Regression Mo deling in Bac k-Propagation and Pro jection Pursuit Learning Jenq-Neng Hw ang Sh yh-Rong La Martin Maec hler Doug Martin Jim Sc himert This researc as partially supp orted through gran ts from the National Science oundation under Gran No. ECS-9014243, and from O�ce of Na al Researc under Con tract No. N00014-91-J-1074. Information Pro cessing Lab oratory Departmen of Electrical Engineering, FT-10, Univ ersit of ashington, Seattle, 98195. Seminar ur Statistik, ETH Zuric h, Switzerland. Departmen of Statistics, GN-22, Univ ersit of ashington, Seattle, 98195. Con ten ts In tro duction Tw o-la er erceptron and Bac k-Propagation Learning 2.1 Mathematical orm ulation 2.2 Bac k-Propagation Learning and its ariations Pro jection Pursuit Learning Net orks 3.1 Mathematical orm ulation 3.2 Learning Strategies of PPLs 11 3.3 Nonparametric and arametric Smo others for Estimating Activ ations 15 3.4 Mo deling Strategy of PPLs 19 Statistical erformance of BPLs and PPLs 20 4.1 Theoretical Appro ximation Prop erties of PPLs 20 4.2 Three Asp ects of Statistical erformance 21 4.3 Proto cols of the Sim ulations 22 4.4 Sim ulation Results in Statistical erformance 25 Concluding Remarks 30 List of Figures o-la er (one hidden la er) BPL net ork. standard PPL net ork. 10 ersp ectiv plots of functions (1) (5) (a) (1) simple in teraction; (b) (2) radial; (c) (3) harmonic; (d) (4) additiv e; (e) (5) complicated in teraction. 23 Noisy training data sets. (a) (1) (b) (2) (c) (3) (d) (4) (e) (5) 24 The trained pro jection directions with normalized magnitudes. (a) rained PPLs with hidden neurons. (b) rained PPLs with hidden neurons. (c) rained PPLs with hidden neurons. (d) rained BPLs with hidden neurons. (e) rained BPLs with hidden neurons. (f rained BPLs with hidden neurons. 30 3-D ersp ectiv plots of the reconstructed (5) function using 225 noisy train- ing data. (a) rom trained BPL net ork with hidden neurons. (b) rom trained BPL net ork with 10 hidden neurons. (c) rom trained sup ersmo other based PPL net ork with hidden neurons. (d) rom trained sup ersmo other based PPL net ork with hidden neurons. (e) rom trained Hermite oly- nomial based PPL net ork with hidden neurons. (f rom trained Hermite olynomial based PPL net ork with hidden neurons. 30 Abstract studied and compared yp es of connectionist learning metho ds for mo del-free regression problems in this pap er. One is the opular ack-pr op agation learning (BPL) ell kno wn in the arti�cial neural net orks literature; the other is the pr oje ction pursuit learning (PPL) emerged in recen ears in the statistical estimation literature. Both the BPL and the PPL are based on pro jections of the data in directions determined from in terconnec- tion eigh ts. Ho ev er, unlik the use of �xed nonlinear activ ations (usually sigmoidal) for the hidden neurons in BPL, the PPL systematically appro ximates the unkno wn nonlinear activ ations. Moreo er, the BPL estimates all the eigh ts sim ultaneously at eac iteration, while the PPL estimates the eigh ts cyclically (neuron-b y-neuron and la er-b y-la er) at eac iteration. Although the BPL and the PPL ha comparable training sp eed when based on Gauss-Newton optimization algorithm, the PPL pro es more parsimonious in that the PPL requires few er hidden neurons to appro ximate the true function. further impro the statistical erformance of the PPL, an orthogonal olynomial appro ximation is used in place of the sup ersmo other metho originally prop osed for nonlinear activ ation appro ximation in the PPL. In tro duction le arning network estimates an unkno wn function from represen tativ observ ations of the rele- an ariables. The study of learning parsimon fo cuses on the question of ho man parameters in the net orks should required for go appro ximations. Tw yp es of net ork learning metho ds are studied and compared in this pap er: one is the opular ack-pr op agation le arning (BPL) whic is ell kno wn in the arti�cial neural net ork literatures 29 ]; the other is the pr o- je ction pursuit le arning (PPL) whic has emerged in recen ears in the statistical estimation literatures ]. BPLs and PPLs ha een prop osed for essen tially distinct problem yp es, namely mo del-free gr ession and mo del-free classi�c ation Here \mo del-free" means that one mak es no priori assumption ab out the unkno wn functions to iden ti�ed other than imp oses certain degree of smo othness. In the statistical literatures, the term nonp ar ametric is synonmous with our use of the term mo del-fr In this pap er, shall concen trate on regression mo deling applications of BPLs and PPLs. The reasons for this hoice are sev eral 17 ]: (a) the relativ strength and eakness of BPLs and PPLs ma di�er in regression and classi�cation; (b) it is ma jor task to do thorough comparativ study for either one of the problems alone; (c) it seems rather easier to grasp what is going on in the regression setting; (d) the regression setting is one in whic some fairly deep theory is ailable for PPLs in the case of lo w-dimensional regression ]. ultiv ariate mo del-free regression problem can stated as follo ws: one is giv en pairs of ectors (1) whic ha een generated from unkno wn mo dels (2) where the are called the ultiv ariate \resp onse" ectors and the are called the \inde- enden ariables" or the \carriers". The are unkno wn smo oth non-parametric (mo del-free) functions from -dimensional Euclidean space to the real line: The are random ariables with zero mean, 0, and indep enden of Often the are assumed to indep enden and iden tically distributed iid as ell. The goal of regression is to construct