p ar ameters such as σ and Δ , that is P r ( x | w , σ ) = P r ( x ) . Posterior pr ob abilities of network

weights ar e as fol lows. F or r e gr ession with Gaussian err or and unknown σ ,

P r ( w | x , y ) ∝ P r ( w , y | x ) = P r ( w )

Γ(

N − 1

2

)

( N π )

N − 1

2

√

N

(

∑

i =1 , ... ,N

( y

i

− o ( x

i

, w ))

2

)

N − 1

2

,

for r e gr ession with L aplacian err or and unknown Δ ,

P r ( w | x , y ) ∝ P r ( w , y | x ) = P r ( w )

Γ( N )

2

N

(

∑

i =1 , ... ,N

| y

i

− o ( x

i

, w ) |

)

N

,

and for classific ation

P r ( w | x , y ) ∝ P r ( w , y | x ) = P r ( w )

∏

i =1 , ... ,N o

y

i

( x

i

, w ) .

These p osterior probabilities define the Ba y esian solution to the problem of training net-

w orks. With a Gaussian error mo del, high p osterior w eigh ts w trade-off the prior P r ( w )

and the mean-square error. With a Laplacian error mo del, the trade-off is with the a v erage

absolute deviation. In all cases, as the sample size N gets large, the prior term will b ecome

negilible and can b e assumed constan t.

6 Analyzing w eigh ts

The section describ es ho w w e can use the p osterior analysis just giv en to assist basic tasks

done during net w ork training. In Section 6.1 w e describ es ho w w e deriv e “cost functions”

for a giv en set of w eigh ts from the p osterior form ulae and Section 6.2 describ es ho w w e

can ev aluate a set of w eigh ts. The cost function allo ws us to find a lo cally optim um set

of w eigh ts and the ev aluation allo ws us to compare the qualit y of one lo cal optim um with

another.

6.1 Cost functions

The p osterior probabilities just giv en represen t functions that should b e maximized. Cal-

culation is usually done in logarithms to prev en t arithmetic underflo w and to turn pro ducts

in to sums. Hence when searc hing for a high p osterior set of w eigh ts w e w ould lik e to mini-

mize the “cost function” − log P r ( w | x , y ). Notice that

− log P r ( w | x , y ) = − log P r ( w , y | x ) + log P r ( y | x ) ,

and since the term log P r ( y | x ) is constan t in w and difficult to calculate in general, w e

can instead minimize the cost function

Cost ( w ) = − log P r ( w , y | x ) ,

whic h can b e directly computed using Lemma 5.1.

These cost functions differ from maxim um lik eliho o d metho ds for net w ork training

[ BW87 , EJM90 ] in that they in tro duce a prior term and sometimes ha v e “n uisance” pa-

rameters eliminated. F or instance, σ is termed a “n uisance” parameter when trying to determine a go o d set of w eigh ts and ha v e no concern for the t ypical error. The prior term

corresp onds to the regularizing term found in smo othing metho ds [ HT90 ] and used to go o d

success in tec hniques suc h as w eigh t-elimination [ WRH91 ]. A similar Ba y esian form ulation

is giv en in [ Mac91 ].

Using the prior discussed in the previous section, with maxim um a p osterior analysis w e

w ould minimize in the regression case with Gaussian error and unkno wn σ

− log P r ( w , y | x )

=

N − 1

2 log

∑

i =1 , ... ,N

( y

i

− o ( x

i

, w ))

2

− log P r ( w ) + constan t , (4)

where the logarithm of the prior is determined as b efore. If the v alue of σ is kno wn the cost

to b e minimized is

1

2 σ

2

∑

i =1 , ... ,N

( y

i

− o ( x

i

, w ))

2

− log P r ( w ) + constan t .

