OPTIMAL CONTR OL F OR TRAINING:

THE MISSING LINK BETWEEN

HIDDEN MARK O V MODELS

AND CONNECTIONIST NETW ORKS

A thanasios Kehagias

Division of Applied Mathematics

Bro wn Univ ersit y

Pro vidence, RI 02912

June 12, 1989

Abstract

F or ev ery Hidden Mark o v Mo del there is a set of ”forw ard” probabilities that need to b e computed for

b oth the recognition and the training problem. These probabilities are computed recursiv ely and hence the

computation can b e p erformed b y a m ultistage, feedforw ard net w ork that w e will call Hidden Mark o v Mo del

Net (HMMN). This net w ork has exactly the same arc hitecture as the standard Connectionist Net w ork (CN).

F urthermore training an Hidden Mark o v Mo del is equiv alen t to optimizing a function of the HMMN; training

a CN is equiv alen t to optimizing a function of the CN. Due to the m ultistage arc hitecture, b oth problems can

b e seen as Optimal Con trol problems. By applying standard Optimal Con trol tec hniques w e disco v er in b oth

problems that certain bac kpropagated quan tities (bac kw ard probabilities for HMMN, bac kw ard propagated

errors for CN) are of crucial imp ortance to the solution. So HMM’s and CN’s are similar in arc hitecture and

training.

1 In tro duction

As Hidden Mark o v Mo dels (HMM) and Connectionist Net w orks (CN) are b oth used for Sp eec h Recognition, they

ha v e b een often compared, usually in terms of relativ e p erformance. Recen tly there has b een some discussion of

their similarities [1,2]. In [1] similarities of HMM’s and CN’s are considered explicitly , but the emphasis is on

arc hitecture indep enden t similarities.

1

The p osition of the presen t pap er is that HMM’s and CN’s are indeed v ery similar, in particular with resp ect to

arc hitecture and training metho ds. It has b een observ ed b y leCun [7] that training of CN’s can b e considered

as an Optimal Con trol problem. As far as the author kno ws nob o dy has y et noticed that the same is true of

HMM’s; this is the sub ject of Section 2 in this pap er. F urthermore, c hoice of the optimal con trol is ac hiev ed

b y the Bac kw ard-F orw ard (BF) algorithm, a steep est ascen t metho d that dep ends crucially on bac k propagated

quan tities. This is exactly analogous to the training of a connectionist net w ork b y bac kpropagation, as p oin ted

out b y leCun. It will b ecome clear that these similarities b et w een HMM training and CN training are due to

t w o factors: they b oth dep end on a m ultistage, feedforw ard arc hitecture, and their training is a constrained

optimization problem. There are no new computational metho ds prop osed in this pap er; an effort is made to

p oin t out some striking similarities b et w een the t w o fields and explain these similarities b y using the p oin t of

1

A t the time the pap er w as b eing completed the author b ecame a w are of the w ork b y Kung and Hw ang [8,9,10] where similar

ideas are presen ted.

view of Con trol Theory .

Let us define some terms: By CN is mean t the usual net w ork with an input la y er (la y er 1), an output la y er

(la y er T ) and T − 2 hidden la y ers. W e assume, to mak e the argumen t simple, that ev ery la y er con tains the same

n um b er, call it N , of units (but w e can easily generalize to the case of v arying n um b er of units from la y er to

la y er). The output of unit i at la y er t is denoted b y α

t

( i ) and w e ha v e

α

t +1

( i ) = f

i

(

N

∑

j =1 w

ij

( t ) α

t

( j )) . (1 . 1)

where f

i is a nonlinear function (usually the sigmoid). These are the standard net w orks defined, e.g. in [9]. The

Bac k Propagation (BP) metho d is the usual v arian t with simple descen t in the gradien t direction.

The HMM’s referred to here are the v ariet y describ ed in [8]. Strictly sp eaking, an HMM is pair of sto c hastic

pro cesses. Ho w ev er, w e will b e more in terested in a recursiv e computation that is asso ciated with ev ery HMM.