estimators, whic are functions of the data to est appro ximate the unkno wn functions, and use these estimates to predict new giv en new The organization of this pap er is as follo ws: In Section 2, brie y review the BPL algo- rithm for feedforw ard erceptrons, and sev eral extensions of this algorithm that lead to ard the ersion of PPL. Section in tro duces the standard PPL metho for regression problems based on sp ecial smo other called \sup ersmo other" and our mo di�ed ersion based on Hermite Figure 1: o-la er (one hidden la er) BPL net ork. olynomials. Section presen ts thorough comparativ sim ulation study on statistical erfor- mance of the BPL, sup ersmo other based PPL, and Hermite olynomial based PPL. Concluding commen ts are giv en in Section 5. Tw o-la er erceptron and Bac k-Propagation Learning ultila er erceptron is feed-forw ard neural net ork whic has one or more la ers of hidden neur ons et een the input and output la ers. Sev eral recen results 10 ha sho wn that o-la er (one hidden la er) erceptron with sigmoidal no des can in principle represen an Borel-measurable function to an desired accuracy assuming \enough" hidden neurons are used 22 ]. This, along with the fact that theoretical results are kno wn for the PPL in the analogous o-la er case, justi�es fo cusing on the o-la er erceptron for our studies here. 2.1 Mathematical orm ulation o-la er erceptron can mathematically form ulated as follo ws (see Figure 1): =1 ik =1 =1 ik =1 m; (3) where denotes the bias of the th neuron in the hidden la er; denotes the input-la er eigh link ed et een the th hidden neuron and the th neuron of the input la er (or th elemen of the input ector ); ik denotes the output-la er eigh link ed et een the th output neuron and the th hidden neuron; is the nonlinear activ ation, whic is usually assumed to �xed monotonically increasing (logistic) sigmoid mapping, (1 ). The ab form ulation de�nes quite explicitly the parametric represen tation of functions whic are eing used to appro ximate Sp eci�cally =1 ik (4) simple reparametrization allo ws us to write in the form: =1 ik (5) where is unit length ersion of eigh ector This form ulation rev eals ho are built up as linear com bination of sigmoids ev aluated at translated (b and scaled (b pro jections of on to the unit ectors Figure 2: standard PPL net ork. 2.2 Bac k-Propagation Learning and its ariations Historically the training of ultila er erceptron uses bac k-propagation learning (BPL), simple iterativ gradien descen algorithm designed to minimize the mean squared error et een the desired resp onse (target) ector and the actual resp onse ector 29 ]. There are common yp es of BPL: the atch one and the se quential one. The batc BPL up dates the eigh ts after the presen tation of the complete set of training data. Hence, training iteration incorp orates one sw eep through all the training patterns. On the other hand, the sequen tial BPL adjusts the net ork parameters as training patterns are presen ted, rather than after complete pass through the training set. The sequen tial approac is form of Robbins-Monro Sto chastic Appr oximation 28 34 ]. While the o-la er erceptron pro vides ery erful mo del-free appro ximation capabilit the BPL training can slo and ine�cien since only the �rst deriv ativ (or gradien t) informa- tion ab out the training error is utilized. sp eed up the training pro cess, sev eral se ond-or der optimization algorithms, whic tak adv an tage of second deriv ativ (or Hessian matrix) informa- tion, ha een prop osed for training erceptrons 14 ]. or example, the Newton metho 26 ], the Quasi-Newton metho 32 ], the conjugate gradien metho 30 ], as ell as the Gauss-Newton metho 21 ], whic is also used in the PPL ]. The �xed nonlinear activ ation (sigmoid) is monotone nondecreasing di�eren tiable function with ery simple �rst deriv ativ form, and ossesses nice prop erties for umerical computation. Ho ev er, it do es not in terp olate/extrap olate e�cien tly in wide ariet of regression applica- tions. Sev eral attempts ha een prop osed to impro the hoice of nonlinear activ ations; e.g., the Gaussian or ell-shap ed activ ations 22 ], the lo cally tuned radial basis activ ations 20 25 ], and semi-parametric (non-�xed) activ ations used in PPLs and hidden Mark mo dels 13 ]. Pro jection Pursuit Learning Net orks The pro jection pursuit learning (PPL) is statistical pro cedure prop osed for ultiv ariate data analysis using o-la er net ork. This pro cedure deriv es its name from the fact that it in ter- prets high dimensional data through ell-c hosen lo er-dimensional pro jections. The \pursuit" part of the name refers to optimization with resp ect to the pro jection directions. 3.1 Mathematical orm ulation Pro jection pursuit learning (PPL) for regression as originally suggested riedman and Stuet- zle ]. Later on, riedman presen ted generalized ersion suitable for ultiple resp onse regres- sion (and classi�cation) ]. The PPL net ork (see Figure 2) is mo deled as follo ws: =1 ik =1 (6) with ], 0, 1, and =1 1. The are unkno wn \smo oth" functions. Three sets of parameters, pro jection directions ), pro jection \strengths" ik and the unkno wn smo oth activ ations functions are estimated via the least squares (LS) criteria of minimizing the squared error loss function: =1 =1 =1 ik )] (7) In this pap er use the exp ectation op erator to denote the sample erage er all the training data or example, =1 The resp onse eigh tings allo ws the user to sp ecify the relativ con tribution of eac output prediction squared error to the total loss. ypically one ho oses =V ar in cases where