[11] Arun Jagota and Oleg Jakub wicz (1989). Kno wledge Represen tation in Multi-la ered Hop�eld net ork Pr dings of the International Joint Confer enc on Neur al Networks, 1989 [12] Arun Jagota and Y.T. Hung (1990). neural lexicon in Hop�eld-st yle net ork, Pr dings of the Interna- tional Joint Confer enc on Neur al Networks, 1990 [13] en tti Kanerv (1984). Self-propagating Searc h: Uni�ed Theory Of Memory ep ort No CSLI-84-7, Center for the study of anguage and Information, Stanfor University [14] Lansner A., Ek eb erg O. (1989). one-la er feedbac arti�cial neural net ork with Ba esian learning rule. ch ep ort TRIT A-NA-P8910, Dept Of Numeric al nalysis and Computing Scienc e, oyal Institute of chnolo gy, Sto ckholm, Swe den [15] McClelland, Rumelhart, and the PDP Researc Group. (1986). Par al lel Distribute Pr essing ol 2, Schemata and Se quential Thought [16] T. Kohonen, Self-Or ganization and Asso ciative Memory Springer-V erlag, Berlin, 1984. 32 Relation Brother. raining Input jim jack john jim george jeff george will george he esting Input jim >> john jack jim he >> george will jeff he Case 2: When the relation is not tr ansitive By setting can retriev some clique in that represen ts its closure giv en sp eci�c test input. Note that, giv en test input, the closure is not, in general, unique. In other ords, there ma more than one clique in that is sup erset of the test input. Relation Acquain tance. raining Input jim jack john jim george jeff george will george he john jack jim rich rich jack rich john esting Input jim >> john jack jim rich he >> george he References [1] Hop�eld, J.J. (1982). Neural net orks and ph ysical systems with emergen computational prop erties. Pr d- ings of the National ademy of Scienc es, USA, 79, 2554-2558 [2] J.A. Bondy U.S.R Murt (1976). Graph Theory with Applications, North-Hol land [3] Lippmann, Ric hard An In tro duction Computing with Neural Nets. IEEE ASSP Magazine, April 1987 [4] Andrew G. Barto (1989). Connectionist Learning for Con trol: An Ov erview COINS chnic al ep ort 89-89, Dept Of Computer and Information Scienc e, University Of Massachusetts. [5] R.J. Williams, J. eng (1989). Reinforcemen Learning Algorithms as unction Optimizers. Pr dings of the International Joint Confer enc on Neur al Networks, 1989 [6] Andrew G. Barto (1989). Learning and Sequen tial Decision Making COINS chnic al ep ort 89-89, Dept Of Computer and Information Scienc e, University Of Massachusetts. [7] altz, Da vid L., ollac Jordan B. (1985). Massiv ely arallel arsing: Strongly In teractiv Mo del of Natural Language In terpretation, Co gnitive Scienc 9, 51-74 (1985) [8] Carp en ter Gail A. and Stephen Grossb erg (1987). massiv ely parallel arc hitecture for self-organizing neural pattern recognition mac hine Computer Vision, Gr aphics and Image Pr essing, 1987, 37, 54-115 [9] Barbara Mo ore (1988). Art and attern Clustering Pr dings of the 1988 Conne ctionist Mo dels Summer Scho ol [10] on Bell (1988). Sequen tial Pro cessing using ttractor ransitions Pr dings of the 1988 Conne ctionist Mo dels Summer Scho ol 31 ceiling walls small sofa bed frig Selected est Input: The net ork output is preceeded >> bed >> ceiling walls medium bed dresser curtains windows -- Without the internal resistance, ceilings and walls would -- be switched ON before dresser and the network would reach -- ceiling walls small sofa bed frig as the final state. -- By using (and learning) internal resistance, ceilings and walls -- have high internal resistance and so dresser switches ON -- before them leading to the desired final state (bed-room) bed desk >> ceiling walls medium bed dresser curtains windows -- bed has higher self-weight than desk and wins the competition. -- desk switches OFF. bed*1 desk*1 >> ceiling walls small bed desk -- Since, the input units are clamped, as shown in Lemma 9, -- the active units are in the intersection of the memories. Resolving ord meanings This example is deriv ed from and illustrates ho our net ork can resolv ord meanings from con text. In our example, ord order information is not used, so the example in is clearly sup erior. Ho ev er, our net ork do es con erge pro ably faster, ecause the unit states are binary The alue of as set to 3, that is in the clustering range. This setting as crucial to the op eration of the net ork for this example. raining Input bucks money bucks deer shot bullet shot waste shot fire shot tired hunt deer hunt bullet hunt fire gamble money gamble waste esting Input shot bucks hunt >> fire bullet deer hunt bucks shot shot bucks gamble >> waste money gamble bucks shot -- The above examples show that the context ’hunt’ or ’gamble’ influence -- the decisions of the network for the same input. Retrieving closure of binary relations Consider binary relation whic is symmetric The task is to store binary sets that satisfy and retriev larger sets, all pairs of whose elemen ts satisfy The retriev ed sets are termed as the closur of No size units are used in this application. Case 1: When the relation is also tr ansitive By setting 0, can retriev the connected comp onen in that represen ts the transitiv closure of the sp eci�ed test input. 30 The parameters of net ork (w eigh ts, thresholds) ere hosen to maximize capacit that eing the highest priorit ob jectiv e, whereas the parameters of the Ba esian net ork app ear to ha een hosen to impart it with Ba esian decision making capabilities. It is elief that, for con ten t-addressable memories, the lac of go storage capacit is bigger problem in single la er net orks than the lac of suitable statistical decision making capabilities. Secondly the dynamics of mo del and the Ba esian net ork are quite di�eren t. The Ba esian net ork erforms something lik maxim um osteriori (MAP) decision as to whic of the patterns in the training set is the most lik ely one to ha generated the input 14 ]. This is quite di�eren from dynamics, whic is sequence of lo cal binary decisions. My dynamics maps quite ell to some applications and pro vides the net ork with extremely rapid con ergence prop erties. Since units are switc hed OFF efore others are switc hed ON, it also allo ws the net ork to used only for noise remo al, if that is desired. Finally it op ens up oten tial use in sequen tial decision making allo wing the net ork’s state to output after eac decision instead of aiting till the �nal state (energy minim um) is reac hed. urther ork The �rst ma jor problem that ust addressed in mo del is that of spurious memories. In particular, theoret- ically motiv ated design of unlearning/reinforcemen of decisions ust incorp orated and it’s e�ectiv eness sho wn through extensiv exp erimen tation. If successful, this will also extend the applications of this mo del to those requiring learning of sequen tial decisions. The clustering prop ert of this net ork has een haracterised to some exten t. Sp eci�c applications ust found that can tak adv an tage of suc clustering eha vior. Multi-la er net orks based on this mo del (already dev elop ed in 11 ]) will considered for applications requiring hier ar chic al or multi-sc ale represen tation and/or those requiring sele ctive attention and se gmentation Multi-la ered net orks are also useful for reducing spurious memories and eeping the net ork connectivit lo w. Conclusion and Ac kno wledgemen ts Hop�eld-st yle net ork has een prop osed that has high capacit su�ers from lo in terference et een memories and exhibits other desirable prop erties whic can con trolled single parameter ). wish to ac kno wledge the con tribution of Prof. Oleg Jakub wicz, who taugh courses on Neural net orks whic dev elop ed bac kground in this exciting �eld. Prof. Oleg Jakub wicz also pro vided useful commen ts during the initial dev elopmen of this mo del. also wish to ac kno wledge the con tribution of Prof. Xinhe who pro ed Thm. and sho ed willingness to discuss some of ideas expressed in graph-theoretic form. Finally Prof. Da vid Sher has constan tly encouraged me to express the net ork prop erties in probabilistic terms. App endix In this section, sho some short examples that are quite insigh tful but don’t deserv the status of full- edged applications. It is hop ed that some migh lead to full-scale applications. All the follo wing examples ere tested and the examples con tain editted ersions of the actual net ork training and test sets/output. Micro-features in Ro oms This example as deriv ed from 15 and is discussed in more detail in 11 ]. It is rep eated here to sho certain asp ects of net ork dynamics (during recall) not discussed in 11 ], sp eci�cally the use of in ternal resistance, self-w eigh ts and clamping. as set to 15, to 15 and to 6. raining Input: 10 ceiling walls small frig stove oven 10 ceiling walls small tub toilet sink towels 10 ceiling walls medium bed dresser curtains windows 10 ceiling walls large sofa arm-chair ceiling walls small desk lamp ceiling walls large bed sofa 29 ords os os os os os os 409 390 394 371 302 143 366 377 331 266 248 90 able 1.5 Learning desirable tra jectories The net ork’s eha vior can haracterised as sequence of decisions whic transform an initial state to �nal state. The task of the net ork is to reac desired �nal state from some initial state. This goal can accomplished enalising esp onsible decisions when an undesir able �nal state is reac hed and einfor cing esp onsible decisions when desir able �nal state is reac hed. net ork that has learn desirable tra jectories (of sequen tial decisions) can also used for sequen tial decision making. Within this framew ork, the reinforcemen and unlearning algorithms describ ed ab are sp ecial cases of tra jectory learning that unlearn or reinforce only the last net ork decision on tra jectory Let us examine the general case within our net ork arc hitecture. will restrict ourselv es to considering only switc decisions. Let the set of units activ at and some candidate unit to switc ON at +1 Let the set of eigh ts the unit gets from units in and the in ternal resistance of Then the decision made at time +1 is function of sp eci�cally it is based on summing all it’s argumen ts and thresholding. particular decision can enalised reducing this sum, whic en tails reducing some of the argumen alues, that is eigh ts and/or in ternal resistance. decision can reinforced doing exactly the opp osite. As the um er of stored memories increases, man path segmen ts will probably lie in undesirable as ell as desired paths. This could lead to the problem that unlearning segmen of an undesirable path will also unlearn the segmen from desired path (and vice ersa). An unlearning/reinforcemen rule will ha to devised whic recognises this problem and attempts to mitigate it within the con�nes of the net ork arc hitecture. Extensiv exp erimen tation will then ha to done on large training sets to determine it’s e�ectiv eness. Reinforcemen learning migh pro vide the general framew ork within whic to do reinforcemen and unlearning of the kind an ], ]. rough sk etc of ossible algorithm is as follo ws. Whenev er unit switc hes ON, eep trac of this switc and all the units that ere activ when it switc hed. If the net ork reac hes spurious state, then increase this unit’s in ternal resistance and decrease the eigh ts from the units that ere activ at that time. Comparisons with other mo dels ould lik to mak ery brief comparisons with other neural net ork mo dels that ha een applied to (or prop osed for) CAM. These comparisons are no means in-depth, fo cus only on the bare essen tials. Our mo del exhibits clustering eha vior that could useful for man applications. Certainly at oth extremes, one of whic is CAM, the other is �nding onne cte omp onents (b setting to 0). Most other mo dels don’t exhibit oth prop erties, so comparisons will limited to CAM eha vior. will assume that the dimensionalit of input ectors (or training input) is and is the um er of memories stored. The Hamming net, ], can used for con ten t-addressible memories. Whereas the Hamming net minimizes Hamming distance, the mo del that I’v prop osed do es not (Corr. 3). The Hamming net requires at least connections (ignoring the connections for the winner-tak e-all e�ect in 2), whereas mo del requires 1) connections. Hence, mo del requires less connections for assuming is in the range in whic spurious memories are still not problem. SDM is another mo del that can em edded in to 3-la er neural net ork and can used for CAM 13 ]. Retriev al is ypically based on Hamming distance criterion, while in mo del it is not. SDM allo ws storage of pairs of patterns (address, data). SDM, is more general, since it is true pattern asso ciator whereas mo del (and the original Hop�eld net ork) can used only for CAM. CAM is sp ecial case of pattern asso ciation where the patterns eing asso ciated are the same. SDM, ho ev er, requires units in the 1st and 3rd la ers and ab out 20 units in the second la er (p ersonal comm unication with Douglas G. Danforth, RIA CS, Nasa). This means that it ould require