As will b e explained in Section 2, there are certain probabilities that w e w an t to compute, call them α

t

( i ),

i = 1 , 2 , ..., N , t = 1 , 2 , ..., T . These probabilities ob ey the follo wing equations:

α

t +1

( i ) =

N

∑

j =1 f

ij

( t ) α

t

( j ) , (1 . 2)

It is clear that the computation of (1.2) can b e p erformed b y a m ultistage feedforw ard net w ork and that (1.2) is

v ery similar to (1.1). W e will call this the Hidden Mark o v Mo del Net w ork (HMMN). More details are giv en in

Section 2, but it is already clear that (1.1) and (1.2) are v ery similar.

The rest of the pap er explores this similarit y further. In Section 2 w e will form ulate training of HMM as an

Optimal Con trol problem. In Section 3 w e will cite leCun’s results on the Optimal Con trol form ulation of the

CN training problem. In Section 4 w e will compare HMM’s and CN’s in the ligh t of what w as learned in Sections

2 and 3.

2 HMM’s, the Bac kw ard-F orw ard algorithm and Optimal Con trol

In this section w e review briefly HMM’s and their training and p oin t out the connection with optimal con trol:

training of the HMM in v olv es optimal con trol of an asso ciated net w ork.

The follo wing review of HMM’s follo ws [8]. A HMM is is a pair of sto c hastic pro cesses: X

t

, t = 1 , 2 , ..., T , O

t

,

t = 1 , 2 , ..., T . X

t

(the hidden pro cess) is a Mark o v pro cess: it tak es v alues in the set x = { x

1

, ..., x

N

} with

certain probabilities:

P r ob ( X

1

= x

i

) = c

i

, i = 1 , 2 , ..., N , (2 . 1)

P r ob ( X

t +1

= x

j

| X

t

= x

i

) = a

ij

, i, j = 1 , 2 , ..., N , t = 1 , 2 , ..., T . (2 . 2)

Note that (2.1) and (2.2) are sufficien t to compute P r ob ( X

t

= x

j

). O

t is the observ ed pro cess and tak es v alues

in o = { o

1

, o

2

, ..., o

M

} in a w a y that dep ends on X

t

:

P r ob ( O

t

= o

k

| X

t

= x

i

) = b

ik

(2 . 3)

W e collect the a ’s, b ’s and c ’s in appropriately dimensioned matrices A, B , C and define the triple M

.

= ( A, B , C ).

M defines a Hidden Mark o v Mo del.

No w, supp ose w e observ e O

1

= o

i 1

, O

2

= o

i 2

, ..., O

T

= o

iT

(for some in tegers i 1 , i 2 , ..., iT ). The follo wing

probabilities (dep enden t on the observ ations) are v ery useful for the recognition and training problems:

α

t

( i )

.

= P r ob ( O

1

= o

i 1

, O

2

= o

i 2

, ..., O

t

= o

it

, X

t

= x

i

) (2 . 4) α

t

′

= [ α

t

( i ) ...α

t

( N )] (2 . 5)

( α

t

′

is the transp ose of α

t

). W e will call these quan tities a -probabilities or forw ard probabilities. They are of

in terest, b ecause

P r ob ( O

1

= o

i 1

, O

2

= o

i 2

, ..., O

T

= o

iT

) =

N

∑

i =1 α

T

( i ) . (2 . 6)

So, for a giv en observ ation sequence O

1

= o

i 1

, ..., O

T

= o

iT

, J

0

( M )

.

=

∑

N

i =1 α

T

( i ) is the probabilit y of this

particular sequence o ccurring, ha ving assumed a particular mo del M to b e true. In recognition, w e assume a

fixed mo del and try to find the sequence of highest probabilit y . In training, w e fix a sequence o

i 1

, ..., o

iT and lo ok

for the mo del M that maximizes the probabilit y J

0

( M ). In essence, training is Maxim um Lik eliho o d estimation

of M .

No w w e will form ulate the training problem as an Optimal Con trol Problem. First of all, it is easy to see that

the computation of the α -probabilities pro ceeds in a recursiv e w a y . It is pro v en in [8] that

α

1

( i ) = g

i

( O

1

) c

i

(2 . 7)

α

t +1

( i ) =

N

∑

j =1 a

j i g

i

( O

t +1

) α

t

( j ) , t = 1 , ..., T − 1 , (2 . 8)

Here g

i

: o → [0 , 1] is a nonlinear (decision) function that is defined as follo ws: g

i

( v ) = b

ik iff v = o

k

. That

is, g

i tak es as input an observ ation and giv es as an output the probabilit y that this observ ation o ccurred while

X

t

= x

i

. W e can use matrix notation, construct appropriate matrices Φ( t, M ) and write (2.6) (for a fixed

observ ation sequence), as

α

t +1

= Φ( t, M ) α

t

, t = 1 , 2 , ..., T − 1 (2 . 9)

This is the recursiv e relation for the α ’s. Ev en though t is a time index, w e could implemen t this computation

on a T -la y ers net w ork, so that t could b e in terpreted as a la y er index. Either w a y of lo oking at t is equiv alen t.