the ha di�eren ariances ar ), and these ariances are either kno wn or (more ypically) estimated from the data. In our sim ulation studies of Section 4, deal with only single output resp onse ariable, so this issue do es not arise. It is seen that eac resp onse ariable is mo deled as di�eren linear com bination of the activ ations Eac activ ation is tak en as nonlinear smo oth function of di�eren linear com bination of the indep enden ariables. Its structure is ery similar to the one hidden la er BPL mo del whic appro ximates con tin uous function with =1 ik =1 (8) where is sigmoidal function: (1 ). Similar to BPL erceptron, PPL net ork forms pro jections of the data in directions determined from the in terconnection eigh ts. Ho ev er, unlik BPL erceptron, whic em- plo ys �xed set of nonlinear activ ations (sigmoids) whic are parametrically sp eci�ed �xed �nite set of parameters, PPL estimates the nonlinear activ ations based on optimization ap- proac whic in olv es use of one-dimensional nonparametric (mo del-free) data-smo other to discussed later ]. 3.2 Learning Strategies of PPLs In comparison with atch BPL, whic emplo ys either 1st-order gradien descen or 2nd-order Newton-lik metho ds to estimate the eigh ts of all la ers simultane ously after all the training patterns are presen ted, PPL learns neuron-b y-neuron and la er-b y-la er cyclic al ly after all the training patterns are presen ted. Sp eci�cally it applies linear LS to estimate the output-la er eigh ts, one-dimensional data smo other to estimate the nonlinear activ ation of eac hidden neuron, and the Gauss-Newton nonlinear LS metho to estimate the input-la er eigh ts. The PPL pro cedure uses the batc learning tec hnique to iterativ ely minimize the loss function er all the training data. All the parameters to estimated are hierarc hically divided in to groups (eac asso ciated with one hidden neuron), and eac group, sa the th group, is further divided in to three subgroups: the output-la er eigh ts ik connected to the th hidden neuron; the smo oth nonparametric function of the th hidden neuron; and the input-la er eigh ts connected to the th hidden neuron. The PPL starts from up dating the parameters asso ciated with the �rst hidden neuron (group) up dating eac subgroup, and consecutiv ely (la er-b y-la er) to minimize the loss function (a similar mo dular training concept as also used in 11 ]). It then up dates the parameters asso ciated with the second hidden neuron consecutiv ely up dating and complete up dating pass ends at the up dating of the parameters asso ciated with the th (the last) hidden neuron consecutiv ely up dating im and mj Rep eated up dating passes are made er all the groups un til con ergence (e.g., in our studies of Section 4, use the stopping criterion that new old old smaller than presp eci�ed small constan t, 005). no discuss ho the th group parameters ik and are up dated. One can rewrite the loss criterion in terms of the residual function ij (9) as follo ws: =1 ik )] =1 =1 =1 ik )] (10) where ik and ij ). Let us assume for the momen that for the parameters ij :::; :::; and the function are �xed. Giv en and is quadratic in the ik Th us the LS estimates ik of the parameters ik computed setting the deriv ativ es of with resp ect to ik equal to zero, are: ik )] )] (11) compute Eq. (11), one ust obtain the pro jection direction estimate and smo oth activ ation function estimate One can easily obtain an \unconstrained" non-smo oth estimate minimizing the expression in Eq. (10) with resp ect to for eac argumen alue where This is equiv alen to minimizing =1 =1 ik (12) with resp ect to ), whic giv es =1 ik =1 ik (13) The 2-D data )) form oin ts sc atterplot for 1-D nonlinear mapping along the direction of ypically suc solution for will result in to \rough" scatterplot ecause of the noisy nature of the data. One wishes to �nd \smo oth" curv whic est represen ts the scatterplot. One of the most common ys of doing this ould with spline smo other. or sak of computational sp eed, non-parametric ariable span smo other (also called sup ersmo other) as emplo ed riedman and Stuetzle and riedman to smo oth the scatterplot and reshap the LS estimated activ ation note that the estimated activ ations is then normalized so that and 1. Since the loss function is not quadratic function of to minimize with resp ect to with the ik and �xed, an iterativ optimization metho ust erformed. The Gauss Newton metho as used for this purp ose. Assume that the optimal eigh ector (pro jection direction) is an incremen from the curren eigh ector i.e., ylor series appro ximation giv es (14) The Gauss Newton iteration ho oses so that is minimized, whic results in the follo wing linear equation for =1 [( )( =1 [( (15) where the partial deriv ativ of ik (16) is ev aluated at the previous up date alue of pro jection direction Since the matrix on the left-hand-side of Eq. (15) is non-negativ de�nite, is alid descen direction. Solutions of the form =c where are tried in Eq. (14) and the whic minimizes =c is used. or giv en set of ik the activ ation and pro jection direction are esti- mated iterativ ely as follo ws: Once the pro jection direction is up dated to the scatterplot )) ha new abscissa alues, Th us the activ ation is reestimated smo othing (b sup ersmo other in the case of the original ork and ]). Then the next iteration for the up dating of pro jection direction is erformed. The erall hierarc hical iterativ minimization pro cedure based on the parameters asso ciated with th hidden neuron can summarized as follo ws: 1. and ik are assigned some initial guesses. 