ab out 20 binary connections (input-to-hidden la er) and ab out 20 real-v alued connections (hidden-to-output la er). Using argumen ts similar to those in the Hamming net comparison, for the storage requiremen ts of SDM are considerably higher than those of mo del. Finally ould lik to compare mo del with one-la er Ba esian net ork dev elop ed in 14 ], whic is similar (in arc hitecture). Firstly the design goals ere quite di�eren and hence the resulting net ork prop erties are di�eren t. 28 of able 1.5. The um er of units used as 999, 338 (letter,p osition) units as efore and 661 new transition units. The last ro of able 1.4 should compared with the 1st ro w, 1st column of able 1.3 (corresp onding to els). The test input as the same as used for that ro in able 1.3 except that transitions ere added as appropriate. Adding transitions in this case reduces spurious memories from 621 to 492, an impro emen of ab out 20%. ords os os 420 441 258 279 492 498 able 1.4 The �rst ro sho ws when the transitions ere not included in the test input. or instance, the test input after os as remo ed from the ord ar as c1 r3 d4 The second ro sho ws when the transitions ere included. In the ab example, the test input ould c1 r3 d4 r3d4 The ab exp erimen suggests that at least 10-15 impro emen is ossible including transitions oth during training and testing. The main adv an tage of suc represen tation is that it sho ws that spurious memories can reduced increasing the net ork size, without ha ving to hange the net ork arc hitecture. The main disadv an tage is that the increase in net ork size required ma prohibitiv ely large for man applications. The transitions (and higher order correlations, in general), can mo ed up to higher la ers in ulti-la ered ersion of this net ork, reducing considerably the connectivit of the net ork. This approac will pursued seriously There are man generalisations of this approac that can considered, including self-organising net ork (single or ulti-la ered) that has ol of units (in one or man la ers) and assigns units to detect sp eci�c higher-order features based on dynamically-adjustable estimate of their utility The ab sc heme and its arian ts are metho ds of minimizing the um er of spurious memories that dev elop for giv en application represen ting higher order features and increasing net ork size and/or arc hitecture to accommo date them. more fundamental question is, giv en �xed net ork size, if and to what exten the um er of spurious memories can reduced. In the follo wing approac hes, used only single la er net ork and simple feature represen tations and addressed the question of ho and to what exten spurious memories could unlearn t. Reinforcing and Unlearning eigh ts The �rst approac to ok as to unle arn eigh ts. The results of some exp erimen tation with this approac are summarised in the section on Applications (T able 1.2). The unle arning algorithm is rather straigh t-forw ard and is discussed in detail in 12 ]. It is quite e�ectiv when there are et een 100-1000 stored memories. brief description of the algorithm (in the con text of the lexicon application) is as follo ws. est the net ork with the trained ords with the th letter remo ed from eac ord. Note all the spurious ords reac hed, in other ords, the ords in whic the th letter as �lled in incorrectly Unlearn the connections et een the incorrectly �lled in th letter in eac spurious ord and the rest of the letters of that ord. This is done to ensure that unlearning do es not a�ect all connections of the spurious ord, only those connections that could ossibly resp onsible for the spurious state (since the net ork made only one wrong decision, �lling in the th letter incorrectly). or eac spurious ord reac hed, reinforce the connections et een the correct th letter and the rest of it’s letters. Again, only those connections that could ha switc hed ON the correct unit th letter) are reinforced. Doing reinforcemen in addition to unlearning is ery imp ortan and giv es uc etter results than unlearning alone. Reinforcing and Unlearning in ternal resistance The ab algorithm is reasonably e�ectiv for mo derate size training sets. This unlearning/reinforcemen algorithm do esn’t hange the in ternal resistance of units. consider the e�ect of incorp orating it, the follo wing exp erimen as erformed in whic the ab unlearning/reinforcemen algorithm as used �rst to reduce the um er of spurious memories. as set to 15 and to 0. Then, the same algorithm as used but this time only the in ternal resistance of the unit that switc hed in the last decision as hanged. If the wrong unit as switc hed ON, it’s in ternal resistance as increased and the in ternal resistance of the unit that should ha een switc hed ON as decreased. as allo ed to tak alues in the range [0 15] and as set to in this second part. The exp erimen as conducted on the 1021 ords asso ciated with the phonemes exp erimen (see able 1.2, 1.3). able 1.5 summarises the results sho wing that learning in ternal resistance ac hiev ed 5-10 additional reduction of spurious memories. The rest of the parameters in this exp erimen ere as in the second part of able 1.2. 27 the ector of the net inputs to all the units, the ector of lo cal energies of all units, the ector of their in ternal resistances and f� ), the ector of the directions in whic they can switc h. Also let the column ector of eigh ts et een and the other units. Energy-descen Algorithm: 0; init( )) for do end for lo op 0& 0& otherwise osition of max( if then exit if then 1; +1 else 0; +1 endif end lo op Running Time There is ector instruction efore an lo op, inside the for lo op and ector instructions in the second lo op. assume that all except one suc ector instructions can done in one step. The exception is osition of max, whic assume can done in og steps using binary tree circuit. Since the assumed maxim um size of an input, the for lo op is rep eated at most times. By Lemma 8, the net ork con erges in steps, hence the second lo op is rep eated at most times. It follo ws that the running time during energy-descen is (3 og 2). This is nl og ), eing the um er of units, and ev en etter og )) when the stored memories are of small size, that is, << Clearly the ab algorithm could directly realised in sp ecialised hardw are capable of supp orting the required ector op erations in one cycle eac h. Since only ector op erations are erformed, the size of the circuitry ould linear in The for lo op could implemen ted shift register whic stores only the indic es of the units that are ON. Similarly the ab algorithm can directly implemen ted on sequen tial mac hine storing in link ed list and serialising all the ector op erations. Since serialising an ector op eration should in tro duce more steps, the total um er of steps is on the or der of (5 5) and since ). Ev en on sequen tial mac hine this algorithm is ery fast, from linear to dep ending on whether << or Minimizing Spurious

Memories It ould fair to sa that the most fundamen tal de�ciency of mo del (and single la er net orks in general) is that spurious memories can dev elop and their rate increases dramatically with the um er of stored memories. There ma man ys to attac this problem. One is to use ultiple la ers, higher la ers represen ting more complex features. Another approac is to extract and use higher order statistics creating units for them in the same la er, so that one still needs only one la er. The follo wing exp erimen as done to sho the e�ectiv eness of the latter approac h. The net ork as trained with the 1021 ords asso ciated with the phoneme application. Unlearning as done, oth of eigh ts and in ternal resistance un til the results of able 1.5 ere obtained. Then, the net ork as retrained on the ords but this time, the training input comprised of the letters in ord plus the �rst few transitions. The ord at for instance, as no presen ted to the net ork as follo ws. c1 a2 t3 c1a2 a2t3 The size unit as explicitly included in the training input and the net ork as told not to compute it implicitly able 1.4 summarises the results. The �rst ro ws should compared with the �rst columns of the second ro 26 denote the domain of distinct alues of eac elemen of the ey Clearly has com binatorial structure. By Thm 5, an set of tuples in can stored cleanly (without losing an memory) in net ork requiring units. uples of uniquely determine tuples of The non-k ey �elds of are stored in second la er, whic receiv es connections from that represen the functional dep endencies from the ey �elds to the non-k ey �elds. In other ords, these connections are used to uniquely determine, giv en tuple in the rest of the �eld alues of the corresp onding tuple in The reason for the breakup in to la ers is to reduce the um er of connections required at and hence, e�ectiv ely for since can reconstructed from activ units at store only at need connections in whereas to store at ould need connections in The issue of the connections required at and et een and and the in ter-la er op eration of the net ork are ey ond the scop of this pap er. wish to discuss under what circumstances storing relational database in our neural net ork (b storing at is desirable thing to do. Suc sc heme should considered for storage only if the ey sub-domains constituting are �nite and fairly small, that is is ell ounded, whic is, ho ev er, not ypically the case in practical database applications. Also, the net ork will ha een utilised ell if ), that is, has large um er of tuples, of the order of the maxim um ossible, whic is again ypically not the case. There probably are some database applications, ho ev er, for whic these conditions are met. Ev en, if so, it ust noted that the retriev al haracteristics of our net ork are quite di�eren than those required of most database systems. Since are con�ning our discussion to will assume that the task (for comparison purp oses) is to retreiv tuples of that matc artial sp eci�cation of the ey In other ords, giv en some alues of parts of the ey to retriev all those complete eys that matc h. Database systems ypically retriev all the tuples (0 to man y) that matc the input. Our net ork retriev es exactly one tuple that matc hes the input conditions (ev en if there are man or none that do). The net ork can ho ev er, suitably extended to retriev all the tuples that matc the input. It can also easily mo di�ed to not �lter out noise, in other ords, if no tuple matc hes the input, then return none. more fundamen tal problem that can’t recti�ed that easily is that of spurious memories. In other ords, there is no guaran tee that the net ork will retriev tuple that as stored, unless the input matc hes that tuple exactly The probabilit of spurious retriev al can haracterised exp erimen tally but for most applications, it is not enough to do so. If the goal, on the other hand, is, to retriev the missing alues of sub-domains that est correlate with the alues in the input, based on the set of tuples that are stored in the net ork, then, of course, the net ork erforms rather ell. Another adv an tage, of course, is that retriev al is massiv ely parallel and fast, within steps, eing the um er of sub-domains. Implemen tation of Net ork Dynamics Analog implemen tations ha een considered for the Hop�eld net ork and man lessons from those exp eriences can transferred to this mo del. The main adv an tages if suc tec hnology ere successful ould the direct implemen- tation of the multiply and add op erations (in Eqns 6,7) ph ysical haracteristics of analog devices the ossibilit of incorp orating learning directly in to the analog elemen ts that form the synapses and the oten tial for implemen t- ing the en tire sp ectrum from con tin uous to discrete net orks and from deterministic to sto hastic net orks (b adding analog noise) in single arc hitecture. This ould pro vide enormous sp eed-ups and incorp oration of the en tire net ork in to single hip and allo the en tire gam ut of con tin uous/discrete units, step-wise/con tin uous/sto hastic energy-descen eha vior. The main problems app ear to the di�cult of constructing units that can tak inputs for large sa 500), the di�cult of managing the total connectivit on plane and the di�cult of building compact synapses capable of learning. Other ossible problems include the inheren instabilit asso ciated with analog circuits. On the other hand, digital implemen tations are quite feasible and simpler to construct, but still su�er from connectivit requiremen ts. If limit ourselv es to implemen ting only the energy-descen eha vior, can tak adv an tage of the fact that our units are binary and energy-descen is step-wise to construct an algorithm that can directly realised in sp ecialised hardw are, directly implemen ted on ector mac hine or directly implemen ted on sequen tial mac hine. Assume an abstract ector mac hine capable of adding -dimensional ectors, �nding the osition of the largest comp onen and other ector op erations in one step eac h. is the dimensionalit of