Notice the difference b et w een these ab o v e t w o cost functions. In the second case, the cost

function is prop ortional to the mean squared error plus a “regularizing” term, but in the

first case the logarithm of the mean squared error is tak en. If the v alue of σ is determined

from the inputs as w ell, as o

′

( x

i

, r ), the cost to b e minimized is no w − log P r ( w , r , y | x )

giv en b y

∑

i =1 , ... ,N

1

2 o

′

( x

i

, r )

2

( y

i

− o ( x

i

, w ))

2

+

∑

i =1 , ... ,N log o

′

( x

i

, r ) − log P r ( r , w ) + constan t .

Minimization has to b e done for r and w concurren tly . A prior for r w as giv en at the end

of Section 5.3.

In the classification case, the o v erall cost is giv en b y

− log P r ( w , y | x ) = −

∑

i =1 , ... ,N log o

y

i

( x

i

, w ) − log P r ( w ) + constan t . (5)

If the output v ariable is b o olean and represen ted as 1 for true and 0 otherwise, then the

first sum expands to

−

∑

i =1 , ... ,N

( y

i log o

1

( x

i

, w ) + (1 − y

i

) log (1 − o

1

( x

i

, w )) ) .

Notice this is the familiar cross en trop y error for the sample.

While this giv es the cost function to minimize, w e do not consider here the computational

problem of ho w the minimization should b e done. V arious gradien t descen t, conjugate

gradien t or appro ximate second-order metho ds [ BL88 , EJM90 ] can b e tried to solv e the

minimization problem. See, for instance, [ PFTV88 , Chap. 14] for a tutorial discussion of

metho ds for solving the minimization problems for linear and non-linear regression with

Gaussian and other more robust error mo dels.

Notice the form ulation giv en here assumes learning is done in batc h (or ep o c h) mo de

b ecause the p osterior needs to b e calculated on the full sample. When initializing searc h,

it ma y help to use smaller batc hes to get somewhere near a lo cal minim um, and p erhaps

do batc h learning on the full sample when refining an already reasonable solution. This

corresp onds to the sto c hastic gradien t descen t strategy that is common in bac k-propagation

implemen tations. W e do not consider whic h strategy is b etter here.

6.2 W eigh t ev aluation

T o obtain a measure of the qualit y of eac h lo cal maxim um a p osterior estimate ^w found

during searc h, an estimate of the lo cal area under the p osterior around ^w is usually done.

The actual p osterior v alue itself is not the b est measure of qualit y b ecause some p eaks

ma y b e thinner than others so they con tain m uc h less of the p osterior probabilit y in their

vicinit y . F or instance, consider an idealized learning problem where the scalar parameter a

is b eing learn t. Supp ose a has p osterior giv en in Figure 2. Notice the left p eak is higher but

¡hand-dr awn and not on line¿

Figure 2: P osterior for a

m uc h thinner. The exp ected v alue of a , E

a

( a ) , and other functions of a w ould therefore

come more from the fatter p eak on the righ t. This b ecomes more pronounced in higher

dimensions, or when comparing net w orks of differen t dimension.

This lo cal area estimate of qualit y lets differen t lo cal maxim um a p osterior estimates b e

compared on an equal fo oting, for instance net w orks with differen t n um b ers of la y ers or con-

nections. This lo cal area estimate and successiv ely coarser appro ximations to it corresp onds

to the v arious enco ding measures suc h as MML [ WF87 ] and MDL [ Ris87 ], as discussed in

the next section.

T o mak e this estimate, w e appro ximate the p osterior at the lo cal maxim um ^w b y a

function of the form

P r ( w | x , y )

≈ P r ( ^w | x , y ) exp

(

−

1

2

( w − ^w )

T

I ( ^ w )( w − ^w ) + O (( w − ^w )

3

)

)

, (6)

where

I ( w ) = − d

2

log P r ( w | x , y )

d w d w

= − d

2

log P r ( w , y | x )

d w d w

,

= d

2

Cost ( w )

d w d w

Notice the differen tials are d w rather than ∂ w b ecause the deriv ativ e represen ts the full

matrix of second deriv ativ es w.r.t. the differen t w eigh ts w

n,m

. Roughly , this appro ximation is v alid for large sample size N b ecause the p osterior is found b y normalizing for w a form ula

of the form g ( w )

N

(see for instance [ Ber85 , p224]). The second deriv ativ e I ( ^w ) is tak en of

the cost function, the log p osteriors suc h as in Equation (4) or (5). Generally , the sample

size N should b e at least some factor of the n um b er of w eigh ts in the net w ork.