2. is estimated iterativ ely via Eqs. (14), (15), and line searc h. 3. Giv en the new estimate via smo othing the scatterplot )). 4. Rep eat Steps 2-3 sev eral iterations. 5. Giv en the most recen and one then go es bac to ev aluate ik via Eq. (11). 6. Rep eat Steps 2-5 un til the loss function is minimized with resp ect to all ik and asso ciated with th hidden neuron. 10 The iterativ pro cedure is then rep eated for the 1) th hidden neuron. 3.3 Nonparametric and arametric Smo others for Estimating Activ ations Sup ersmo other Nonparametric Smo other: In the original PPL regression and in the SMAR implemen tation of PPL, ariable span smo other (called sup ersmo other) as used to obtain smo oth estimate for the scatterplot )). The motiv ation ehind the original design of sup ersmo others as o-fold: (a) to ha go ariable bandwidth whic ould pro vide go adaptation to arying curv ature in the unkno wn function and to arying noise lev el; and (b) to ery fast. Goal (b) led to the use of piecewise linear �ltering whic can up dated ery quic kly Goal (a) led to ery clev er adaptiv bandwidth metho d. our kno wledge sup ersmo other as the �rst practical implemen tation of ariable bandwidth smo other, con tribution of considerable alue in itself. None the less, there are sev eral dra wbac ks asso ciated with sup ersmo other for the regression application. More sp eci�cally in PPL use of sup ersmo other (or an nonparametric smo other, for that matter), it is necessary to store table of estimated alues for eac hidden neuron, Moreo er, deriv ativ es of ust estimated taking �rst order di�erences of the estimates +1 +1 (2 1) (17) where the are lab eled in increasing order of Endp oin ts and are handled cop ying the alues of their nearest neigh ors. Suc appro ximation can ecome unstable if the denominator ecomes to small. oid this problem, oling tec hnique as applied to observ ations to impro the erformance ]. Ev en though the oling tec hnique ercomes some dra wbac ks, the actual activ ation alues are still piecewise in terp olated due to the scatter oin represen tation of the activ ations. This also results in erformance degradation in the training and testing. arametric Smo othing via Hermite unction Regression: The motiv ation of using parametric smo other instead of sup ersmo other is three-fold: 1. use parsimonious parametric mo del to get rid of the uge size regression tables. 2. ha fast and accurate deriv ativ calculation. 3. ha smo oth in terp olation, instead of using piecewise in terp olation, in computing the activ ation alues. The orthonormal Hermite olynomial functions are hosen to satisfy this motiv ation due to their parametric orthonormal prop ert and the easiness of recursiv calculation of the functional alues. The hosen Hermit functions ha also een successfully used in the densit estimation based on pro jection pursuit 18 ]. It should noted that although parametric regression has the adv an tage of addressing the ab three oin ts quite ell. If one an ts the equiv alen of sup ersmo others in parametric regression then one will need to use an automatic ariable selection metho

(e.g., AIC ], MDL 11 27 ], PSE ]). In the case of olynomial regression whic fo cus on elo w, this amoun ts to curv ature (data-driv en) determination of the highest order olynomial term. do not address this issue here, but none the less sho that considering only mo derately high olynomial order, one can impro considerably on the erformance obtained with sup ersmo other. The Hermite olynomials can constructed in recursiv manner 2( 1) )) (18) The Hermite olynomials are orthogonal on �1 with resp ect to the eigh ting function, (where is standard Gaussian function, ), and standardized the relation �1 dz (19) The orthonormal Hermite functions 18 can th us de�ned, !) 1) (20) where ij the Kronec er delta. Recall that the scatterplot )) for the th neuron has oin ts lo cated at This scatterplot is smo othed LS �tting of the order Hermite functions =1 (21) Let )) )) Then the LS estimate of the co e�cien ector is obtained solving min (22) namely (23) The resulting scatterplot smo othing function is 12 =1 (24) for arbitrary real alued argumen (with �tted alues )) at the observ ed neuron input alues :::; The deriv ativ of can easily calculated analytically due to the sp ecial prop ert of Hermite functions 18 that (2 =1 (25) =1 [(2 )] (26) 3.4 Mo deling Strategy of PPLs orw ard Gro wing Pro cedure: The PPL builds up its regression mo del adding hidden neurons one at time. Consider adding the th hidden neuron. The optimization strategy describ ed in Section 3.2 is applied to learn all parameters asso ciated with this hidden neuron. After the parameters asso ciated with this hidden neuron are estimated, ack�tting metho is emplo ed to �ne tune the parameters asso ciated with the previously installed neurons. Bac k�tting consists of cyclically minimizing the sum of squared residuals for eac neuron un til there is little hange. Sp eci�cally for eac up date and ik so that the loss function can further minimized. Bac kw ard Pruning Pro cedure: Ha ving gro wn -neuron PPL net ork, bac kw ard pruning pro cedure is applied to remo er�tting neurons one at time �tting all mo dels of decreasing orders to the data. Note that and are sp eci�ed bu the user. In �tting the mo del of eac order, the bac k�tting pro cedure is still applied to minimize the loss function through the hoices of ik and In the pro cess of the decreasing order, the retained hidden neurons out of 1)-hidden neurons structure are hosen based on simple measure of imp ortance, efore the bac k�tting pro cedure is applied: =1 (27) where are the estimates for the 1)-hidden neuron mo del. Statistical erformance of BPLs and PPLs ha discussed the \parametric" BPL and the \semi-parametric" PPL from structural and computational viewp oin ts. egin the section with brief discussion of the theoretical prop er- ties of PPL. Then carry out detailed comparison of statistical erformance via sim ulation study 13 4.1 Theoretical Appro ximation Prop erties of PPLs least researc hers 12 19 ha theoretically established the \�rst lev el" appro ximation prop erties of PPLs. In particular, they ha sho wn that, with su�cien tly man hidden units, an noise free square in tegrable function can appro ximated arbitrarily ell theoretical analog of PPLs. These kinds of results are analogous to those of 10 for BPL net orks. call the ab kinds of results \�rst lev el" ecause they are deterministic function appro ximation theory e.g., lik the Stone-Weierstr ass theorem whic states that an con tin uous function on compact set can appro ximated arbitrarily ell olynomials. Ho ev er, suc results sa nothing ab out the computational complexit required for go appro ximation and, and furthermore they sa nothing ab out the critical issue of statistical prop erties of appro ximations based on noisy observ ations as in Eq. (2). In the latter regard, theoretical studies of non-parametric estimation in the statistical literature usually fo cus on the asymptotic mean-squared error prop erties of estimation. Mean-squared error con tains oth ariance and squared bias comp onen t, and the goal is to adjust bandwidth parameter so as to balance ariance and squared bias. This results in rate at whic the bandwidth should go to zero with increasing sample size. Complete studies of this yp ha not et een carried out for PPLs. Ho ev er, Donoho and Johnstone ha carried out an impressiv theoretical study of the bias prop erties of PPLs for regression. They compared PPLs with the simple ernel-t yp estimators. or the case 2, they in estigated the Hilb ert space of all square-in tegrable functions on the plane. The main result is duality et een PPLs and ernel-t yp estimators on one hand, and et een the adial (-\lik e") and the harmonic (-\lik e") functions on the other: PPLs parsimoniously mo del radials while ernel-t yp estimators are sup erior for harmonics. Sp eci�cally the PPLs asymptotically and optimally appro ximates adial functions (see Section 4.3). On the other hand, the harmonic functions (see Section 4.3) are most di�cult for PPLs to appro ximate in the sense of needing the most neurons for giv en appro ximation error ound. The eha vior of BPL net orks for radial and harmonic functions has not een in estigated. Ho ev er, the BPL net orks are similar in spirit to ybrid pro jection pursuit ernel (PPK) metho d, as discussed in Section 2.3. As suc h, conjectured that their eha vior is more similar to PPL than to ultiv ariate ernel metho d. This conjecture is supp orted our sim ulation results in later sections. 4.2 Three Asp ects of Statistical erformance or simplicit of comparison, con�ne our sim ulations to the o-dimensional univ ariate case, i.e., 1. This is an imp ortan situation in practice, ecause the mo dels can visualized graphically as functions ). Comparisons ere made on the follo wing three di�eren asp ects: 1. arning cur acy: Mean squared error of estimation (training), determined indep en- den test data. consider Di�eren nonlinear functions to appro ximated. Both noiseless and noisy training data. 2. arning Parsimony: ho man hidden neurons are required for \go d" appro ximations. 14 3. arning Sp d: amoun of CPU time used for training. 4.3 Proto cols of the Sim ulations Nonlinear unctions: in estigate BPL and PPL erformance for �v nonlinear functions [0 1] These functions are sc ale suc that the standard deviation is (for large regular grid of 2500 oin ts on [0 1] ), and tr anslate to mak the range nonnegativ e. This facilitates erformance comparisons across the di�eren functions. Figure giv es 3-dimensional ersp ectiv plots of the �v functions, whic are as follo ws Simple Inter action unction (1) 10 391(( 4) 6) 36) adial unction (2) 24 234 75 5) 5) Harmonic unction (3) 42 659 (2 20 where ix 5(1 ), or equiv alen tly with 5, 5, (3) 42 659 05 10 dditive unction (4) 3356(1 5(1 sin (3 6) 3( 5) sin (4 9) )) Complic ate Inter action unction (5) 35 sin (13( 6) sin (7 Figure 3: ersp ectiv plots of functions (1) (5) (a) (1) simple in teraction; (b) (2) radial; (c) (3) harmonic; (d) (4) additiv e; (e) (5) complicated in teraction. 15 Figure 4: Noisy training data sets. (a) (1) (b) (2) (c) (3) (d) (4) (e) (5) raining and est Data: Tw indep enden ariables/carriers ere generated from the uniform distribution ([0 1] ), i.e., the abscissa alues ere generated as uniform random ariates on [0 1] and indep enden from eac other. generated 225 pairs of abscissa alues, and used this same set for exp erimen ts with all �v functions, th us eliminating an unnecessary ariabilit comp onen in the sim ulation. In addition to one set of noiseless training data 225 (28) generate noisy training data adding indep enden and iden tically distributed iid Gaussian noises: 25 225 (29) Here (0 1), the zero mean unit ariance Gaussian noise. Note that the signal to noise scalesratio is roughly 25 the scaling of the (appro ximately only ecause of the small size of the samples). Noisy training data sets for the �v functions are sho wn in Figure 4. Algorithm Used: The PPL sim ulations ere conducted using oth the us pac age 31 implemen tation, and Hermite olynomial ersion of PPL. used oth and hidden neurons (where and maxim um hidden