our net ork. Let :s the set of features ON in the input. eatures could ha eigh ts or clamp ed to 1) or clamp ed to 0). Let the ector of the alues of eac unit has alue in the in terv al [0 1] or has the alue to indicate that it is clamp ed to or 0. Assume the op eration, init initialises these alues from the set dep ending on whether the corresp onding has eigh or if is clamp ed to or 0. Let 25 Net ork as �lter If the net ork is used for CAM, spurious memories ecome problem as the training set size is increased. ma observ e, ho ev er, that the net ork’s decisions can in terpreted at �ner lev el, that of individual units. In tuition ould indicate that ev en when the net ork is at spurious memory man of the desir units are activ e. In other ords, ev en though its macro-decision is completely wrong, go fraction of it’s micro-decisions are probably correct. If this is indeed true, the net ork will erform etter as �lter that transforms an input set in to etter but not alw ys correct, output set. And if the domain has com binatorial structure, the �lter has the desirable prop ert that an correct input is passed through the net ork without an hange. test the ab theory the follo wing exp erimen as set up. The 1021 ords asso ciated with the phonemes in the phonemic application ere used as the training set. exp erimen ts ere conducted, eac ro of able 1.3 summarising the results of eac h. In the �rst exp erimen t, the �rst els from eac ord ere remo ed and that constituted the test set. able 1.3 sho ws that ab out 61% of the time, the net ork settled at spurious memory Ho ev er, it �lled in only 950 letters incorrectly out of 2421 missing in the test input, giving it micro-decision error rate of 40%. In the second exp erimen t, ultiple yp otheses ere added at eac letter osition to ords in the training set and this constituted the test set. The net ork as used to elax constrain ts in eac test input in an attempt to settle to single letter at eac osition. This time the ercen tage of spurious memories reac hed as 31%, uc lo er than the previous case. By comparison, the micro-decision error rate 442 10607 7022 as 12 %. The third exp erimen had exactly the same setup except that the net ork’s energy-descen as stopp ed efore an unit could switc ON. Thm sho ws that the net ork alw ys switc hes units OFF efore switc hing an unit ON. It ould seem that one could tak adv an tage of this prop ert to pro vide an option in whic only noise ould remo ed, no �lling in ould done. Clearly this mak es the �lter more conserv ativ e. This option can trivially implemen ted incorp orating single conditional hec in to the algorithm: Stop the energy-descen just efore the �rst switc h-ON decision (see algorithm in the Implementation section). The third exp erimen sho ws that the micro-decision error ercen tage drops to 9.5 but no of the letter ositions in all the ords ere left uncommitted (v acan t). Exp yp spurious yp otheses #letters correct #letters in error #letters uncommitted (initially) (�nally) (�nally) (�nally) els 621 1467 950 Multiple yp otheses 309 10607 7022 442 Multiple yp otheses (switc h-OFF only) 10607 6820 362 289 able 1.3 Again, �; ere as in able 1.1. Relational Database This section is not in tended to sho serious application of mo del to ards database managemen t, only that certain kinds of databases ha com binatorial structure and so can stored in net ork without losing an memories. If database managemen is to seriously considered, will need la er net ork (as discussed brie y elo w) detailed description of whic is ey ond the scop of this pap er. The Relational database mo del is ery opular database mo del. database is collection of relations, eac -ary relation is set of -tuples on domains, More compactly ey of relation is set of sub-domains on whic is de�ned whose alues tak en together uniquely iden tify an tuple of Let :::X :::D where denotes that is domain in the ey Then construct new relation pro jecting out only the ey alues of the tuples of that is ... Store in our single la er net ork (denoted as follo ws. Let ::D 24 That this as the case as also exp erimen tally eri�ed storing upto 25 000 ords cleanly Example: Store the ords, at, ar, dim c1 a2 t3 c1 a2 r3 d1 i2 m3 An example of test input is c1 a2 That spurious memories can dev elop is illustrated the follo wing simple example. Store the ords, ar, on, for spurious memory or will dev elop. One of the main goals of this exp erimen as to ascertain the um er of spurious memories that ould dev elop, as function of the um er of stored ords, and to test the e�ectiv eness of the spurious memory unlearning pro cedure rep orted in 12 ]. able 1.1 also giv es an indication of ho the net ork size scales for this application. The um er of spurious memories is relativ measure, since simple pro cedure as used to detect them, not guaran teeing that all ere detected. They are used only for relativ comparisons. able 1.1 sho ws, ery roughly that can store upto 500 ords quite reliably but as mo in the range of 1000 or more ords, the um er of spurious memories increases dramatically as set to 15, to 0. as in the CAM range ([ 40 30]). ords Units Spurious (Before) Spurious (After unlearning) 150 110 30 353 248 84 40 5873 489 4774 4000 25622 533 19802 18000 able 1.1 Phonemic transcriptions of ords In this application, wish to store and retriev phonemic transcriptions of ords in the net ork. This domain also has com binatorial structure, so the net ork guaran tees that an collection of memories will stored cleanly The results sho wn elo should not in terpreted as serious attempt to do sp eec recognition, but rather as an example of ho phonemic transcriptions can mapp ed on to this net ork as CAM application and an indication of ho man spurious memories dev elop. database of phonemic transcriptions of ords as obtained. Some examples of phonemic transcriptions from this database are as follo ws. The last �eld on eac line sho ws ho the transcription as mapp ed as CAM memory ABASHED AX AE SH TD AX1 B2 AE3 SH4 TD5 ABHORRENCE AX HH AO EN AX1 B2 HH3 AO4 R5 EN6 S7 The net ork as trained with 1021 phonemic transcriptions of ords, requiring 458 units. The training as ery fast, ab out one min ute (real-time, not cpu-time) on sequen tial mac hine. The net ork as then tested remo ving the phoneme at particular osition from eac phonemic sequence. The total um er of spurious memories reac hed from the test set as coun ted. able 1.2 indicates the appro ximate um er of spurious memories and the e�ectiv eness of the unlearning pro cedure. Eac column heading indicates the osition of the phoneme that as remo ed from all the phonemic transcriptions that ere used during training. The �rst ro indicates the of spurious memories efore unlearning, the second ro after unlearning. After the exp erimen as done, it as felt that the um er of spurious memories as signi�can tly less than those for the lexicon application for similar training set size. con�rm this observ ation, the 1021 ords from whic the phonemic transcriptions ere generated ere stored in separate net ork (requiring 338 units) and the spurious memories coun ted after the same um er of unlearning cycles. The 3rd and 4th ro ws of able 1.2 sho the results. It app ears that the phonemic application creates 15 20% less spurious memories than the lexicon application oth efore and after the same um er of unlearning cycles. The di�erence in the size of the net orks ma accoun for some, if not most of this di�erence. Phonemes os os os os os os 446 328 355 292 196 116 237 193 160 122 82 47 ords os os os os os os 592 578 511 450 412 317 410 377 407 358 260 184 able 1.2 In all of the exp erimen ts in able 1.2, �; ere the same as in able 1.1. 23 Thm tells us that can store an collection of -dimensional binary ectors cleanly will no discuss ho one migh store collections of real-v alued -dimensional ectors cleanly in this net ork. Let ::x [0 1] real-v alued ector and without loss of generalit assume that eac comp onen tak es alues in the in terv al [0 1] (as sho wn ab e). The [0 1] in terv al, for eac comp onen t, sa is individually quan tized to create domain of alues. The issue of quan tization is represen tation issue that on’t discussed further. ma note that the quan tization ma di�eren for di�eren comp onen ts (that is need not the same), dep ending on the individual precisions required. It ma not ev en uniform in the [0 1] in terv al for particular comp onen t. Let denote the domain of alues for the st th comp onen ts after quan tization. then create net ork whose units corresp ond to the domain Clearly has com binatorial structure. The ector as sho wn ab e, is then stored �rst quan tizing eac comp onen alue, denoted and then storing the follo wing set as memory An ob vious disadv an tage of the ab sc heme is that large um er of units ma required to represen the domain of alues of comp onen t. And since the um er of connections is ), eing the um er of units, this can indeed problem esp ecially when high precision is required and/or the ector dimension is large. Analog neural net orks usually require only one unit er comp onen t, unit ha ving real-v alued state that can directly store an alue of comp onen t. Analog net orks, ho ev er, ha limited capacit (t ypically )) and stored real-v alued ectors start in terfering with eac other as this limit is reac hed. This is not the case with our net ork, where an collection of suc ectors can stored cleanly Another adv an tage, almost as imp ortan t, is that training is ery rapid, ypically one-shot (except for unlearning spurious memories). Analog net orks ypically require man iterations during training. Finally our net ork exhibits rapid con ergence and ell-c haracterised dynamics (Thm 4). Analog net orks ypically require man cycles to con erge. One adv an tage of our net ork that is not ev en ossible in analog net orks is that the net ork can used for relaxation of ultiple comp eting yp otheses in the input. Since our net ork has di�eren units for di�eren domain alues, the test input can con tain ultiple alues for the same comp onen t. The task of the net ork is to settle to suitable �nal state in whic eac comp onen has exactly one alue ON. Ev en though it ma app ear otherwise, it is not in ten tion to suggest that discrete net orks are sup erior to analog net orks, on the con trary it is opinion that analog net orks are more erful and general-purp ose. et, for certain sp eci�c applications, claim that mo del has ery desirable prop erties that analog net orks do not ossess. Structure of Finally it is insigh tful to commen on the relationship et een domain with com binatorial structure and the underlying graph in the net ork that it pro duces. state, without pro of, that if has uniform com binatorial structure, that is =m eing the partition size of then if all ossible memories on are stored, the underlying graph has subgraph that is m;n is 1-partite, the �rst partitions corresp onding to the partitions in m;n and the last partition (of size con taining the size units. Applications In this section, presen brief summary of the results of extensiv exp erimen tation on one application of the mo del. or more details of the application and the exp erimen ts, see 12 ]. also presen results of short exp erimen ts on other applications. These ha not een published elsewhere. These results pro vide additional insigh in to the net ork’s prop erties. Lexicon In this application, wish to store ords in the net ork and recall correct ord from incorrect, imprecise or am biguous information. This domain has com binatorial structure, so an um er of ords can stored cleanly 22 Lemma 18 If has exactly two ombinatorial omp onents then no spurious memories an develop. Pro of: or spurious memory to dev elop, one of kinds of edges ust shared the spurious memory and some other stored memory x; 1) or x; The x; 1) kind of edge can nev er shared ecause it uniquely stands for the memory x; Similarly the x; kind of edge cannot shared more than one memory ecause x; is an edge only in one memory x; Hence no spurious memory can dev elop. It as pro ed earlier (Thm 1) that if only -ary sets are to stored in the net ork, and are allo ed to ho ose collection that maximizes storage, then can ho ose n=k suc sets (assuming is ultiple of ). This also follo ws directly from com binatorially structured domains. Consider an application in whic has com binatorial structure and sub-domains of equal size. Hence i; n=k Since are storing -ary sets, the um er of ossible memories is n=k and since has com binatorial structure, all memories are stored cleanly Relaxing ultiple comp eting yp otheses Let ::: com binatorially structured domain and consider test input in whic man (0, or man y) units are ON from eac sub-domain The task of the net ork is to settle in to suitable �nal state in whic exactly one unit is ON in the �rst domains. Since is com binatorial, units in eac sub-domain are utually inhibiting. By Thm 4, the net ork will �rst switc OFF units un til all the