If w e c ho ose the la y ers in terpretation , w e ha v e here feedforw ard la y ers and there is no skipping b et w een la y ers.

This is v ery similar to the standard v ariet y of connectionist nets. In fact, w e will explicitly consider a net, whic h

w e will call the Hidden Mark o v Mo del Net (HMMN), whic h computes (2.7), (2.8) (see Fig.1 ). This net consists

of T la y ers; the last one is called the output la y er. Eac h la y er has N units. The i -th unit of the t -th la y er

is α

t

( i ). The i -th unit of the first la y er has output according to eq. (2.7) . The i -th unit of next la y ers has

output according to equation (2.8). The input to the net is the observ ations O

t

. Not all input is applied at the

first la y er: The t -th la y er receiv es input O

t whic h passes through the nonlinear function g

i and m ultiplies the

linear com bination of the previous la y er output. The similarities with more traditional connectionist net w orks

are ob vious; w e will commen t on them later.

Alternativ ely , if w e c ho ose the time in terpretation, w e ha v e a Discrete Time Dynamical System, whic h can b e

con trolled b y c hoice of M = ( A, B , C ). The ob ject of the con trol is to maximize

J

0

( M ) =

N

∑

i =1 α

T

( i ) . (2 . 10)

W e pro ceed to apply standard metho ds of Optimal Con trol. Optimal Con trol is a theory that deals with the

optimization of functions of time ev olving systems. See [10] for an in tro duction to the sub ject. This is a

constrained optimization problem. There are t w o t yp es of constrain ts:

1. The con trols M = ( A, B , C ) are not free quan tities. Since their elemen ts are probabilities, w e m ust ha v e the

follo wing conditions:

∑

j a

ij

= 1 ,

∑

j b

ij

= 1 ,

∑

j c

j

= 1 . (2 . 11) a

ij

≥ 0 , b

ij

≥ 0 , c

j

≥ 0 . (2 . 12)

W e can remo v e this kind of constrain t b y making the a ’s, b ’s, c ’s to dep end on auxiliary v ariables q ’s, r ’s, s ’s in

the follo wing w a y:

a

ij

= q

2

ij

∑

j q

2

ij

b

ij

= r

2

ij

∑

j r

2

ij

c

j

= s

2

j

∑

j s

2

j

Collect the q ’s, r ’s, s ’s in appropriately dimensioned matrices Q, R , S . It is easy to pro v e that an y set of Q, R , S

v alues giv es admissible A, B , C and, con v ersely , an y admissible v alue of A, B , C can b e pro duced b y appropriate

v alues of Q, R , S . Hence w e can also write M = ( Q, R , S ). This remo v es the constrain ts on the con trol.

2. The second kind of constrain ts is that the equations (2.7), (2.8) m ust b e satisfied. Because of the m ultistage,

feedforw ard nature, Optimal Con trol concepts pro v e useful.

Let us put all the factors influencing α

t +1 in one matrix F . In fact this F ( t ) = Φ( t, M ) with a fixed M , and

eq.(2.13) is the same as eq.(2.9). This matrix dep ends on O

t

, so w e can write F ( O

t

). But since O

t

= o

it is

giv en, w e will write simply F ( t ). There is also a dep endence on Q, R , S , whic h w e will not explicitly denote. The

problem is to c ho ose the elemen ts of F ( t ) under the appropriate constrain ts; W e will ha v e

α

t +1

= F ( t ) α

t t = 1 , 2 , ..., T − 1 (2 . 13)

α

1

= F (0) (2 . 14)

W e will treat these constrain ts explicitly , b y use of the standard tec hnique of Lagrange m ultipliers . W e augmen t

the cost function J

0 with the equations (2.6). Consider the Lagrange m ultipliers β

t

, t = 1 , ..., T (see [7] for

details):

