM are quite differen t,

but b oth are w ell dev elop ed and it app ears that a com bination of metho ds from the t w o fields

will pro vide new p o w erful tec hniques for the study of SRN suc h as describ ed b y (29),(30).

One last p oin t with resp ect to mo delling. As w e ha v e already p oin ted out, w e can think of

lo cal BF as a HMM estimation algorithm that computes lo cal transition probabilities, rather

than the global transition matrix of the system. No w, remem b er that a SRN of M

h hidden binary

units has 2

M

h

states. So w e can implemen t large HMM’s (man y states) with relativ ely small

net w orks (few units). This allo ws p o w erful mo delling. On the other hand, using a SRN with

M

h units w e c annot get ev ery HMM with 2

M

h

states.

2

The reason is that the global transition

matrix P of a SRN cannot b e of the most general form p ossible; it is constrained b y the fact

that ev ery elemen t [ P ]

xz of the transition matrix has a sp ecial form ([ P ]

xz

=

∏

s p

s

( x

s

| z

N

h

( s )

)).

Coun ting of parameters sho ws that there are few er lo cal conditionals p

s

( x

s

| x

N

h

( s )

) than global

transition probabilities [ P ]

xz

. In other w ords w e ha v e a limited n um b er of v ariables at our

disp osal. This is not necessarily a bad thing, ho w ev er. In fact it is a w a y to deal with the

problem of o v erfitting (i.e. to o man y parameters m ust b e estimated from to o few datap oin ts).

In statistical terminology , the lo cal HMM is more p arsimonious than the global HMM.

D Alternativ e Viewp oin ts

This app endix is a v ery brief tour of some alternativ e p oin ts of view on the ob ject of our

study , namely SRN’s. Man y disciplines, outside of Connectionism, ha v e dealt with the same

ob ject (although calling it differen t names): a collection of randomly op erating in terconnected

finite state units. W e review v ery briefly the w ork done along these lines. W e mak e no claim

for completeness; w e are considering here sev eral v ery w ell dev elop ed researc h programs with

extremely v oluminous literature. Our aim is to just p oin t out some of the connections. In [Keh3]

w e will try to syn thesize them in to a more coheren t picture.

There is a certain in terc hangeabilit y b et w een our SRN mo del and the more classical connec-

tionist net w ork with nonlinear input/output units (see App endix A); the Boltzmann Mac hine

also fits in our form ulation v ery naturally (see App endix B). There is also a n um b er of not-so-

standard connectionist mo dels whic h ha v e ev en more ob vious resem blances to ours: see [P ea86,

Ale89, Gil90, Sun89, Nea90] etc. Another group of researc hers study Learning Automata [BA85,

NT85], an area whic h in tersects with Connectionism but is, in fact, a discipline in its o wn righ t.

Another discipline with its o wn history and researc h program, whic h strongly reminds us

of connectionism in general and SRN’s in particular, is the study of Cellular Automata (CA)

[W ol86]. In particular, probabilistic cellular automata are essen tially iden tical to SRN’s. The

tasks whic h are usually p erformed b y CA are, ho w ev er, quite differen t from those of connectionist

net w orks. An area of particular in terest for CA researc hers is h ydro dynamics and c haos [dL88]

2

W e will pro v e in [Keh2] that w e c an get ev ery HMM with 2

M

h

states using SRN’s with mor e than M

h binary

hidden units.

whic h are studied at a microscopic lev el b y lo oking at the ev olution of small finite state units

(“molecules” ?).

This leads to another group of researc hers, most of them mathematical ph ysicists, who try

to dev elop statistical ph ysics from microscopical foundations [Ell85, M+53, L+89, Leb90, Lig85,

Rue69, V as69]. T erms suc h as Ising mo del, sim ulated annealing etc. ha v e en tered connection-

ist mainstream from the w ork of this group. This w ork is strongly connected to the study of

Mark o v Random Fields [Dob65, Dob70, Gid85]. And Mark o v Random Fields theory has in turn

some v ery striking applications in Image Pro cessing [GG84]. [GG84] is an oft-quoted pap er in

connectionism and this is not an acciden t: the con v ergence analysis of sim ulated annealing pre-

sen ted there applies equally w ell to Relaxation metho ds [Ac k+83] used for Boltzmann Mac hine

training. So w e ha v e come full circle bac k to connectionism.

In fact, all the ob jects w e ha v e men tioned ab o v e are sp ecial cases of finite state, probabilistic

mac hines [P az71, Bo o67]; suc h mac hines are in turn a sp ecial case of machines in the algebraic

sense, as considered b y Kalman and Arbib in [Kal69].

No w, the abstract dev elopmen t of [Kal69] is impressiv ely general, but when w e lo ok for

sp ecific examples of their theory w e ha v e a rather limited c hoice. W e are basically lo oking at

mo dels of the form:

X t

= g ( X t − 1

, U t

, V t

) , (31)

Y t

= h ( X t

, U t

, W t

) . (32)

Here X t

is a hidden pro cess and Y t

is the output pro cess. U t

is the “con trol” pro cess and V t

,

W t

are white noise that adds (optional) randomness to the system. As already p oin ted out in

App endix A, the SRN mo del presen ted here fits in the framew ork of (31), (32). Another set of

mo dels that fit in this framew ork, are con trol systems [Ma y82]; ho w ev er, practically all systems

studied in con trol theory un til v ery recen tly in v olv ed pro cesses in con tin uous spaces (v ery often

the state space R n

). Apart from that difference, con trol theory deals with man y problems

that are extremely similar to those of connectionism, e.g. pro ducing a desired input/output

relationship, predicting future signals, classifying (“iden tifying”) signals etc. This suggests that

w e try to com bine the p oin ts of view of con trol and connectionism. Some w ork already exists

that com bines Con trol and Connectionist p oin ts of view; see [Bar89, Dre90, Keh90, Son90].

There is still, ho w ev er, ample scop e for an application of the con trol theoretic p oin t of view to

connectionism. A strategy that seems particularly promising, is the use of sto c hastic con trol

metho ds in the study of SRN’s. This is pursued in [Keh1].