activ units are utually consisten t. When this happ ens, no sub-domain can ha more than one unit ON. This pro cess can in terpreted as the relaxation of ultiple comp eting yp otheses. But some sub-domains ma ha no unit ON. The 2nd part of Thm tells us that units will switc hed ON un til the net ork is at �xed oin t. The erall eha vior can haracterised as relaxation of ultiple yp otheses follo ed "�lling in" missing details. Example: The follo wing ords are stored. maple, blvd, bu�alo The test input is m1,b1,a2,l2,v3,p3,l4,e5 The net ork will probably retriev maple No w, come to one of the most imp ortan results that sho ws that an domain can transformed in to one with com binatorial structure. This sho ws, e�ectiv ely that all ossible memories, on an domain, can stored. Theorem ny ol le ction of -dimensional binary ve ctors an stor in network ontaining units without losing any stor ve ctor. The, network, ther efor e, has exp onential ap acity, Pro of: Construct the domain as follo ws. [1 Hence, has sym ols for oth alues (0,1) at eac osition of the -dimensional binary space. can partitioned in to sub-domains, (19) where (0 (1 Clearly the set, corresp onding to an stored ector ust suc that has com binatorial structure and hence, Thm 6, all memories can stored cleanly Since there are ossible binary ectors, the net ork capacit is An domain con taining sym ols can transformed in to one with com binatorial structure con erting eac memory on to its binary ector form and storing that form as set as in Thm 6. Since kno that the domain of Thm has com binatorial structure, can in fact ev en store binary ectors of man dimensions (from to all in the same net ork using additional size units. In the sc heme outlined Thm 6, spurious minima can still dev elop as sho wn the follo wing example. If store the 3-dimensional ectors 111 100 001 will get 101 as spurious memory 21 Domains with suc structure include lexicons (w ord dictionaries), phonemic transcriptions of ords, �nite length sequences, and relational data bases. It is also sho wn that an domain can transformed in to one with suc structure. Defn et domain. Then if an artitione into disjoint sub-domains and such that the only stor memories ar or der sets erhaps di�er ent but then has ombinatorial structur of artition size One imp ortan sp ecial case is when all the are the same domain, Then can represen ted as 2-d domain one dimension for and the other for :::n Ordered sets, lik can stored in the net ork only as unordered sets (since the net ork cannot preserv order information). This can done ensuring that the sym ols in all the sub-domains are distinct renaming them if necessary Examples: a1, b1, c1, a2, b2, c2, a3, b3, c3 If ho ose D1 a1, b1, c1 D2 a2, b2, c2} D3 {a3, b3, c3 then are examples of legal sets that can stored but are not. Lemma 14 Irr esp ctive of the memories stor d, onne ctions etwe en units asso ciate with two symb ols fr om the same domain ar always inhibitory. Pro of Assume suc that x; and xy is not inhibitory Then there ust stored memory whic has oth and But de�nition, can ha at most one sym ol from eac sub-domain. Lemma 15 et some ol le ction of the stor memories. If they don ’t al have the same size, then in the gr aph underlying the network, annot clique Pro of Let i; suc that Let sz sz size units for resp ectiv ely Since sz and sz are di�eren size units. Since no memory can ha oth sz and sz sz ;sz is alw ys inhibitory that is not adjacen in Hence, since sz sz is not clique. Lemma 16 et some of the stor memories. If they ar al of the same size, annot clique in Pro of Pic an memories Since they are of the same size, they ust ha di�eren sym ols in at least one domain, sa Let denote the sym ols from in resp ectiv ely ). By Lemma 14, and are utually inhibiting, and hence, not adjacen t. But, since it follo ws that cannot clique. Theorem If has ombinatorial structur e,then the network do esn ’t lose any stor memory. Pro of: ha to sho that the only cliques in the net ork are those that corresp ond to stored memories. Since training the net ork with new memories can mak connections only more and cliques corresp ond 1-1 to maximal complete subgraphs of connections in the net ork, it follo ws that the only net ork can lose stored memory is if larger clique dev elops that subsumes it. More formally this can happ en only if there exists some collection of stored memories suc that their union is also clique. But By Lemmas 15,16 this is not ossible. Lemma 17 The network an develop spurious memories but their size is 1) pro of Supp ose spurious memory forms of size 2). Since has sub-domains, and one more for size units, it follo ws that there is some sub-domain or the sub-domain represen ting size units, that has at least elemen ts from But that is con tradiction since no memory can ha more than one sym ol from eac sub-domain. Implication The ab e, almost trivially ob vious Lemma is quite useful ecause it allo ws us to ound the size of the maxim um clique, to 1. As e’v seen earlier, this allo ws us to set the alue of It is imp ortan to realise that suc ound can only placed when has com binatorial structure. If not, then since collections of memories can collapse to form larger cliques (see examples in Section ’Storage Prop erties’), suc ound cannot placed priori 20 Hierarc hical clustering After collection of (sa memories is stored in the net ork, the alue of can hanged and the hanges in the clusters that form (merge, split or new) can pro vide useful information ab out the structure of the memories, or rather the structure of Consider sa When 0, is one cluster. Supp ose, when min (2( 1) ), is still one cluster, then, clearly the connected comp onen is clique, ery dense subgraph of On the other hand, if splits up in to clusters where then clearly is ery sparsely connected connected comp onen t. Similar analyses can done observing ho the clusters hange based on small hanges to In general, if small decrease in the alue of causes cluster to break up in to man parts, then the subgraph corresp onding to the original cluster has ets (subgraphs) of sligh tly higher than minim um densit Implemen tations of this net ork migh consider allo wing dynamic hanges to making it ossible to erform hierarc hical clustering dynamically Noting the fact that the only negativ eigh ts in the net ork are of size ma mak the implemen tation simpler, in principle. Stabilit of clusters Finally let me men tion few other prop erties that accompan the clustering eha vior exhibited this net ork. Firstly the um er of clusters formed is alw ys �nite since it is the um er of original memories whic is �nite. Secondly for constan as new memories are added to the net ork, the size of clusters and the um er of clusters can only increase, neither can ev er decrease. This is ecause new memories can only add additional edges in the underlying graph causing either an existing cluster to gro in size, or new cluster to form after ev ery suc addition (of memory). If no map eac cluster protot yp to oin in the -dimensional space of units, then the cluster pr ototyp ve ctors can only mo in one direction after new memories are added. Also, the um er of oin ts (clusters) can only increase. Hence, the clustering is stable in the sense of ]. Finally ould lik to explore what happ ens when units are clamp ed in the input. Clearly ould lik to see if can generalise Lemma and write it as function of will, ho ev er, restrict ourselv es to the case when all units in the input are clamp ed to and they are all utually inhibitory Lemma 13 et the input to the network at time in which al units ar clamp to and they ar al mutual ly inhibitory. et the state at which the network ests at time Then Pro of 1. Supp ose ), By Lemma 12, ust switc OFF at time +1 This is con tradiction. Implication: Recall, for CAM, that the (unclamp ed) units activ in the resting state are in the in tersection of some collection of memories con taining all the clamp ed units, but where the clamp ed units themselv es ma lie outside the in tersection. But when is in the range when clustering tak es place, the (unclamp ed) units activ in the resting state need correlate -ly only with fraction of the other activ units. Lemma 11 sho ws that when the activ units are in the union of the connected comp onen ts. Hence, arying can go smo othly from �nding the in tersection of set of memories to it’s union. Domains with Com binatorial structure The Hop�eld-st yle net ork describ ed ab is esp ecially suited to class of applications whose domain (and the memories to stored) ha particular structure describ ed elo w. It is sho wn that under these circumstances, the net ork stores all memories erfectly e�ectiv ely ha ving exp onen tial capacit This is not to sa that no spu- rious memories will dev elop, on the con trary it has een exp erimen tally sho wn that spurious memories increase dramatically as the um er of stored memories do es. 19 Lemma 12 et the time when the network ests and the set of units ON in the �nal state. Then (18) Pro of: is the um er of inhibitory connections, eac of alue gets from ), the units activ at Since no unit in has self-w eigh ts, this form ula also holds if ). is the um er of connections, eac of alue 1, that gets from ). Supp ose, suc that But then, +1 Hence ust switc OFF at +1 whic is con tradiction. Note: Eqn 18 is equiv alen to and written in this form indicates that the minim um fraction of activ units that eac activ unit is -ly correlated with, in the �nal state, is Self-scaling An example sho ws ho the net ork exhibits self-scaling, whic is the capabilit to discriminate et een memories as function of their size. Small memories will di�eren tiated ev en on the basis of small di�erences, large memories require large di�erences to considered distinct. This prop ert requires the alue of to in the range when clustering ccurs 0). Example: Consider stored memories and and let 1. One example is Si a, b, Sj b, c, will assume that the eigh ts of are saturated, that is, all the eigh ts a�ect ha the alue 1. This can easily accomplished rep eatedly presen ting during training. Giv en the alue of will deriv the size of at whic the net ork eha vior hanges. Let and By Lemma 12, and cannot ON together in the �nal state if that is, In other ords, giv en memories of size less than will alw ys considered distinct ev en if they di�er from another memory in only one sym ol. No consider the case when 1. Since e’v assumed that eac eigh has alue 1, 1) The same applies to Hence, oth and are activ in the �nal state. 18 will �rst describ the necessary condition for activ ating single unit, as function of assume there are no size units. Lemma 10 et the set of units ON at Then at +1 if unit is switche ON then Pro of: is the um er of inhibitory connections, eac of alue gets from ), the units activ at is the um er of connections, eac of alue 1, that gets from ). Hence +1 Since switc hes ON, +1 0. Hence, Remark When wil satisfy emma 10, that is, it is su�cient for to have onne ction to at le ast one active unit (in to me et the criterion set by emma 10. This, as we shal se e, is the ase for onne cte omp onents. Remark When ho min (2( 1) it has alr ady en shown that the network do es CAM, in articular, By emma 4, must qual to in other wor ds, must have onne ction to al the active units. This esult fal ls out also as sp cial ase of emma 10. or the case, 0, can no pro the follo wing lemma. Recall that the connected comp onen ts (maximal connected subgraphs) of are denoted Lemma 11 et have onne cte omp onents after tr aining. et the input to the network and let Then the esting state of the network is such that �; and �; not in In plain English, the network activates al and only those onne cte omp onents that have at le ast one unit active in the input. Pro of If no unit in the input is also con tained in connected comp onen t, sa then, no unit in the input has connection to an unit in Hence, no unit in can switc hed ON at an time. No ha to sho that if at least one unit in the input is also in sa then all units in will ON in the �nal state. Supp ose not. Let the time the net ork rests and let the set of units from that are ON at Since and when 0, units nev er switc OFF, Also, our assumption, But since is connected comp onen t, whic is adjacen to some ). But then +1 and can switc ON at +1 whic is con tradiction. Corollary When if an input, is subset of onne cte omp onent, the network ests at This follo ws directly from Lemma 11. No pro of is required. Under the ab condition, migh sa that (when 0), the clusters formed are the connected comp onen ts in and eac cluster represen ts the collection of memories suc that is connected. The protot yp memory of eac cluster, is then, just No go bac to the general case of an and pro prop ert ab out the �nal state. 