When using a uniform prior, I ( ^w ) is referred to as the observ ed Fisher information ma-

trix and its determinan t is referred to as the Fisher information. Both pla y a cen tral part

in statistical theory [ Ame85 , Ber85 ]. In some simple non-net w ork mo dels, suc h as distri-

butions from the exp onen tial family [ Ber85 ], class probabilit y trees and Ba y esian net w orks

on discrete v ariables [ Bun90 ], the p osterior can b e dealt with exactly so the appro ximation

using I ( ^w ) is not necessary . Because the constan ts in Equations (4) and (5) are indep enden t

of w , they can b e ignored when ev aluating the deriv ativ e. The lo cal p osterior area for w

near ^w is found b y in tegrating out w using the m ultiv ariate Gaussian appro ximation, and

is giv en b y

P r ( near ^w | x , y ) ≈ P r ( ^w | x , y )

(2 π )

| w | / 2

det ( I ( ^w ))

1 / 2

,

where | w | is the dimensionalit y of the v ariable set w and det ( · ) is the matrix determinan t.

The desired qualit y measure is no w giv en b y the negativ e logarithm of the lo cal area

(and adding in the constan t − log P r ( y | x ))

Ev al ( ^w ) = − log P r ( near ^w , y | x )

= − log P r ( y | ^w , x ) − log P r ( ^w ) −

| w |

2 log (2 π ) +

1

2 log det ( I ( ^w )) , (7)

whic h w an ts to b e minimized. Notice the first and second terms together giv e Cost ( ^w ). W e

separate them out here b ecause they corresp ond to the lik eliho o d and prior comp onen ts

resp ectiv ely .

Notice also, that from the functional form of Equation (6), the matrix in v erse of I ( ^w ),

I ( ^ w )

− 1

, represen ts an appro ximate p osterior v ariance-co v ariance matrix for w , [ Ber85 ,

p224], and is at least appro ximately correct in the neigh b orho o d of ^w . This means, for

instance, that the p osterior v ariance of the w eigh t w

n,m in the neigh b orho o d of ^w , denoted

v

w | x , y ,near ^w

( w

n,m

) , is giv en b y the diagonal en try for w

n,m in the matrix I ( ^w )

− 1

. That is,

if v

w | x , y ,near ^w

( w

n,m

) is large, then the w eigh t w

n,m is p o orly determined b y the data and

p erhaps should b e ignored.

The determinan t det ( I ( ^w )) could b e appro ximated b y lo oking only at the diagonals or

blo c k diagonals (blo c k corresp onds to one no de whic h is square in the n um b er of w eigh ts

for the no de). Individual second deriv ativ es can b e determined using a n um b er of metho ds

[ BW91 ]. F ortunately , this only has to b e done once for eac h lo cal minima ^w found, instead of

rep eatedly during searc h, so a fast appro ximation is not essen tial. F ast pac k ages exist, suc h

as the F ortran MA TLIB, that can find determinan ts and in v erses of matrices of ro w/column

size sev eral h undred in a few min utes.

6.3 Minim um enco ding metho ds

Qualit y measures similar to Ev al ( ^w ) can b e deriv ed using v arious quan titization, enco ding

and appro ximation metho ds. W e discuss these briefly here to dra w the strong connections

b et w een Ev al ( ^w ) and the often discussed enco ding measures giv en in [ WF87 , BC91 , Ris87 ].

W e view these metho ds as p oten tially useful appro ximations but do not consider their

application here.