J = J

0

−

T − 1

∑

t =1 β

t +1

′

( α

t +1

− F ( t ) α

t

) − β

1

′

( α

1

− F (0)) (2 . 15)

The in tro duction of Langrange m ultipliers allo ws us to pro ceed as if the problem is unconstrained A t a maximizing

p oin t the follo wing conditions m ust b e necessarily satisfied:

∂ J

∂ α

t

= 0 (2 . 16)

∂ J

∂ Q

= 0 (2 . 17 a )

∂ J

∂ R

= 0 (2 . 17 b )

∂ J

∂ S

= 0 (2 . 17 c )

Let us first lo ok at (2.16). Define

H

t

.

= β

t +1

′

F ( t ) α

t

, t = 1 , ..., T − 1

This is the Hamiltonian function of the problem. No w (2.16) b ecomes

β

t

=

∂ H

t

∂ α

t

⇒ (2 . 18)

β

t

= F

′

( t ) β

t +1 t = 1 , ..., T − 1 (2 . 19)

W e also ha v e

∂ J

∂ a

T

= 0 ⇒ β

T

= [1 1 ... 1]

′

(2 . 20)

Equations (2.19), (2.20) allo w us to solv e for β

t bac kw ards. That is, they are bac k propagating quan tities.

Equation (2.19) can b e written

β

t

( i ) =

N

∑

j =1 a

ij g

j

( O

t +1

) β

t +1

( j ) t = 1 , ..., T − 1 (2 . 21)

No w, eq.(2.21) along with the final condition (2.20) is sufficien t to pro v e that β

t

( i ) = P r ob ( O

t +1

= o

i,t +1

, ..., O

T

=

o

iT

| X

t

= x

i

). In [5] this is done in the rev erse w a y . Starting from the ab o v e definition of β

t

, it is pro v en that

eq.(2.21) has to b e satisfied. The reader familiar with the Bac kw ard-F orw ard algorithm will recognize here β

t as

the bac kw ard probabilities, or β -probabilities.

Another v ery in teresting fact is that α and β ha v e a Hamiltonian structure. The equation (2.8) can b e written

as

α

t +1

=

∂ H

t

∂ β

t +1 t = 1 , ..., T − 1 (2 . 22)

(2.18) and (2.22) sho w clearly the Hamiltonian structure: α and β are conjugate quan tities (lik e p osition and

momen tum in classical mec hanics). This fact, as far as the author kno ws, has not b een noted b efore in the

sp eec h literature, but of course is no acciden t: it follo ws from the Optimal Con trol form ulation.

So far w e ha v e not said an ything ab out the actual selection of the con trol v ariables (whether these are giv en

in terms of A, B , C or Q, R , S ). Equations (2.17a-c) are a necessary condition that has to b e satisfied, but

obtaining Q, R , S from them is not easy . As a matter of fact, there is no canonical w a y to explicitly solv e the

general Optimal Con trol problem. Ho w ev er, in this particular case there is a w a y to solv e the training problem

that completely b ypasses (2.17) and the auxiliary v ariables Q, R , S . The solution is furnished b y the Bac kw ard-

F orw ard algorithm whic h consists of the follo wing iteration:

Giv en M ( l ) = ( A ( l ) , B ( l ) , C ( l )),

a l +1

ij

=

∑

T − 1

t =1 α l

t

( i ) a l

ij g l

j

( O

t +1

) β l

t +1

( j )

∑

T − 1

t =1 α l

t

( i ) β l

t

( i )

b l +1

ij

=

∑

t : O

t

= o

j α l

t

( i ) β l

t +1

( i )

∑

T − 1

t =1 α l

t

( i ) β l

t

( i )

c l +1

i

= α l

i

( i ) β l

i

( i )

∑

N

i =1 α l

T

( i )

This is an ascen t pro cedure (not necessarily steep est ascen t). As pro v en in [3]

J ( M ( l + 1)) ≥ J ( M ( l ))

and in fact w e ha v e guaran teed con v ergence to a lo cal maxim um

2

.