17 where is the set of activ features ositiv ely correlated with By comparison, the terms that con tribute to the energy in the energy-descen rule (Eqn 6) are ii ij (15) Eqns 14 and 15 are minimized in ery similar ys and pro duce ery similar decisions. Lo cal switc ON decisions No consider the case when feature is switc hed ON. By Lemma 3, kno that this happ ens when all pairs of activ units are ositiv ely correlated, that is inh 0. The terms that con tribute to the energy in the energy-descen rule in this case are i;j ij (16) The net ork’s decision is to select the that maximises Eqn 16. This decision can compared with Ba esian decision whic selects the that maximises the probabilit that an inactiv unit ust switc ON, giv en the curren tly activ units. By in oking Ba es rule and follo wing the same deriv ation steps as in the switc h-OFF case, the is selected that maximises log �f log (17) It ma noted that the second term of Eqn 17 is quite similar to and has con tributing e�ect similar to that of the �rst term of Eqn 16. Ho ev er, Eqn 16 has no term corresp onding to log ), measure of the priori probabilit of eing ON. Also, Eqn 16 has the term (whose alue is prop ortional to log )), but is missing from Eqn 17. These di�erences tak en together, ac hiev exactly the opp osite e�ect that has on Eqn 17. Instead of preferring to switc feature ON that has high priori probabilit of eing ON, Eqn 16 has exactly the opp osite e�ect. The reason is as follo ws. eatures with large are usually not critical to particular classes (memories), ccuring, rather more commonly Suc features will, in general, correlate ell with larger um er of features than those with lo er priori probabilit By switc hing them ON to early they can a�ect subsequen lo cal decisions more than the features that ere ON in the input. The examples after the Section on Energy-descen rule and in the App endix sho that sometimes this leads to undesirable results. On the other hand, if suc non critical features are not switc hed ON immediately then, Thm 4, since none of the curren tly activ units can switc OFF in an subsequen cycle, there is still go hance that they will ev en tually switc hed, if they correlate strongly with the curren tly activ features. hence, has the e�ect of dela ying switc hing of non-critical features er those that are critical, ev en if the former has higher ). Clustering Prop ert Within the con text of ork, will adopt the follo wing de�nition of clustering and related concepts. Clustering is gr ouping of stored memories based on some similarit criterion so that similar memories are com bined together to form single new memory called the protot yp of that cluster, whic someho represen ts the collection. The size of cluster is the um er of original memories in it’s collection. Giv en an input, the system can only retriev the protot yp memories or cluster iden ti�ers), not an of the original memories. Within this framew ork, CAM is ob viously sp ecial case of clustering where eac cluster is of size and has exactly one original memory the other extreme, there is only one cluster and all the memories are in that cluster. And, in et een, there are in teresting natur al groupings whic represen natural clusters at arious lev els. Giv en this framew ork, ha tried to �nd out if mo del can go smo othly from CAM to the other extreme of clustering and disco er it’s grouping eha vior. This exploration is driv en the observ ation that the alue of single parameter, migh mak this smo oth transition from CAM to clustering. Clearly when min (2( 1) ), it do es CAM. the other extreme, when 0, will sho that it forms clusters suc that eac connected comp onen of is distinct cluster. Ho ev er, if in the input, unit from eac suc cluster is ON, then the net ork will activ ate all the connected comp onen ts of th us e�ectiv ely clustering them all together. 16 but, ev en there, the range do es determine the um er of bits required to store eac eigh t. Since >> 1, the range is clearly determined the lateral inhibition, ha sho wn that ev en if the net ork is large, but if, ho ev er, the memories to stored are of small size, can ept small (see Thm and the Lemmas that preceed it). Finally the net ork also learns the in ternal resistance of eac unit. After presen tations, the alue of is (12) so that the in ternal resistance learning rate is slo er than the eigh learning rate. Again, Eqn 12 exhibits eha vior similar to log 1) Recall The net ork’s global eha vior can decomp osed in to sequence of lo cal decisions, eac lo cal decision using information only from activ units to switc some activ unit OFF or some inactiv unit ON. rom Thm 4, kno that lo cal decisions that switc units OFF are made efore those that switc units ON. will compare these yp es of decisions individually with their Ba esian analogies. Lo cal switc OFF decisions Recall that is the set of features ON at and inh is the subset of con taining those features that are inhibited at least one feature in ). Alternativ ely inh is the set of features, suc that inh inh suc that ij By Thm 4, if inh 0, then some unit inh is switc hed OFF. By Lemma 7, is the unit that is inhibited the largest um er of activ units if compare this decision with Ba esian decision that switc hes the OFF that minimizes the probabilit that should remain ON giv en the other units that are curren tly ON (activ e). By Ba es rule, gj The denominator is constan for ev ery and can ignored. By assuming conditional indep endence of the features in ), gj �f Hence, the decision reduces to �nding the inh that minimizes �f whic also minimizes log �f (13) log �f log If ij 0, let set to where is small ositiv um er. This is done to eep log large negativ alue but not �1 Clearly since the og terms for an ti-correlated features ij 0) dominate er the others, for suitable hoice of Eqn 14 is minimized the feature that is an ti-correlated with the largest um er of activ features that is ij 0. As men tioned earlier, Lemma sho ws that the net ork pic ks the same No supp ose more than one unit receiv es the same maxim um inhibition. Let max the set of activ units all receiving the same maxim um amoun of inhibition from other activ units. The units in max will omp ete against switc hing OFF. The terms (in Eqn 14) that no accoun for �nding the max that minimizes Eqn 14 are log �f log (14) 15 and Hence, 1) It follo ws that ust switc OFF at +1 But this is con tradiction. Implication: The net ork, in the resting state, eeps only those units activ (other than the clamp ed units) that are in the in tersection of some collection of memories in whic all clamp ed units elong. sa it less formally if the clamp ed units are in di�eren memories, then the resting state will the in tersection of those memories, in addition to the clamp ed units. This prop ert can used e�ectiv ely to �nd the in tersection of set of memories, from their distinctive features. Probabilistic ersp ectiv on Learning and Recall Additional insigh can gained in to the net ork’s learning and recall eha vior comparing it’s learning rule with Ba esian learning and it’s recall eha vior with Ba esian inference. Learning Consider the sym ols in ::k as features in an -dimensional space. Eac unit stores the alue of feature. Since the units are binary only binary features can handled. The features, ho ev er, can giv en di�eren con�dence alues (in the in terv al [0 1]) in the input. particular feature ector, denoted is the ector represen tation of the corresp onding set on :::k Let denote the sequence of pattern presen tations, including rep eated presen tations of the same pattern, made to the net ork during training. is sequence whose elemen ts are feature ectors, or alternativ ely sets on Let denote the total um er of presen tations, that is Let denote the ccurence frequency of the th feature in and ij co-o ccurence frequency of the th and the th feature ), in the same elemen of Then, after presen tations, the learning rule (Eqns 2,3) mak es the eigh ts tak the follo wing alues. ii �c (9) ij 1+ �c ij if ij otherwise (10) where ii is the self-w eigh of the th unit and ij is the eigh et een the th and the th units. Eqn is similar to 1) =� the probabilit of ccurence of the th feature in nature. Sp eci�cally i; ii log 1) log 1) Also, oth ii and log 1)( are monotonically increasing but with decreasing slop as function of The same observ ations hold, when ij 0, for Equation 10 and (( 1)&( 1)) ij =� (11) the probabilit of co-o ccurence of the th and th features in nature. When ij 0, Equation 11 giv es �1 ij ho ev er, ust alw ys �nite alue. In 14 ], ij in suc case is set to log (1 In mo del, the alue of ij is set to di�eren alue for other reasons. In fact, one of the most imp ortan asp ects of mo del is the alue of ij when ij 0. It is found that the alue of ij in suc situation should selected so as to create strong lateral inhibition et een the units, and This is found to giv the net ork high capacit and also, in conjunction with steep est descen t, dynamics that is ery di�eren than the classical Hop�eld net ork, dynamics that mak this mo del more suitable than the Hop�eld net ork for certain applications. On the other hand, there is ery go reason wh an the least inhibition required (smallest alue of that will su�ce to pro duce the ab prop erties. In order for analog implemen tations of this mo del to remain feasible, the range of alues of eigh ts ust tigh tly ounded. or digital implemen tations, the range is not so imp ortan t, 14 Corollary The network, in gener al, do es not use minim um Hamming distance criterion. only need coun ter-example. Let the initial input set. Let the only �xed oin suc that Let another �xed oin closer in Hamming distance to than is to In other ords, where denotes symmetric di�erence. Clearly is not subset of By Thm 4, from the initial state the net ork will alw ys reac But Hamming-distance minimizer ould reac Example: The follo wing example illustrates this prop ert Supp ose the net ork is used to store ords (see section ’Application’) and the ords plug, plagiarize are stored (among others). Giv en the input p1 l2 g4 z9 to the net ork, it will retriev plagiarize and not plug Lemma If )] is inc omplete, then at time +1 some unit inh inhibite by the lar gest numb er of units in wil switche OFF. Pro of By Lemma 2, unit ust switc OFF at time +1 Let unit with the largest um er of inhibitory connections, sa from the set of units ). Let unit with at most inhibitory connections from the set of units ). ha to sho that cannot switc OFF at +1 m� ik 1) No w, Since )] is incomplete, Eac eigh is 1. It follo ws that, 1) Hence cannot switc OFF. In e�ect, the energy descen rule reduces to selecting the whic minimizes inh i;j inh ij (8) Lemma The time to ach �xe oint (r etrieve memory) is steps. Pro of Let the time the net ork rests. By Thm 4, the um er of steps in the tra jectory is This sum is maximised minimizing and maximising and since represen ts the maxim um size of an input. since represen ts the maxim um size of an �xed oin t. since at least one unit ust alw ys ON. Hence the um er of steps is 1. Since this is alw ys 2. The next Lemma errides the assumption that units are not clamp ed, considering, explicitly the case when they are clamp ed to 1. Prop osition-I of the Lemma requires the additional assumption that ). Lemma et the input to the network at time and the set of units clamp to in the input. et the state at which the network ests at time Then 1. )] is omplete. 2. Each unit in is adjac ent to al units in Pro of 1. Supp ose is not complete subgraph. By Lemma 2, some unit in ust switc OFF at time +1 This is con tradiction. 2. Supp ose some unit is not adjacen to some unit, ). Then, ). Hence +1 1) Since is the size of the largest clique and is the size of the largest input, it follo ws that 13 Supp ose )] is also clique. Then is incomplete. Hence, No gets at most connections and at least one connection (from ). Hence, +1 Hence cannot SWITCH ON at +1 This is con tradiction. Hence )] cannot clique. 