Rissanen’s MDL

Rissanen dev elops his MDL measure [ Ris87 ] as an upp er b ound on − log P r ( w , y | x ). F or

exp osition purp oses, w e dev elop a related b ound here. I ( ^w ) is a p ositiv e indefinite symmetric

matrix (since ^w is a lo cal maxima), so

1

det I ( ^w ) ≤

(

trace I ( ^w )

| w |

)

| w |

,

where trace A is the sum of the diagonal en tries in the matrix A . No w for large N ,

trace I ( ^w ) / N is a mean so is appro ximately Gaussian, with mean O ( | w | ) and standard

deviation O ( | w | /

√

N ). Therefore with probabilit y approac hing 1 as N gets larger,

1

2 log det I ( ^w ) =

| w |

2 log N + O ( | w | ) .

W e get that

Ev al ( ^w ) = − log P r ( y | ^w , x ) − log P r ( ^w ) +

| w |

2 log N + O ( | w | ) .

This is an appro ximation dev elop ed b y Sc h w arz and others [ BC91 ]. The corresp onding MDL

form ignores the term log P r ( ^w ) whic h is probably O ( | w | ) an yw a y and has an additional

term

| w |

2 log | w | . In our case, O ( | w | ) is quite large b ecause w e are dealing with net w orks with

man y w eigh ts. It is not un usual in practice for the n um b er of w eigh ts to b e a similar order

of magnitude to sample size N , so ignoring terms of order O ( | w | ), as this appro ximation

do es, is probably un wise. W e conclude this appro ximation is informativ e but p erhaps to o

crude.

W allace et al . and Barron et al .’s measure

W allace and F reeman [ WF87 ] and Barron and Co v er [ BC91 ] in terpret a form lik e Ev al ( ^w ) as

the cost of enco ding y and ^w giv en x . W allace et al. refer to this as the minim um message

length (MML). Of course, y and ^w can only b e enco ded to finite precision (in classification,

y is finite already). The precision of y is implicit in the supplied data, so if the v olume of

the precision for the data v ector y is δ then the cost of enco ding y giv en ^w and x is

− log P r ( y | ^w , x ) − log δ .

Because y is enco ded giv en ^w , w e m ust enco de ^w without kno wledge of y . The second, third

and fourth terms of Equation (7) are not an appropriate co de length, ho w ev er, b ecause I ( ^w )

is dep enden t on y .

The third and fourth terms of Equation (7) essen tially corresp ond to the “precision” of

^ w b ecause if the con tin uous space for w is quan tified then the cell in the neigh b orho o d of ^w

has prior probabilit y giv en appro ximately b y P r ( ^w ) Area ( ^w ) where Area ( ^w ) is the area of

the cell, so − log Area ( ^w ) is the precision to whic h ^w is sp ecified. T o in terpret this precision

comp onen t, notice that if the w eigh ts w happ ened to b e a p osterior indep enden t (an unlik ely

ev en t), then

−

| w |

2 log (2 π ) +

1

2 log det ( I ( ^w )) ≈ −

∑

n,m log

(

2 . 51 ·

√

v

w | x , y ,near ^w

( w

n,m

)

)

.

1

The determinan t is a pro duct of eigen v alues, whereas the trace is a sum of eigen v alues, whic h in this

case are all non-negativ e. The inequalit y follo ws b y maximizing

∏

i λ

i giv en a fixed v alue for

∑

i λ

i

.

The recommended precision for enco ding eac h w eigh t is therefore appro ximately 2 . 5 times

the p osterior standard deviation of the w eigh t.

W allace et al. and Barron et al. mak e the fourth term in Equation (7) indep enden t of y

using an in v olv ed quan tification argumen t. W e can in terpret this b y noting

1

2 log det ( I ( ^w )) =

| w |

2 log N +

1

2 log det

(

1

N

I ( ^ w )

)

.