The solution of the training problem of HMM b y the BF algorithm is completely indep enden t of the Optimal

2

F rom the analysis in [3] it is clear that the cross-en trop y b et w een mo dels is minimized. This is v ery in teresting in view of the

fact that cross en trop y is often prop osed in connectionist mo dels as an alternativ e criterion to the squared error.

Con trol form ulation. Wh y then go through the Optimal Con trol form ulation when w e finally use a standard

algorithm to solv e the problem? The Optimal Con trol p ersp ectiv e clarifies the meaning of the bac k propagated

quan tities that are prominen t in the Bac kw ard-F orw ard algorithm and the Hamiltonian structure. It is indeed

v ery satisfying to see that the β ’s afford t w o v ery differen t and y et equally significan t in terpretations: as bac kw ard

probabilities or as Lagrange m ultpliers. F urthermore, the Lagrange m ultipliers metho d is a v ery general metho d

that is used in man y fields; esp ecially there exists an extensiv e corpus of researc h in Optimal Con trol and it is

not unreasonable to exp ect to gain v aluable insigh ts to the sp eec h recognition problem b y relating it to old and

w ell studied con trol problems.

In conclusion, in this section w e ha v e learned the follo wing:

1. F or sp eec h recognition it is necessary to compute certain probabilties ( α ’s) . These probabilities are computed

b y an HMMN.

2. The HMMN has a m ultistage feedforw ard arc hitecture. There is a w eigh ted input form previous la y ers and

nonlinear functions app ear at eac h unit.

3. The training of an HMM in v olv es a constrained optimization of the parameters of HMMN. Due to the

m ultistage nature of HMMN this optimization can b e form ulated as an Optimal Con trol problem.

4. In solving the Optimal Con trol problem certain bac k propagating quan tities are of crucial imp ortance. These

quan tities can b e in terpreted in t w o w a ys: as bac kw ard probabilties or as Lagrange m ultipliers. They are

conjugate (in the Hamiltonian sense) to the forw ard probabilities.

3 CN, the Bac k Propagation algorithm and Optimal Con trol

In this section w e will basically rep eat the pro cedure of the previous section for CN’s instead of HMMN’s. The

treatmen t here is a summary of leCun’s treatmen t in [7]. As far as the author kno ws, that w as the first pap er

where the Optimal Con trol in terpretation of CN training w as prop osed.

Consider a CN with T − 2 hidden la y ers, an input la y er and an output la y er. All la y ers ha v e N units eac h. The

i-th unit consists of a sigmoid function f

i

; the output α

t

( i ) of unit i in la y er t is giv en b y:

α

t +1

( i ) = f

i

(

N

∑

j =1 w

ij

( t ) α

t

( j )) . (3 . 1)

W e can define α

t

′

= [ α

t

(1) ...α

t

( N )] and then the equation for la y er-to-la y er forw ard propagation is

α

t +1

= F ( W ( t ) α

t

) (3 . 2)

The actual v alues of the α ’s dep ends on the initial conditions, that is, the input to the first la y er; a set of P

input patterns X

1

, ..., X

P are giv en and a set of desired output patterns Y

1

, ..., Y

P

. Eac h pattern is an N -b y-1

v ector. When the p -th pattern is input in the net w e will ha v e

α

1

= X

p

, p = 1 , 2 , ..., P .

No w a sequence of α ’s can b e computed from (3.2). Call these α p

1

, α p

2

, .., α p

T

. The training problem is to find

W ( t ) , t = 1 , 2 , .., T that minimize the cost function.

J

0

=

P

∑

p =1

( Y

p

− α p

T

)

′

( Y

p

− α p

T

)

Ho w ev er there are la y er-to-la y er constrain ts to b e statisfied. W e incorp orate these to the augmen ted cost function

b y use of Lagrange m ultipliers β p

t

:

J =

P

∑

p =1

( Y

p

− α p

T

)

′

( Y

p

− α p

T

) −

P

∑

p =1

T − 1

∑

t =1 β p

t +1

′

( α p

t +1

− F ( W ( t ) α p

t

)) −

P

∑

p =1 β p

1

′

( α p

1

− X

p

) (3 . 3)

These computations are implemen ted on the net w ork of Fig. 2.