2. In the ab subpro of, arriv ed at con tradiction when considered the case when switc hes ON and is incomplete. It follo ws that if switc hes ON, ust complete. Lemma If )] is omplete then )] is omplete Pro of By induction. Let )] complete. Then at +1 no unit can switc OFF. Hence, either one unit switc hes ON or no unit switc hes. If no unit switc hes, +1 )] is complete. If unit switc hes ON, then Lemma 4, +1 )] is complete. Lemma is esting state of the network )] is clique. In other wor ds, ther is 1-1 orr esp on- denc etwe en the �xe oints of the network and the cliques in the underlying gr aph Pro of Let denote the set of units activ at particular �xed oin (resting state). Since no unit switc hes o� when the net ork has as the only activ units, Lemma 3, is complete. Since is complete and no unit switc hes ON, By Lemma 4, is clique. Theorem If no unit switches OFF at time then no unit switches OFF at any time Pro of Since no unit switc hes OFF at Lemma 3, )] is complete. Hence Lemma 5, )] is complete Again, Lemma 3, no unit can switc OFF at an +1 Corollary No unit switches mor than twic Pro of This follo ws directly from Thm 3. If switc hes ON at then it can nev er switc OFF at an If switc hes OFF at then supp ose it can switc ON again at some Then it cannot switc OFF again at an Theorem et the input, pr esente to the network at time The network has the fol lowing dynamics in the fol lowing or der. 1. The network switches OFF units suc essively in the �rst steps until the �rst time )] omes complete that time, 2. The network, then switches ON units suc essively in the next steps until is clique. that time, The network ests at Pro of: If )] is incomplete, unit will switc OFF. Apply Lemma as man times as necessary un til the �rst time, that )] ecomes complete. eac step, single unit is switc hed OFF and hence +1 1. When 1, )] is alw ys complete. It follo ws that and this oin t, )] is complete. If )] is not clique, By Lemma 4, some unit switc hes ON. Apply Lemma at ev ery step, for more steps, un til )] is clique. By Lemma 6, is stable state. Let the largest clique whic con tains ). eac of the steps, single unit is switc hed ON. Hence, Also, ector orm ulation of Theorem Let the matrix of �xed oin ts of the net ork. Let an input to the net ork. Then the tra jectory of the net ork is haracterised and some in suc that The hoice of and dep ends on the net ork eigh ts. The net ork �rst reac hes from and then the resting state, from 12 Lemma )] is inc omplete some unit switches OFF at +1 Pro of: "= ". Assume )] is incomplete. ha to sho that some unit switc hes OFF at +1 Consider the graph underlying the net ork. Hence suc that 1. Pic the that satis�es Corr. 1, that is 1) 1) Cho ose an ). ha to sho that will switc OFF, and cannot switc ON. The ositiv eigh ts ha alue 1. Hence, +1 1) 1) No w, is the um er of inhibitory connections from activ units )) to and eac inhibitory connection has the alue Hence, +1 )) )) 2) Since and )) 1) 1) +1 1) 1) Hence +1 +1 The steep est descen energy rule will hence switc OFF instead of switc hing ON. =". Assume some unit switc hes OFF. ha to sho that )] is incomplete. unit can switc OFF only if it has at least one connection from other activ units. Hence )] is incomplete. Lemma )] is omplete no unit switches OFF at +1 Pro of "= If )] is complete, then de�nition, no unit can switc OFF at +1 =". Assume that no unit switc hes OFF at +1 ha to sho that )] is complete. Assume )] is incomplete. By Lemma 2, some unit ust switc OFF. This con tradicts our assumption. Hence )] ust complete. Lemma This lemma has two arts. 1. )] is omplete but not clique some unit switches ON at +1 2. If unit, switches ON, then is omplete. Pro of 1. "= ". Assume )] is complete but not clique. ha to sho that some unit switc hes ON. By Lemma 3, no unit can switc OFF. Since )] is not clique, ), suc that is complete. Hence, has connections from all the units in ). Supp ose no other unit switc hes ON. Then will switc ON. =". Assume some unit switc hes ON. ha to sho that )] is complete but not clique. By Lemma 3, )] is complete. Since is the size of the maxim um clique, (By assumption) 11 1. em 2. Pic an ertex em 3. 4. em em em is not adjacen to in 5. If em Stop. 6. Go to 2. Let and em denote the alues of and em resp ectiv ely after the th iteration of the lo op. By induction will sho that at an stage of the execution, is complete subgraph and em ), is connected to all ertices in Basis: (0) is complete subgraph trivially em (0), is connected to all ertices in (0). This is true trivially Induction step: Assume is complete subgraph. Assume, em ), is connected to all ertices in ). Then ha to sho that 1. 1) is complete subgraph. 2. em 1), is connected to all ertices in 1) is only hanged in Step 3. By the induction yp othesis, since is complete subgraph and em is connected to all ertices in ), it follo ws that 1) is complete subgraph. em is hanged in Step 5. The only new ertex in 1) is and all ertices in em not connected to are remo ed in Step 4. Hence it follo ws that em 1), is connected to all ertices in 1). Hence is complete subgraph and em is empt when the algorithm terminates. Let us no calculate lo er ound on the um er of iterations. rom step 4, can see that the um er of ertices remo ed from em is 1) deg deg Hence, em em 1) Since em (0) n=s Since (0) 0, and new ertex is added to in ev ery iteration, 1. Hence is complete subgraph of size greater than whic is con tradiction. Corollary et gr aph. or any let jf x; gj In other wor ds, is the de gr of wrt to the vertex set et In other wor ds, is the numb er of vertic es in that is not adjac ent (dir ctly onne cte d) to. et such that Then, such that 1) 1) Pro of By defn, Since is the size of the maxim um clique, By Thm 2, 1) 1) Hence 1) 1). 10 the size of the connected comp onen of 1. Then the net ork tak es time units to get the answ er since within that time ev ery unit in is made activ e. If is activ then it is connected to 1, else not. 2. Giv en an input set list all the connected comp onen ts of that con tain at least one ertex from Let the connected comp onen ts con taining at least one ertex from Then the net ork will retriev them in �j =1 ;k time steps. (a) Sp ecial case 1: Giv en ertex list the connected comp onen con taining it. Let the retriev ed connected comp onen t. Then the net ork tak es time steps to retriev it. (b) Sp ecial case 2: set of ertices is called ath over of if ev ery ertex in is connected (b path) to some ertex in Giv en set of ertices test if is path co er of If the net ork tak es time units to rest, then is path co er of since all the units in the net ork are activ e. If the net ork rests earlier, then is not. Dynamic prop erties Energy Descen shall no state and pro some Lemmas and theorems whic pro vide insigh in to the net ork’s dynamic prop erties. Notation: Recall that is the domain of sym ols or set of units in the net ork. Sometimes will use instead of since the set of ertices in is equiv alen to Let denote the total um er of units (including size units), xy denote the eigh et een units for the sym ols and denote the net input to the unit for sym ol at time and denote the set of units activ at time Let inh denote the set of units activ at time suc that inh ), suc that ij In other ords, inh is the set of all units activ at that receiv some inhibition from activ units. Let set of units and equiv alen tly set of ertices in the underlying graph Recall that is the subgraph of induced the ertices in and that is omplete if and only if the net ork eigh ts xy of all the pairwise connections et een all units in x; are nonnegativ e. Let denote the size of the largest �xed oin (stable state), after training, in the net ork. Let denote the size of the largest input that can presen ted to the net ork. assume that is an to retain the abilit of presen ting input larger than the size of an stored memory to allo the net ork to used for constrain relaxation. also assume that and are of the same order whic ma uc less than This is useful assumption, as shall see later. and can ha the alue the um er of units, in the orst case. If on the other hand, (and hence can etter ounded for sp eci�c applications, it allo ws us to use smaller (in magnitude) alues of to ac hiev the same net ork prop erties. Assumptions: The lemmas and theorems are based on the follo wing assumptions. 1. After training, all remaining negativ connections in the net ork ha the alue In other ords, xy �; [0 1] x; 2. This is really not an assumption, rather what wish to sho giv en the prop erties that an this net ork to ossess, as stated in the follo wing Lemmas/Theorems. It is uc easier to pro al these Lemmas/Theorems when skipping all the steps that in ok the graph-theoretic Thm and Corr 1. will not do that, ho ev er, ecause an to put tigh ter ound on 3. Unit states are binary unit switc hes ON if it hanges state from to 1. It switc hes OFF if it hanges state from to 0. 4. the in ternal resistance of eac unit, is 0. 5. Units are not clamp ed in the test input. The �rst theorem sets up an imp ortan prop ert of graphs that will used in subsequen pro ofs. An existing graph-theoretic result could not found easily so it as found con enien to set up theorem. The theorem as pro ed Prof. Xinhe, Dept of Computer Science, SUNY Bu�alo, NY. Theorem et gr aph of vertic es and the size of the maximum clique in Then er tex so that deg Pro of: Supp ose not. Then all ertices ha deg The follo wing algorithm will construct clique of size Again, ust remem er that this do es not include the e�ect stored memories ha on the dev elopmen of spurious memories. Implications: The ab theorem sho ws that it is likely that the net ork exhibits go storage prop erties for appli- cations with sets resulting in -partite underlying graphs after storage. Later on shall see that there are imp ortan applications whic inheren tly ha suc structure. Sp eci�cally their domains ha ombinatorial structur term shall de�ne later. will also sho that on domain ha ving sym ols, can store any collection of the ossible memories transforming the domain in to domain with com binatorial structure. This imp ortan result will establish exp onen tial capacit for an domain. Storing graphs Binary sets pro vided new application for the net ork, storing gr aphs presen ting the edges (binary sets of ertices) as memories to the net ork. An undirected graph without self-lo ops can stored this Recall that graph is set of ertices and set of edges x; x; can stored in the net ork as follo ws. With eac ertex in V, unique unit in the net ork is asso ciated. Since is undirected, eac edge is binary unordered set whose elemen ts are the ertices inciden on Eac edge in is then stored as memory in the net ork. ositiv eigh t, if an on an edge of can aptur rep eatedly presen ting that edge um er of times prop ortional to its eigh in The self-w eigh of unit in the net ork re ects the weighte degree of the corresp onding ertex in No if is tree, bipartite graph, or an other graph without triangles, then kno from our earlier analysis that the stored binary memories will retained (no memories will collapse, no spurious memories will dev elop). In other ords, the net ork’s stable states are the edges, that is, the asso ciated ertices, in In other ords, if the input to the net ork is an set of ertices, the net ork will retriev exactly ertices corresp onding to one of the stored edges. Recall that our de�nition, cliques are maximal complete subgraphs of If has cliques of size 3, that is has triangles, then clearly some stored memories (edges) will lost. In general, for an graph stored in the net ork presen ting it’s edges, the stable states of the net ork ha 1-1 corresp ondence with the cliques in This also holds when has no triangles ecause then it has only 2-cliques, that is edges. Lemma states and pro es this prop ert formally The net ork can then used to store an graph and retriev it’s cliques. The ab dynamics holds under the condition that It is also useful to consider the case when 0, in particular when 0. It will sho wn later, but is fairly in tuitiv to see ev en no w, that when 0, the net ork retriev es all connected comp onen ts in that con tain the ertices in test input. An illustrativ list of questions that can form ulated and answ ered ab out graph stored as ab is as follo ws. With the answ ers, will also indicate the retriev al time. Let’s assume time units are required to lo ok up table and map no de name to the corresp onding unit. Note that ev en on sequen tial mac hine, table lo okups can done ery rapidly using hash functions. The in erse mapping (from unit to no de name) is an arra indexing assumed to tak negligible time. Ha ving factored out table lo okup and indexing times, will only sho the um er of steps in whic the net ork answ ers eac of the follo wing questions. In the follo wing set of questions, 1. List the ertex adjacen to giv en no de on it’s highest eigh ted edge. This tak es one net ork time unit to retriev the correct ertex. 2. Are ertices and adjacen (connected an edge)? This tak es one time unit to get the answ er. If they are not adjacen then one of the ertices has to switc OFF in the �rst time step. 3. rom an input set of ertices retriev clique that con tains some lar ge subset of It is not ossible, at this time to hange the some to something more de�nite. Thm do es sho that if is subset of some stored clique, then will also subset of the retriev ed clique (not necessarily the same one). It also haracterises the tra jectory during descen t, that is the manner in whic is successiv ely transformed to reac the �nal state. Let the clique found. Then the net ork tak es steps to �nd the answ er. (a) Sp ecial Case: Giv en ertex �nd some clique con taining it. Again, let the clique found. The net ork �nds it in steps. answ er the follo wing set of questions, is set to 0. 