The term

1

N

I ( ^ w ) is no w in the form of an a v erage since in general I ( ^w ) is a sum across the

N p oin ts in the sample plus a fixed prior term. W e no w replace this “a v erage” observ ed

Fisher information matrix b y what is called the exp ected Fisher information matrix:

Co ding ( y , ^w ) = − log P r ( y | ^w , x ) − log δ − log P r ( ^w ) −

| w |

2 log (2 π ) −

| w |

2

+

| w |

2 log N +

1

2 log det ( I ( ^ w )) ,

where I ( w ) is the exp ected Fisher information matrix (the exp ected v alue of the observ ed

Fisher information for a single pattern) giv en b y

2

I ( w ) = E

x,y | w

(

− d

2

log P r ( x, y | w )

d w d w

)

,

= E

x

(

E

y | w ,x

(

− d

2

log P r ( y | w , x )

d w d w

) )

,

≈

1

N

∑

i =1 , ... ,N

E

y | w ,x

i

(

− d

2

log P r ( y | w , x

i

)

d w d w

)

,

where ( x, y ) in these form ula denotes a single pattern rather than the training sample ( x , y ).

Notice that this last form ula is an estimate of

1

N

I ( ^ w ) in v olving kno wledge of the sample

inputs x but not the sample outputs y . It is therefore a v alid inclusion in the co de-length

of w .

7 Applications to net w ork training

This section describ es some applications of the to ols just dev elop ed.

7.1 W eigh t v ariance and elimination

The Gaussian appro ximation to the lik eliho o d near a lo cal maxim um a p osterior also giv es

a statistically sound metho d for pruning of net w orks [ LDS90 ]. The matrix in v erse of I ( ^w ),

I ( ^ w )

− 1

, represen ts an appro ximate p osterior v ariance-co v ariance matrix for w , so w e can

use this to test if a w eigh t is significan tly differen t from zero. Those that are not can b e set

to zero.

2

There is actually some sligh t of hand here. W allace et al. and Barron et al. dev elop their framew ork to

deal with lik eliho o ds of the form p ( x | w ) for data x and parameters w whereas w e are considering conditional

lik eliho o ds suc h as p ( y | w , x ). Here w e giv e our in terpretation of their metho ds in this differen t con text.

If w e use the diagonal appro ximation to this matrix, then w e get an estimate of the

p osterior v ariance of the w eigh t w

n,m in the neigh b orho o d of ^w

v

w | x , y

( w

n,m

) ≈ v

w | x , y ,near ^w

( w

n,m

) ≈ − 1

/

∂ log P r ( w | x , y )

∂ w

n,m

∂ w

n,m

|

|

|

|

w = ^w

.

Because ^w is a lo cal maxim um for the p osterior, the second deriv ativ e m ust b e non-p ositiv e

so the v ariance estimate non-negativ e. A zero v ariance estimate means some other estimate

will ha v e to b e made. A large v ariance means the sample ga v e us little idea as to what

v alue the w eigh t should b e. So if the magnitude of a w eigh t is within a standard deviation

(square ro ot of the v ariance), the w eigh t can b e safely set to zero, whic h is similar to the

suggestion in [ Ish90 ]. If the standard deviation of a w eigh t is small, and the w eigh t itself

w

n,m is smaller than the standard deviation, then the w eigh t can b e safely set to zero.

Alternativ ely , if the w eigh t’s standard deviation is large but the magnitude of the w eigh t

larger, then the v ariance giv es no supp ort for zeroing the w eigh t.

A more thorough test go es as follo ws. The quadratic term ( w − ^w )

T

I ( ^ w )( w − ^w ) app ears

in the m ultiv ariate Gaussian appro ximation for the p osterior for the w eigh ts w . F or large

N , w e therefore get that this quadratic term is appro ximately χ -squared with | w | degrees

of freedom. The X % confidence region (for instance, X = 99 . 0) for the w eigh ts w is the set

of w eigh ts within the upp er X % p oin t of the χ

2

| w | distribution, χ

2

| w | ,X

, giving

w : ( w − ^w )

T

I ( ^ w )( w − ^w ) ≤ χ

2

| w | ,X

.

F or instance, the upp er 99% p oin t for 30 w eigh ts is giv en from standard χ -squared tables

as 50.89. W e therefore pro ceed as follo ws. W e rep eatedly set w eigh ts to zero while the

resultan t w eigh ts remain in the X % confidence region. Notice this simple test can b e done

directly from I ( ^w ) without ha ving to first calculate a determinan t or in v erse, so migh t also

b e done at stages during the bac k-propagation cycle.