The treatmen t of the problem pro ceeds exactly as in Section 2. Define the Hamiltonian:

H p

t

= β p

t +1

′

F ( W ( t ) α p

t

) (3 . 4)

Then

J = J

0

−

P

∑

p =1

T − 1

∑

t =1

( β p

t +1

′

α p

t +1

− H p

t

) −

P

∑

p =1 β p

1

′

( a

1

− X

p

) (3 . 5)

The necessary conditions for optimalit y are:

∂ J

∂ α p

t

= 0 (3 . 6)

∂ J

∂ W ( t )

= 0 (3 . 7)

F rom (3.6) it follo ws that

β p

t

=

∂ H p

t

∂ α p

t t = 1 , ..., T − 1 (3 . 8)

And the final condition

β p

T

= 2( Y

p

− α p

T

)

Also , (3.2) implies

α p

1

= X

p

α p

t +1

=

∂ H p

t

∂ β p

t +1 t = 1 , ..., T − 1 (3 . 9)

Equations (3.8) and (3.9) sho w the Hamiltonian structure of the problem and that the α ’s and the β ’s are

conjugate quan tities. It is also clear that the β ’s are bac k propagated quan tities. Indeed they are v ery closely

related to the bac k propagated errors of the Bac k Propagation (BP) algorithm as will b e immediately eviden t.

As in the previous section, (3.7) is not v ery useful for determination of W ( t ). W e will instead use the classical

bac k propagation algorithm. That is, w e will use the up date rule (in the steep est descen t direction)

W

l +1

( t ) = W

l

( t ) − ϵ ·

∂ J

∂ W ( t )

It is easy to pro v e after some manipulation that

∂ J

∂ W ( t )

=

P

∑

p =1

∇ F β p

t +1 α p

t

′

F or the details of the pro of see leCun [7].

3

So the rule is:

W

l +1

( t ) = W

l

( t ) − ϵ ·

P

∑

p =1

∇ F β p

t +1 α p

t

′

3

∇ F is a diagonal matrix: ∇ F

ii

=

∂ F

i

( z )

∂ z ev aluated at z =

∑

j w

ij α

j

.

This is exactly the Bac k Propagation algorithm. Once again, starting from an Optimal Con trol form ulation

w e disco v er bac kpropagated quan tities that ha v e b een of great imp ortance and indep enden tly disco v ered in the

traditonal form ulation. Let us summarize. In this Section w e ha v e learned the follo wing:

1. The standard CN w e ha v e considered has a m ultistage, feedforw ard structure. There is a w eigh ted linear

com bination of input from the previous stage, that feeds in to a nonlinear function.

2. The training of the CN is a constrained optimization problem. Alternativ ely , it can b e seen as an Optimal

Con trol Problem.

3. In solving b y the BP algorithm, certain bac kpropagated quan tities app ear, that can b e in terpreted either as

BP errors or Lagrange m ultipliers. They are conjugate quan tities to the net w ork unit outputs.

4 Similarities and Differences of HMM’s and CN’s

In the preceding t w o sections w e ha v e p erformed essen tially an iden tical analysis of the HMMN and the CN.

W e ha v e placed certain restrictions on the t yp e of CN considered but these can b e easily remo v ed (see [7] for a

discussion of this). A t an y rate, there are certain striking similarities b et w een the t w o kinds of net w orks. They

can b e summarized as follo ws:

1. Both net w orks essen tially ha v e the same arc hitecture. There is a nonlinearit y in ev ery la y er and then linear

com binations of the previous la y er units are used as input for the next la y er.

2. T raining is v ery similar for b oth t yp es of net w orks. In b oth cases w e m ust optimize a certain cost function of

the net w ork.

3. The training problem admits in b oth cases an Optimal Con trol solution . In the course of this solution, bac k

propagated quan tities turn out to b e of imp ortance.

In addition there are some differences:

1. The input is utilized in differen t w a ys. In the HMMN, one could argue there is no hidden la y er. All la y ers are

a v ailable to accept input. (Ho w ev er, in b oth cases the input is some observ ation, O

t for HMMN, X

t for CN.)

2. The nonlinearit y is also used in a differen t w a y . It is w ell kno wn that the addition of nonlinearities in

Connectionist Net w orks, increases their p o w er and scop e. This nonlinearit y acts on the output of in termediate

la y ers. In the HMMN con text, there is no nonlinear action in the la y ers output. The nonlinearit y op erates only

on the input. It is in teresting to sp eculate on p ossible impro v emen ts if nonlinear functions op erated b et w een

la y ers of HMMN’s.