1. Are no des and connected in That is, is there path from to and vice-v ersa. This question can answ ered presen ting the set to the net ork and hec king if gets activ ated at some time. Let Notation: use the term -ary or sometimes just to denote set with elemen ts. -partite graph is graph whose ertex set, is divided in to disjoin parts so that there are edges only et een parts, that is, no ertices in the same part are adjacen (connected an edge). simple graph is graph without ultiple edges (b et een single pair of ertices) and without self-lo ops. ;n denotes the omplete -partite graph on ertices so that the parts are hosen as ev enly as ossible. In other ords, or denotes the um er of edges in the graph act: is simple. act: If is ultiple of ;n has cliques of size and these are the only cliques ;n has. ;n has no complete subgraph of size 1. no state and pro the follo wing theorem. or Theorem and Lemma 1, assume that there are no size units, since none are needed. also assume that is ultiple of Theorem If we wish to stor only -ary sets in an unit network and ar al lowe to cho ose that ol le ction of such sets which maximises stor age, then we an cho ose such sets. Pro of: If can sho that for an collection of -ary sets that ho ose 1-complete subgraph can nev er form, then are done. Because if so, can nev er lose an stored memory since memories can only lost getting subsumed in to larger one. Consider the graph ;n ;n has no 1-clique. ;n has -cliques. Eac -clique of ;n can made to corresp ond with unique -ary set to stored, fact that is pro ed formally in Lemma 6. Cho ose the -ary sets that corresp ond to the -cliques and store them in the net ork. The that forms will ;n Hence this collection of -ary sets can stored without losing an of them. It is instructiv to lo ok at the sp ecial case, 2, that is storing only binary sets. The �rst reason is rather ersonal, ecause thinking ab out binary sets rev ealed new application that, in retrosp ect, do esn’t quite follo from it, but is related. The application is to store graphs in the net ork presen ting eac edge (a binary set) as memory The second reason is that the follo wing lemma can pro ed easily for 2. rom Thm see that can store binary sets in the net ork. Strictly sp eaking this should to co er the case when is dd. wish to sho that is also an upp er ound on the um er of binary sets that can stored, no matter ho they are selected. In order to do this, in ok uran’s Theorem, ell-kno wn theorem in graph theory Again, is go reference. or con enience, will state the theorem. uran’s Theorem: If is simple and ontains no -c omplete sub gr aph, then ;n will no state and pro the follo wing Lemma Lemma or the maximum numb er of binary sets that an stor is Pro of: cannot ha an 3-cliques but ust ha 2-cliques. Hence, By uran’s Theorem, ;n ). No w, ;n Hence, But, since the only 2-cliques are the edges in it follo ws that has 2-cliques (binary memories). No let us see for what alue of (the size of eac memory), the net ork has maxim um capacit In other ords, an the that maximizes Let Then, max maximises when max 0. No ln (1 ln )) Since this giv es n=e for 0. Hence, max n=e In other ords, the net ork has exp onen tial capacit If all the sets wish to store are of size n= 2, can store upto n= suc sets whic is quite close to max since n= n=e It should noted that Lemma is simply restatemen of the problem of �nding the maxim um um er of edges graph can ha without forming triangles. Since this pro of is simple and I’m merely ec hoing it, in the in terest of presen tation, neither Lemma, nor the follo wing pro of, should considered as original ork. The graph underlying the net ork will use to denote the graph underlying our net ork with the follo wing corresp ondence. where is the set of ertices of the graph corresp onds 1-1 with the domain of sym ols plus the size units. x; and xy in the net ork is the set of edges of In other ords, is the graph obtained remo ving all the value eigh ts and the self-w eigh ts from the net ork. Tw ertices in graph are adjac ent if they are connected an edge. Tw ertices are onne cte if there is path that connects them. In graphs, ertices ma onne cte but not adjac ent will use ], to denote the graph (subgraph of induced the units corresp onding to the set of sym ols In tuitiv ely it is the set of pairwise connections (edges) et een units asso ciated with graph is omplete if ev ery pair of ertices is adjacen t. Clearly if is stored memory is complete, since the eigh ts of all induced edges (connections et een pairs of sym ols in after storing ust ositiv e. graph (subgraph of is maximal with resp ect to prop ert of if and only if no pr op er sup ergraph of but subgraph of has that same prop ert will also use the concept of clique de�ned as maximal complete subgraph of the graph In other ords, is clique of if no prop er sup erset of is also complete. The reader should note that this de�nition of clique is sligh tly di�eren from the standard one in graph theory Finally de�ne connected comp onen of graph denoted as maximal connected subgraph of that is, all pairs of ertices in are connected some path. If is connected then it has exactly one itself. The connected comp onen ts of graph are disjoin subgraphs. Storage prop erties Let the initial lateral inhibition et een all pairs of units the total um er of units. The follo wing prop ert stated and pro ed formally as Lemma in the section on Dynamic prop erties then holds. If no unit switc hes OFF at time +1 then all connections et een all activ units at time ust ositiv e. rom this ma conclude that pair-wise connections et een all activ units in the �nal stable state ust ositiv e, in other ords complete subgraphs in can sa ev en more, they ust cliques in Th us when the storage prop erties of the net ork can analysed analysing it’s underlying graph, ecause only the signs of eigh alues are imp ortan t, not their magnitude. On domain with sym ols there are ossible memories. Ideally one ould hop to able to store an of them, without collapsing or more of them in to one, or storing extra memories (spurious minima). Storing particular memory sa amoun ts to constructing complete sub-graph ]) of eigh ts on the units in (see the learning rule). It is easy to see that, in our mo del as describ ed so far, neither criterion can met. It is easy to �nd instances of memories :::S whic when stored (trained), form new complete sub-graph, ], of +v connections. The distinct stored memories ::: are lost and the new single (un trained) memory ::S is formed. Also, ::G the newly formed clique. Similarly spurious memories can dev elop when there exist collections of memories :::; suc that storing them in the net ork applying the learning rule will also store new memories (spurious), sa +1 etc. Some examples of these cases are: Consider unit net ork, units lab elled to 6. Then if store {1,2} 2,3} {3,1} these memories are lost and new memory 1,2,3 is formed. On the other hand, if store the follo wing memories {1,2,3}, {3,4,5}, {5,6,1} see that spurious memory 1,3,5 dev elops, ev en though the original memories are retained. Storage Capacit By storage capacit mean the um er of memories that can stored in the net ork, as function of it’s size, without losing an stored memory or said another without making an of the �xed oin ts unstable. will �rst compute the capacit in some sp ecial cases, one of them in terestingly leading me to consider new application. The result describ uses prop erties of -partite graphs, although it can sho wn as easily without needing to emplo graph theory Later on, will sho w, that, the �rst criterion, that is losing no memories can alw ys met, suitable transformation of the domain harder question to answ er is the rate of spurious memory dev elopmen t, as function of net ork size and um er of stored memories. No theoretical results on this ha een obtained. Fig 1.1 Gn after training est Input The test input is at the left of � the net ork output at the righ t. Steep est descen t: a; a; c; Because switching ’e’ decreases energy more than switc hing ’b’. Self-w eigh ts: e; a; c; ’e’ wins comp etition er ’d’ since it has higher self-w eigh t. In ternal Resistance Assume units don’t ha in ternal resistance. By applying our energy descen rule, the follo wing minim um will reac hed. a; b; But it is more desirable to reac a; b; from If learn an in ternal resistance according to our learning rule and then use our energy descen rule, a; b; In other ords, ’d’ is switc hed efore ’a’ since it is more critic al to a; b; whereas ’a’ is not. In ternal resistance can sometimes hinder reac hing lo cal minim um. Consider the follo wing example 100 100 100 100 rom should reac the minim um a; e; but the high in ternal resistances of and migh prev en this from happ ening. sc heme to correct this eha vior has not et een incorp orated in to the mo del. One simple solution is to, in ev ery cycle in whic there is no switc h, gradually decrease, temp orarily the of ev ery unit un til unit switc hes ON or the of ev ery unit ecomes 0. If the of ev ery unit ecomes and still no unit switc hes ON, then the net ork is already at an energy minim um. By temp orarily mean that the of ev ery unit ust set to it’s original alue after the desirable energy minim um is reac hed. The reasons that this sc heme has not yet een incorp orated in to the mo del are that the dynamics (and the implemen tation mac hinery) get needlessly complicated for phenomenon that migh rare ccurence in real applications and secondly that this phenomenon seems related to the phenomenon of detectable inc onsistent states where the um er of units ON in the �nal state con icts with the size unit that is ON. Suc states are ossible, and can self-detected and oided bac ktrac king. It is goal to try to handle oth problems with the same mec hanism. Another simple example sho wing the role of in ternal resistance is as follo ws. The of size units can bias the net ork against retrieving memories of sizes that ccur commonly In other ords, if the distribution of memories in the training set is biased to ards particular sizes, then during recall, if size unit is not initially ON, the net ork will, in general, biased to ards sizes other than those ccuring commonly second use, whic has not et een incorp orated in to the mo del, or tried on an application is as follo ws. migh let set externally An application of this migh to set the of size units in suc as to bias the net ork to retriev memories of particular sizes. As sp eci�c example, consider storing ords in the net ork as memories (see Applications section). migh an to bias the net ork to retriev ords of large size. ormal Analysis In this section, formally analyse the static and dynamic prop erties discussed ab and presen some imp ortan results. Graph theory has pla ed ey role in dev eloping the pro ofs and expressing the net ork prop erties in formal language. An in tro ductory text on Graph theory will useful as reference. is an example of go text. set can in terpreted as ector imp osing an order on the sym ols in ::k sa ordered as :::s ab can in terpreted as the comp onen ector where the alue of unit Unit activ ations are go erned the Hop�eld energy-minimization principle but with di�eren dynamics. The state of unit ma switc hed if it reduces the global energy of the net ork. The energy descen rule switc hes the unit that reduces the energy the most, th us erforming ste ep est desc ent in energy space 11 ]. The mo del is sync hronous and exactly one unit is switc hed in eac cycle. The lo cal energy eac unit can lo er switc hing is calculated as follo ws ij (6) if and if and otherwise (7) where is the net input to unit and is the direction that ust switc h. is the in ternal resistance of and is global resistance parameter. Units that are clamp that is held forcibly to or are not allo ed to switc h. Let min the unit with minim um If min then min is switc hed in the direction of min Let us brie y summarise some of the prop erties of this energy-descen rule. ormal and detailed pro ofs are giv en in follo wing sections. Firstly Ste ep est desc ent mak es lo cally optimal decision at eac step giv en the information ailable (the units that are ON or activ e). When the collection of initially activ units is utually inhibiting (they are not all in the same stored memory), ste ep est desc ent is resp onsible for pro viding desirable omp etition switc hing OFF the activ unit inhibited the largest um er of other activ units. If there is tie, then self-w eigh ts (and other eigh ts) help determine the unit that switc hes OFF. Comp etition can also con trolled the external bias in the form of initial unit activ ations (in the in terv al [0 1]). has the alue f� ev en if the initial unit alues are in the in terv al [0 1]. This ensures that the switc hing unit is driv en to or in one step. Finally ste ep est desc ent orks ell when the stored memories result in an energy landscap in whic there is correlation et een the initial ste epness and depth of minima, in other ords the basins are steep ra vines or uniformly shallo w. When the um er of stored memories is small and only the units clamp ed to are in olv ed in learning, the basins that are formed ypically ha this prop ert No let us lo ok at the other parameters, sp eci�cally and ii ii is nonlinear measure of the ccurence frequency of in nature. ii is the same measure but pla ys the opp osite role. Assuming �, after training steps, ii ). When considering units to switc ON, ii pla ys no role since candidate units are curren tly OFF. Ho ev er, do es pla role. Other terms eing equal, the unit with least will switc ON. On the other hand, when considering units to switc OFF, since ii ), ii dominates. Hence, other terms (except i; eing equal, the unit with smallest ii will switc OFF. Some simple examples Let me no illustrate the ab prop erties with some simple examples. Consider the follo wing domain a; b; c; d; raining Input The um ers efore eac input are the frequency of presen tation. 