neurons ere used, resp ectiv ely as discussed in Section 3.4). The us implemen tation is based on the riedman co de ], where nonparametric smo other called sup ersmo other as used for activ ation estimation, and Gauss- Newton metho as used for up dating the lo er la er eigh ts. implemen ted PPL in the same manner as in riedman’s co de, except for using orthonormal Hermite functions with the asso ciated impro ed deriv ativ estimation (see Section 3.3). obtain fair comparison with the BPL, the BPL as also implemen ted using batc Gauss-Newton metho (rather than the usual gradien descen t, whic is slo er) on o-la er erceptrons with linear output neurons and nonlinear sigmoidal hidden neurons 14 15 16 ]. considered BPL erceptrons with and 10 hidden neurons. Indep enden est Data Set: The assessmen of erformance as done comparing the �tted mo dels with the \true" function coun terparts on large indep enden test set. Throughout all the sim ulations, used the same set of test data for erformance assessmen t, namely sample of of size 10 000 on regularly spaced grid on [0 1] i.e., with := (2 1) 200 for 100 Error Measures: The fr action of varianc unexplaine (FVU) as used to compare the erformance of BPLs and PPLs on indep enden test data, where FVU is giv en FVU =1 )) =1 )) (30) 16 BPL and PPL BPL BPL PPL PPL PPL PPL FUV Measure (5 hidden) (10 hidden) (3 hidden) (5 hidden) (3 hidden) (5 hidden) Sup er- Sup er- Hermite Hermite smo other smo other (L=9) (L=9) (1) Noiseless raining Data 0.00117 0.00073 0.00035 0.00017 0.00000 0.00000 (2) Noiseless raining Data 0.06489 0.00211 0.00973 0.00747 0.00860 0.00000 (3) Noiseless raining Data 0.50625 0.18289 0.35454 0.24818 0.07478 0.00001 (4) Noiseless raining Data 0.08015 0.00330 0.00101 0.00048 0.00076 0.00058 (5) Noiseless raining Data 0.14161 0.02123 0.13459 0.02833 0.04891 0.01531 able 1: The accuracy determined the error measures of the indep enden test data in oth learning using noiseless training data. where 5. Note that the FVU measure is prop ortional to the usual \mean squared error" (MSE), and more in tuitiv alue is its squar ot 4.4 Sim ulation Results in Statistical erformance summarize the sim ulation results in statistical erformance, fo cused on the hosen three asp ects: ac cur acy arsimony and sp Learning Accuracy: As sho wn in ables and 2, the accuracy determined the FUV error measures in Eq. (30) of the indep enden test data aries considerably with metho (BPL erus PPL), the um er of hidden neurons, and whether or not noise is presen t. PPL based on sup ersmo other outp erforms BPL in all situations, where oth use the same um er of hidden neurons 5). urthermore, the Hermite olynomial based PPL usually outp erforms that of the sup ersmo other based PPL. Also notice that in one case (noisy (4) of insu�cien hidden neurons for accurate appro ximations BPL and sup ersmo other PPL 3), the Hermite olynomial PPL giv es quite go appro ximation. Note that our comparisons are based on 10 hidden neurons of BPLs and hidden neurons of PPLs. The reason of ho osing di�eren um er of hidden neurons will explained in the learning parsimon section. Learning arsimon y: In comparison with BPL, the PPL is more parsimonious in training all yp es of nonlinear functions, i.e., in order to ac hiev comparable accuracy to the BPLs for o-la er erceptrons, the PPLs require few er hidden neurons (more parsimonious) to appro ximate the desired true function 15 ]. In particular, none of the functions except (1) can reasonably ell appro ximated BPL net orks with hidden neurons (let alone with 3). 17 BPL and PPL BPL BPL PPL PPL PPL PPL FUV Measure (5 hidden) (10 hidden) (3 hidden) (5 hidden) (3 hidden) (5 hidden) Sup er- Sup er- Hermite Hermite smo other smo other (L=7) (L=7) (1) Noisy raining Data 0.00631 0.01776 0.00896 0.01466 0.00767 0.00765 (2) Noisy raining Data 0.05612 0.02647 0.03162 0.01875 0.03072 0.02288 (3) Noisy raining Data 0.53533 0.20851 0.36352 0.25389 0.09885 0.01045 (4) Noisy raining Data 0.57657 0.01975 0.33414 0.01859 0.01841 0.02099 (5) Noisy raining Data 0.90483 0.07004 0.26950 0.04325 0.14633 0.04273 able 2: The accuracy determined the error measures of the indep enden test data in oth learning using noisy training data. On the other hand, all functions can reasonably ell appro ximated PPL net orks with hidden neurons, and often hidden neurons will su�ce. Sev eral factors ma con tribute to this fa orable erformance of PPLs (sup ersmo other based and Hermite olynomial based). First and foremost, the data-smo othing tec hnique (either sup ersmo other or Hermite olynomial regression) creates more ertinen activ ations (i.e., etter function appro ximation) for eac neuron. Th us the PPL net orks can mo del the data accurately while using relativ ely few terms (hidden neurons). Secondly the batc Gauss-Newton BPL up dates all the eigh ts in the net ork sim ultaneously while the PPL up dates cyclically (neuron- y-neuron and la er-b y-la er), whic allo ws the most recen up dating information to used in the subsequen up dating. That is, more imp ortan pro jection directions can determined �rst so that the less imp ortan pro jections can ha easier searc (the same argumen used in fa or of the Gauss-Seidel metho er the Jacobi metho in an iterativ linear equation solv er). As for the impro ed erformance of the Hermite olynomial based PPL relativ to the sup ersmo other based PPL: eliev that this is due to the relativ roughness of the sup ersmo other algorithm whic is based on piecewise linear regression �tting (of ariable bandwidth/windo length). The �rst factor ab is illustrated the follo wing considerations. According to the de�- nition of (1) in Figure 3-a, the 3-D surface of (1) can \theoretically" constructed using pro jections, i.e., [( ]. This fact is clearly re ected in the estimated pro jection directions for the sup ersmo other based PPL net orks with 2, 3, and hidden neu- rons, where the ma jor pro jection directions (determined from the eigh ts of the �rst neurons in the trained PPL net orks) consisten tly indicate the desired pro jection directions (see Figures 5-a,b,c). In these �gures, eac 2-D ector sho wn is the estimated pro jection direction in the 2-D space asso ciated with hidden neuron, and the length of the ector denotes the normalized corresp onding to the same neuron (normalized the ariance of er all the training patterns). 