In addition there are some general commen ts to b e made. F or instance:

1. In net w ork analysis there is an in teresting in terpla y b et w een space and time. There is a certain amoun t of

in terc hangeabilit y b et w een the t w o concepts. This is v ery clearly exemplified in the presen t situation. W e ha v e

b een lo oking at net w orks whic h can b e though t of as ev olving either in space (that is from la y er to la y er, whic h

is traditional Connectionist p oin t of view) or in time (Optimal Con trol p oin t of view). There are certain gains to

b e had from eac h p oin t of view and tec hniques that are w ell kno wn in one field migh t pro v e useful to the other.

2. The in terc hanegabilit y of time and space also sho ws that what is feedforw ard to one p oin t of view, ma y b e

feedbac k to another p oin t of view. W e ha v e b een talking in this pap er of feedforw ard arc hitecture; this is clearly

true from the space ev olution p ersp ectiv e. But in Optimal Con trol terms, w e ha v e b een lo oking at feedbac k

systems: there is only one la y er and its output at time t is used as input at time t + 1.

3. This raises the question of the p ossibilit y of com bining the t w o p ersp ectiv es. What w ould the dynamics of a net w ork of man y hidden la y ers b e? In suc h a net w ork the output unit w ould b e fed bac k to the input unit. In the

connectionist con text, suc h net w orks are called recurren t net w orks. F rom the p oin t of view of Optimal Con trol

they are distributed systems (see [10]). It is quite p ossible that Con trol Theory ma y pro v e useful in in v estigating

suc h net w orks. In particular, the prev alen t view among connectionists seems to b e that hidden la y ers are mostly

useful to shap e the resp onse of the output la y er; but in the con trol con text, lots of effort go es in to con trolling

ev ery one of the la y ers of a net w ork, to optimize giv en criteria.

There is m uc h space for sp eculation along these lines. Ho w ev er, the p oin t that has b een argued here is that

there is a basic similarit y b et w een HMM’s and CN’s b oth in arc hitecture and training. This similarit y is most

ob vious form the Optimal Con trol P ersp ectiv e.

5 References

1. H. Bourlard and C.J. W ellek ens,”Links b et w een Mark o v Mo dels and Multila y er P erceptrons”, Pro ceedings of

NIPS Conference, Den v er , 1988.

2. H. Bourlard and C.J. W ellek ens, ”Sp eec h Dynamics and Recurren t Neural Net w orks”, Pro ceedings of

ICASSP’89, Glasgo w, 1989.

3. A.P . Dempster, N.M. Laird and D.B. Rubin, ” Maxim um Lik eliho o d from Incomplete Data via the EM

algorithm”, J. of the Stat. Ro y . So c. B, V ol. 39, No. 1, 1977,pp. 1-38.

4. S.Y.Kung and J.N.Hw ang, ”A Unified Mo delling of Connectionist Neural Net w orks”

5. S.Y.Kung and J.N.Hw ang, ”A Unifying Viewp oin t of Multila y er P erceptrons and Hidden Mark o v Mo dels”,

Pro ceedings ofIEEE In t. Symp osium on Circuits and Systems, P ortland, Ma y 1989.

6. S.Y.Kung and J.N.Hw ang, ”A Unified Systolic Arc hitecture for Artificial Neural Net w orks”, Pro ceedings of

ICASSP’89, Glasgo w, Ma y 1989.

7. Y. leCun, ”A Theoretical F ramew ork for Bac k-Propagation”, Pro c. of the 1988 Connectionist Mo dels Summer

Sc ho ol, Pittsburgh, 1988, pp.21-28

8. S.E. Levinson, L.R. Rabiner and M.M. Sondhi, ”An In tro duction to the Application of the Theory of Prob-

abilistic F unctions of a Mark o v Pro cess to Automatic Sp eec h Recognition”, Bell Sys. T ec h. J., V ol. 62, No. 4,

April 1983,pp.1035-1074.

9. J.E. McClelland, D.E. Rumelhart, ”P arallell Distributed Pro cessing”, Cam bridge, MIT, 1986.

10. A.P . Sage, ”Optim um Systems Con trol”, Englew o o d Cliffs, Pren tice-Hall, 1968.