10 Fig 1.1 sho ws the graph underlying the net ork after training. ertices that are not adjacen (connected edges) are utually inhibiting with strength Eac edge denotes ositiv eigh et een it’s inciden ertices. applications. Later on shall see that the net ork’s eha vior can con trolled ho osing di�eren alues of ij (0) i; ii (0) (0) (1) Learning Rule Whenev er new spatial input is presen ted, the net ork learns constrain ts et een al airs of clamp ed sym ols in according to the follo wing rule, some of whose ey features ere dev elop ed in 11 ]. ij 1) if and and ij ij 1) ij ij )) if and and ij ij 1) if and ar cl amped and and ij ij 1) ij ij )) if and ar cl amped and and ij (2) ii 1) ii ii )) if (3) 1) )) if (4) sig (1 sig )) sig (5) The nonlinear function allo ws eigh ts (and to gro in the form of sigmoid as function of the individual correlation frequencies. the learning rate, determines the shap of the eigh sigmoid, while the in ternal resistance learning rate determines the shap of the resistance sigmoid. The adv an tage of suc eigh up date sc heme is that it eeps eigh ts ounded (in the in terv al 1]), except when they ha the alue As imp ortan tly individual synapses are allo ed to stabilise after some um er of trials ecause subsequen input don’t a�ect those synapses as uc h. But, synapses that ha as et to dev elop are still capable of rapid learning. The second adv an tage hasn’t et een exploited in an applications, ho ev er. This learning rule exhibits some other imp ortan prop erties. Firstly it allo ws the dev elopmen of lo cal minima separated from eac other via strong lateral inhibitions ). Suc sc heme usual ly prev en ts or more lo cal minima from collapsing to form their union or in terfering with eac other in an other This tec hnique had also een discussed in 10 ]. Self-w eigh ts ii are non-linear measure of presen tation frequency of sym ol (in all preceeding input). When units from di�eren memories are activ e, the comp etition is biased in fa or of those that ccur more frequen tly in nature (see (6)). Lik eigh ts et een di�eren units, self-w eigh ts can saturate and lose their discriminatory er. is the in ternal resistance of unit (it’s resistance to switc hing). In the learning rule describ ed ab e, it’s primary role is in, giv en particular spatial memory promoting the switc hing of sym ols that are critic al fe atur es in the memory er those that are not, ev en if the latter ere etter correlated. There are other uses (and ys of learning that will discussed later and ha een hin ted at earlier. Energy descen rule An input to the net ork is also set :s :s :::; :s ::k but this time the sym ols in the set can optionally weighte and/or clamp ed (to or 1). Additionally the size sym ols can used in test set. rom test input ), the initial states of the units, are calculated as follo ws. if and as giv en con�dence alue if but as not giv en con�dence alue otherwise on unsup ervised arc hitectures, highly tailored to memory-in tensiv applications lik CAM. The long-term goal is also to �nd other problems that can solv ed ell suc arc hitectures (as an alternativ to mo del learning). The binary Hop�eld net ork is particular example of an unsup ervised connectionist mo del with rapid single-shot learning and con ergence to stable states via lo cal computations, making it esp ecially suitable for CAM applications. But in addition to the ab e, the app eal of the net ork lies in its elegan symmetry of lateral connections in single-la er net ork. cen tral question that ha sough to explore is ho far one can push single la er net ork, sp eci�cally what the limits are on it’s capacit and what, if an are the other problems suc mo del can applied to. ha found that incorp oration of suitably di�eren learning and energy-descen rules in to suc net ork mo del result in new Hop�eld-st yle net ork with higher capacit and remark ably di�eren but in teresting prop erties. This pap er is an attempt to describ this mo del as est as can and to map some sp eci�c problems on to it. First, will qualitativ ely compare some essen tial asp ects of mo del and the classical binary Hop�eld net ork, with resp ect to storage capacit The classical binary Hop�eld net ork ], has ma jor problems if used as storage device ]. The net ork dev elops spurious memories and can frequen tly con erge to suc memories when man memories are stored. By comparison, spurious memories can also dev elop in mo del but at considerably lo er rate. The second problem is that if stored patterns share man features with other stored patterns, the binary Hop�eld net ork can forget some stored patterns, forming new spurious patterns instead. Sometimes suc patterns are termed unstable since if one of them is subsequen tly presen ted to the net ork, the net ork will con erge to some new spurious pattern mo ving from the original stored pattern. In the mo del I’v dev elop ed, an collection of patterns can stored without losing an stored pattern, so with resp ect to the second problem, this mo del has exp onential capacit No orthogonalization pro cedure is needed to eep the stored memories distinct. The desirable net ork prop erties with resp ect to the ab problems are ac hiev ed implicitly incorp orating the follo wing bias. Units that are inactiv don’t normally con tribute to learning, units that are activ ypically do. No w, will compare the dynamics of the binary Hop�eld net ork with mine. The classical binary Hop�eld net ork up dates unit states async hronously My mo del up dates unit states sync hronously unit at time. giv en time, the unit whic reduces the energy the most is switc hed. The net ork th us erforms ste ep est desc ent in the energy landscap 11 ]. This di�erence in energy-descen eha vior in conjunction with the eigh ts set the learning rule impart mo del with non-Hamming distance dynamics, as compared to the Hop�eld net ork whic eha es lik it is using minim um Hamming distance criterion. In ternal resistance (equiv alen to bias term) is asso ciated with eac unit in mo del, whic further guides the pro cess of reac hing an energy minim um from an initial state. The in ternal resistance is an imp ortan parameter that has the abilit to excercise �ne con trol er energy-descen tra jectories, th us op ening up the ossibilit of learning desirable tra jectories learning in ternal resistances. This mak es it ossible to use suc mo del on problems in olving se quential de cision making Another ossible use of in ternal resistance is to aid in reducing spurious memories that dev elop in the net ork when it is used for CAM. In ternal resistances migh used to unlearn paths that lead to suc spurious states. Mo del ha found that it is con enien to describ the mo del in the language of domains and sets, although this in terpreta- tion is equiv alen to that of ectors and ector op erations. Let the en vironmen mo delled as domain of sym ols. unit is asso ciated with eac sym ol. The net ork is fully connected. The um er of sym ols in is not �xed. New sym ols can added at an time, whic means that the net ork can gr ow new units and new connections. or pur- oses of presen tation and analysis, ho ev er, assume �xed size domain on sym ols, :::; Let the maxim um size of an stored set, that is max for all stored sets Then this mo del mak es more sym ols ailable, named through These sym ols epr esent sizes of stored sets and are essen tial for storing subsets of other stored memories 12 ]. unit is asso ciated with eac size sym ol and suc units are called size units. denotes the th unit and denotes its alue at time where and are the initial and �nal times resp ectiv ely ij denotes the symmetric constrain et een units and In stable state (lo cal energy minim um), eac unit, has the alue or 1. are allo ed alues in the in terv al [0 1]. spatial memory (memory to trained) is represen ted the set :::; or training, the net ork implicitly includes the sym ol represen ting in this case, in the set Eac spatial memory is represen ted particular set, Sym ols in that set ma either clamp ed or unclamp ed. denotes sym ol clamp ed to 1. denotes sym ol clamp ed to 0. It is assumed, unless otherwise men tioned, that all units in memory are clamp ed to during training, so that, for notational con enience, they don’t ha to sho wn as clamp ed. The net ork has the follo wing initial state. is ept 2( for CAM, but can an alue 0, for other new Hop�eld-st yle net ork for con ten t-addressable memories Arun Jagota (jagota@cs.bu�alo.edu) ec hnical Rep ort 90-02, Marc 1990 Dept Of Computer Science, State Univ ersit Of New ork Bu�alo, NY 14260 Abstract Using the binary Hop�eld net ork as basis, new mo del has een dev elop ed that has high storage capacit deterministic non-Hamming distance dynamics, and rapid con ergence. It’s ey prop erties ha een expressed and analysed using graph theory In tro duction con ten t-addressable memory (CAM) mo del is mo del of retriev al of stored memories from incomplete, noisy or am biguous cues, or ultiple comp eting yp otheses. It can considered as an attempt to mo del certain functional asp ects of uman memory capabilities. connectionist CAM mo del, additionally attempts to mo del to some exten t, the uman-lik arc hitecture resp onsible for suc capabilities. The hop is that similar structure will pro duce similar function that is, emergen computational eha vior. Instead of going from function to structure (problem analysis/computational theory to algorithm/implemen tation), connectionist researc ypically go es the other This approac has it’s merits, ecause man of the problems that connectionist mo dels are applied to defy exact functional description but et connectionist mo dels ha demonstrated the abilit to syn thesise solutions from simple and ell understo micro-structures. aren thetically migh add that what is not alw ys ell understo is the macro-b eha vior that these micro-structures pro duce, and that is one of the areas of in tensiv researc h. Secondly minor hanges to the micro-structure sometimes lead to in teresting and div erse macro-b eha vior, making it ossible to apply the same mo del (with minor ariations) to div erse range of problems. Ev en without these ariations, connectionist mo dels can applied to div erse range of problems as has een demonstrated so successfully mo dels lik bac k-prop 15 and feature maps 16 ]. And it app ears, that there are man not-y et-conceiv ed problems that can erhaps mapp ed on to these mo dels, judging the rate at whic new applications eep emerging. The promise is not so uc in these mo dels eing optimal solv ers for suc problems, rather in that they pro vide unifying view of computing for certain classes of problems where the class oundaries are still gro wing and ha en’t et een fully established. The rules that go ern whic micro-structures should considered dep end on the ersp ectiv and bac kground of the mo deller. Computer scien tists, lik I, sometimes relax the ph ysiological plausibilit criterion for consideration, if there are strong computational reasons for including feature. Memory-in tensiv connectionist mo dels (lik those used for CAM) can also applied to problems not traditionally solv ed this I’m sure there are researc hers that share this view and ha kno wn this since quite some time bac k. As one example, Andy Barto, ], observ es that connectionist approac hes to con trol are sp ecial cases of memory- in tensiv approac hes. Adaptiv net orks can strik balance et een the tradeo�s asso ciated with the extremes of the memory/mo del con tin uum. Similar observ ations could made for other applications lik pattern classi�cation and function learning. Memory-in tensiv approac hes are made ossible the storage capacit and searc e�ciency of connectionist net orks. Multi-la ered connectionist net orks (lik bac k-prop 15 ]) can span the extremes of the memory/mo del con tin uum. This is of considerable signi�cance, ecause the same net ork arc hitecture can used on wide range of problems and it’s solutions range from memory-intensive (for problems that can solv ed memory-in tensiv solutions) to mo del le arning for problems for whic the goal is to learn mo del. or problems where memory-in tensiv solutions are feasible, unsup ervised connectionist arc hitectures ypically ha simpler micro-structure and are capable of ery rapid learning. It is with suc problems in mind, that ha hosen to fo cus