18 Figure 5: The trained pro jection directions with normalized magnitudes. (a) rained PPLs with hidden neurons. (b) rained PPLs with hidden neurons. (c) rained PPLs with hidden neurons. (d) rained BPLs with hidden neurons. (e) rained BPLs with hidden neurons. (f rained BPLs with hidden neurons. Figure 6: 3-D ersp ectiv plots of the reconstructed (5) function using 225 noisy training data. (a) rom trained BPL net ork with hidden neurons. (b) rom trained BPL net ork with 10 hidden neurons. (c) rom trained sup ersmo other based PPL net ork with hidden neurons. (d) rom trained sup ersmo other based PPL net ork with hidden neurons. (e) rom trained Hermite olynomial based PPL net ork with hidden neurons. (f rom trained Hermite olynomial based PPL net ork with hidden neurons. On the other hand, the net orks trained BPL could only construct the correct 3-D surface of (1) with at least hidden neurons, and the pro jection directions are not consisten when the um er of hidden neurons increases (due to the implicit equal-imp ortance assumption of eac hidden neuron). This is illustrated in Figures 5-d,e,f, whic sho the estimated pro jection directions and the corresp onding normalized magnitude of the hidden neurons in the trained BPL net ork. When the um er of hidden neurons of BPL net orks is increased to 10, there ere sev eral duplicates of estimated pro jection directions, whic clearly rev eals the ine�ciency of the BPL metho relativ to PPL: sev eral sigmoidal terms (i.e., neurons) are required in giv en direction to erform adequate function appro ximation, whereas PPL can do go appro ximation in giv en direction with single term (neuron). further supp ort the parsimon prop ert of PPL, consider again the appro ximation of (5) using noisy training data. Figures 6-a,b sho the appro ximated functions trained BPLs. Note that the BPL cannot reasonably ell appro ximate (5) using hidden neurons, and therefore it requires appro ximately 10 hidden neurons to ha an adequate appro ximation. On the other hand, the sup ersmo other based PPL net ork can ell appro ximate (5) using hidden neurons (see Figures 6-c,d). Moreo er, the Hermite olynomial based PPL requires only hidden neurons to ell appro ximate (5) (see Figures 6-e,f ). Learning Sp eed: rep orted earlier 24 that the PPL to ok uc less time (1-2 order of magnitude sp eedup) in ac hieving accuracy comparable with that of the sequen tial gradien descen BPL. As migh exp ect, when compared with the batc Gauss-Newton BPL, oth the sup ersmo other based PPL or the olynomial based PPL tak es roughly the same amoun of computation time er all the sim ulations (using the same um er of hidden neurons and the same con ergence threshold 005). In all sim ulations, oth the BPLs and PPLs con erge in less than 100 iterations most of the time. also exp ect that when the size of the net ork increases, the training of the BPLs will slo er than that of PPLs. This is due to the matrix in ersion of complexit required in the batc Gauss-Newton approac for oth metho ds, along with the fact that BPL net ork is the total um er of eigh ts in the net ork; whereas for PPL, is only the um er of eigh ts incoming to one hidden neuron in the PPL net ork. 19 Concluding Remarks ha examined the theoretical and algorithmic similarities and di�erences et een BPL and PPL net orks, and ha carried out thorough comparativ study via sim ulations. In our sim ulation study PPL and batc Gauss Newton BPL net orks ha quite comparable training sp eed, and ac hiev comparable accuracy for indep enden test data, but PPLs are considerably more parsimonious in that few er neurons are required. The Hermite olynomial appro ximation of the nonlinear activ ations outp erforms the sup ersmo other ersion of the PPL metho in sev eral asp ects of erformance ev aluations. One imp ortan question that remains is ho to ho ose the order of the Hermite olynomials in data driv en manner. The hoice of order is equiv alen to ho osing global bandwidth parameter for smo othing. In addition one needs sound data driv en hoice of the um er of hidden neurons Since the Hermite olynomial based PPL is totally parametric metho d, one migh use con en tional statistical mo del selection metho to determine oth the olynomial order and the um er of hidden neurons. or the sup ersmo other based PPL, this do es not mak sense ecause the net ork mo del is no semiparametric. These questions should studied further. Also, it will imp ortan to mak careful comparativ ev aluation of BPL and PPL for strategically selected set of higher dimensional functions. References [1] H. Ak aik e. Information theory and an extension of the maxim um lik eliho principle. 