7.2 Prediction and generalization error

Once searc h has lo cated some lo cal minima ^w to the cost function, they can b e used in

inference on new patterns. A naiv e appro ximation is to sa y that w m ust no w b e ^w and to

mak e inference ab out y and σ

2

, etc., based en tirely on this lo cal minima ^w using y = o ( x

′

, ^ w ),

etc. The reason this is naiv e is that in realit y w e cannot b e sure that the “true” or “optim um”

w is ^w . F or instance, with a sample t wice the size w e migh t c hange our estimate of w quite

dramatically . A full Ba y esian approac h sa ys to tak e in to accoun t the man y other v alues of

w near ^w or ev en some other lo cal minima b ecause these other v alues just migh t happ en

to b e the “true” one. Only when w e ha v e a really large sample (for instance, when uniform

con v ergence b ounds tell us the sample is large enough [ Hau91 ]) can w e b e sure that ^w is a

sufficien tly go o d estimate so that no other need b e considered.

In principle what w e w ould lik e to calculate for a new pattern x

′

is E

w | x , y

( o ( x

′

, w ) ) and

E

w ,σ | x , y

(

σ

2

)

, etc. These v alues giv e us the p osterior a v erage of the quan tities o ( x

′

, w ) and σ

2

that giv e b etter predictions for these quan tities on a v erage than those calculated for w = ^w .

The problem here is that w e cannot calculate the p osterior P r ( w | x , y ) in reasonable time,

and only ha v e the Gaussian appro ximation to the p osterior describ ed ab o v e.

This section describ es ho w these predictions can b e appro ximated using the p osterior

appro ximations a v ailable. These appro ximations all mak e use of the second deriv ativ es of

the cost function and the appro ximate w eigh t v ariance discussed ab o v e. While it is hard to predict ho w accurate these appro ximations will b e in practice, their form at least giv es some

idea of the in teraction b et w een w eigh t v ariances and the b eha vior of the net w ork output for

w in the vicinit y of ^w .

Predictions are giv en for three quan tities. The first is an appro ximation to E

w | x , y

( o ( x

′

, w ) ) .

In classification this can b e used to get an estimate of the p osterior distribution for y giv en

x

′

, and can b e used to predict generalization error, and in regression this giv es an estimate

of the p osterior mean of y . This can also b e used to giv e generalization error for classifica-

tion. The second prediction is for v

w | x , y

( o ( x

′

, w ) ) whic h measures our uncertain t y in the

first prediction. Notice as the sample size gets large this uncertain t y will shrink to zero. W e

giv e t w o v ersions of this uncertain t y dep ending on whic h appro ximation to E

w | x , y

( o ( x

′

, w ) )

is used. The third prediction is for E

w ,σ | x , y

(

σ

2

)

whic h predicts generalization error for

regression with unkno wn standard deviation.

Predictions for a lo cal minima

In what follo ws, w e use the notation E

w | x , y ,near ^w

( U ( w ) ) to denote the exp ectation of the

quan tit y U ( w ) when a v eraged according to the appro ximate Gaussian p osterior for w in the

vicinit y of ^w . That is

E

w | x , y ,near ^w

( U ( w ) ) =

∫

w

U ( w ) det ( I ( ^w ))

1

2

(2 π )

| w | / 2 exp

(

−

1

2

( w − ^w )

T

I ( ^w )( w − ^w )

)

dw .

W e ev aluate these in tegrals b y using standard momen ts of the m ultiv ariate Gaussian [ Ber85 ],

and appro ximating U ( w ) in the vicinit y of ^w using the second-order T a ylor expansion whic h

in v ector notation is as follo ws:

U ( w ) ≈ U ( ^w ) + ( w − ^w )

T

· d U ( w )

d w

|

|

|

|

w = ^w

+

1

2

( w − ^w )

T

· d

2

U ( w )

d w d w

|

|

|

|

w = ^w

· ( w − ^w ) .