2nd In t’l Symp osium on Information Theory Ak ademia Kiado, Budap est, pp. 267-281, 1973. [2] A. R. Barron. Predicted squared error: criterion for automatic mo del selection. Self- Organizing Metho ds in Mo deling, Chap. 4, edited S. arlo w, Marcel Dekk er, NY, 1984. [3] G. Cyb enk o. Appro ximation sup erp ositions of sigmoidal function. ec hnical Rep ort 856, Univ ersit of Illinois, Dept. of Elect. and Computer Engr., 1988. [4] J. Da vis. In terp olation and Appro ximation, Chap. 6. Do er Publication Inc., N.Y., 1975. [5] D.L. Donoho and I.M. Johnstone. Pro jection-based appro ximation and dualit with ernel metho ds. The Annals of Statistics, ol. 17, No. 1, pp. 58{106, 1989. [6] J.H. riedman and W. Stuetzle. Pro jection pursuit regression, Journal of the American Statistical Asso ciation, ol. 76, No. 376, pp. 817-823, Decem er 1981. [7] J.H. riedman. ariable span smo other. ec hnical Rep ort No. 5, Departmen of Statistics, Stanford Univ ersit No em er 1984. [8] J.H. riedman. Classi�cation and ultiple regression through pro jection pursuit. ec hnical Rep ort No. 12, Departmen of Statistics, Stanford Univ ersit Jan uary 1985. [9] R. Hec t-Nielsen. Theory of bac k-propagation neural net orks. In Pro c. In t’l Join Conf. on Neural Net orks, pp. 593-608, 1989. 20 [10] K. Hornik. Multila er feedforw ard net orks are univ ersal appro ximators. Neural Net orks, ol. 2, No. 5, pp. 359-366, 1989. [11] T. Hrycej. mo dular arc hitecture for e�cien learning. In Pro c. In t’l Join Conf. on Neural Net orks, pp. 557-567, 1990. [12] .J. Hub er. Pro jection pursuit. The Annals of Statistics, ol. 13, No. 2, 435{475, 1985. [13] J.N. Hw ang, J.A. Vlon tzos, and S.Y. Kung. systolic neural net ork arc hitecture for hidden Mark mo del. IEEE rans. on Acoustics, Sp eec h, and Signal Pro cessing, ol. 37, No. 12, pp. 1967-1979, Decem er 1989. [14] J. N. Hw ang and S. Lewis. rom nonlinear optimization to neural net ork learning. In Pro c. 24th Asilomar Conf. on Signals, Systems, Computers pp. 985-989, aci�c Gro e, CA, No em er 1990. [15] J. N. Hw ang, H. Li, D. Martin, J. Sc himert. The learning parsimon of pro jection pursuit and bac k-propagation net orks. In 25th Asilomar Conf. on Signals, Systems, Computers pp. 491-495, aci�c Gro e, CA, No em er 1991. [16] J. N. Hw ang, H. Li, M. Maec hler, D. Martin, J. Sc himert. comparison of pro jection pursuit and neural net ork regression mo deling. In Neur al Information Pr essing Systems IV pp. 1159-1166, Den er, CO, No em er 1991. [17] J. N. Hw ang, H. Li, M. Maec hler, D. Martin, J. Sc himert. Pro jection pursuit learning net ork for regression. Engineering Applic. Artif. In tell., ergamon Press Ltd., 5(3):193- 204, 1992. [18] Hall. On olynomial-based pro jection indices for exploratory pro jection pursuit. The Annals of Statistics. ol. 17, No. 2, pp. 589-605, 1989. [19] L.K. Jones. On conjecture of Hub er concerning the con ergence of pro jection pursuit regression. The Annals of Statistics, ol. 15, No. 2,880{882, 1987. [20] R. D. Jones, Y. C. Lee, C. W. Barnes, G. W. Flak e, K. Lee, S. Lewis, and S. Qian. unction appro ximation and time series prediction with neural net orks. In Pro c. In t’l Join Conf. on Neural Net orks, pp. 649-665, 1990. [21] S. Kollias and D. Anastassiou. An adaptiv least squares algorithm for the e�cien training of arti�cial neural net orks. IEEE ans. Cir cuits and Systems CAS-36(8):1092{1101, August 1989. [22] B. Kosk o. Neural Net orks and uzzy Systems: Dynamical Systems Approac to mac hine In telligence. Pren tice Hall, Englew Cli�s, NJ, 1991. [23] J.B. Krusk al. Nonmetric ultidimensional scaling: umerical metho d. Psyc hometrik 29, pp. 115-129, 1964. [24] M. Maec hler, D. Martin, J. Sc himert, M. Csopp enszky and J. N. Hw ang. Pro jection pur- suit learning net orks for regression. in Pro c. 2nd Int’l Conf. ols for AI pp. 350-358, ashington D.C., No em er 1990. 21 [25] J. Mo dy and C. J. Dark en. ast learning in net orks of lo cally tuned pro cessing units. Neural Computations, ol. 1, No. 1, pp. 281-294, 1989. [26] D. B. ark er. Learning logic. ec hnical Rep ort No. 47, Cen ter for Computational Researc in Economics and Managemen Science, MIT, April 1985. [27] J. Rissanen. univ ersal prior for in tegers and estimation minim um description length. The Ann. of Stat., 11(2):416-431, 1983. [28] H. Robbins and S. Monro. sto hastic appro ximation metho d. Annals of Mathematical Statistics, 22:400-407, 1951. [29] D. E. Rumelhart, G. E. Hin ton, and R. J. Williams. Learning in ternal represen tation error propagation. In D. E. Rumelhart and J. L. McClelland, editors, Par al lel Distribute Pr essing: Explor ations in the Micr ostructur of Co gnition: olume 1: oundations hap- ter 8. MIT Press, Cam bridge, MA, 1986. [30] D. F. Shannon. Recen Adv ances in umerical tec hniques for large-scale optimization. In Neur al Networks for ob otics and Contr ol Ed. W. T. Miller, R. Sutton, and J. erb os, MIT Press 1990. [31] us Users Man ual (V ersion 3.0). Statistical Science Inc., Seattle, A. [32] R. L. atrous. Learning algorithms for connectionist net orks: Applied gradien metho ds of nonlinear optimization. In Pr c. 1987 IEEE Int. Conf. Neur al Networks: ol. II pages 619{627, San Diego, CA, June 1987. [33] S. M. eiss, C. A. Kulik wski. Computer Systems that Learn. Morgan Kau�man Inc., San Mateo, CA, 1992. [34] H. White. Learning in arti�cial net orks: statistical ersp ectiv e. Neural Computation, 1(4):425-469, 1989. 22

-1 -0.5 0 0.5 1 -1 0 1 x1 x2

Figure 5(a) PPL - 2 neurons 1 2 -1 -0.5 0 0.5 1 -1 0 1

Figure 5(b) PPL - 3 neurons 1 2 3 -1 -0.5 0 0.5 1 -1 0 1

Figure 5(c) PPL - 4 neurons 1 2 3 4 -1 -0.5 0 0.5 1 -1 0 1

Figure 5(d) BPL - 3 neurons 1 2 3 -1 -0.5 0 0.5 1 -1 0 1

Figure 5(e) BPL - 4 neurons 1 2 3 4 -1 -0.5 0 0.5 1 -1 0 1

Figure 5(f) BPL - 5 neurons 1 2 3 4 5