Again, d o ( x

′

,w )

d w denotes a v ector of first deriv ativ es and the second deriv ativ e a matrix. This

giv es

E

w | x , y ,near ^w

( U ( w ) ) ≈ U ( ^w ) +

1

2 trace

(

I ( ^ w )

− 1

· d

2

U ( w )

d w d w

|

|

|

|

w = ^w

)

,

where, again, trace A denotes the sum of the diagonal en tries of the matrix A . If an y of the

appro ximate w eigh t v ariances are large, then the appro ximation of E

w | x , y ,near ^w

( U ( w ) ) will

require accurate estimates of U ( w ) for w far from ^w . In this case the T a ylor expansion will

b e a p o or appro ximation and our appro ximate predictions will b e p o or. Notice w e could

also use the diagonal appro ximation for the matrices I ( ^w ) and the second deriv ativ es of

U ( w ), ho w ev er, the estimates ma y then b ecome v ery p o or and only b e useful to indicate

where p oten tial problems lie. These and other appro ximations are discussed in [ Pre89 ].

E

w | x , y ,near ^w

( o ( x

′

, w ) ) : the p osterior exp ected output of the net w ork giv en input x

′

, a v-

eraged o v er w eigh ts in the vicinit y of ^w . This is appro ximated b y

o ( x

′

, ^ w ) +

1

2 trace

(

I ( ^ w )

− 1 d

2

o ( x

′

, w )

d w d w

|

|

|

|

w = ^w

)

.

This mo difies the output o ( x

′

, ^ w ) to accoun t for ho w the output o ( x

′

, w ) v aries in the

neigh b orho o d of ^w , temp ered b y the p osterior v ariance-co v ariance of w . In the case of

classification, this giv es an estimate of out-of-sample accuracy for the net w ork giv en

b y

1

N

N

∑

i =1

E

w | x , y ,near ^w

( o

y

i

( x

i

, w ) )

≈

1

N

N

∑

i =1 o

y

i

( x

i

, ^ w ) +

1

2 N trace

(

I ( ^ w )

− 1 d

2

∑

N

i =1 o

y

i

( x

i

, w )

d w d w

|

|

|

|

|

w = ^w

)

. (8)

E

w | x , y ,near ^w

(

( o ( x

′

, w ) − o ( x

′

, ^ w ))

2

)

: when using o ( x

′

, ^ w ) to estimate o ( x

′

, w ), the ex-

p ected v ariance of the output in the neigh b orho o d of ^w , whic h giv es a measure of

v ariance for our p osterior uncertain t y when using o ( x

′

, ^ w ) to estimate o ( x

′

, w ). F or

instance, in the regression case o ( x

′

, ^ w ) corresp onds to an estimate of the mean v alue

of y conditioned on x

′

. The v ariance is appro ximated b y

d o ( x

′

, w )

d w

|

|

|

|

T

w = ^w

· I ( ^w )

− 1

· d o ( x

′

, w )

d w

|

|

|

|

w = ^w

(9)

v

w | x , y ,near ^w

( o ( x

′

, w ) ) : the v ariance of the estimate E

w | x , y ,near ^w

( o ( x

′

, w ) ) in the neigh-

b orho o d of ^w . This is appro ximated b y

d o ( x

′

, w )

d w

|

|

|

|

T

w = ^w

· I ( ^w )

− 1

· d o ( x

′

, w )

d w

|

|

|

|

w = ^w

−

1

4 trace

(

I ( ^ w )

− 1

· d

2

o ( x

′

, w )

d w d w

|

|

|

|

w = ^w

)

.

Notice this is lo w er than the previous v ariance estimate of F orm ula (9) due to the

second term whic h corrects for the fact that w e are no w using a b etter estimate for

o ( x

′

, w ).

E

w ,σ | x , y ,near ^w

(

σ

2

)

: the p osterior exp ected v alue of σ

2

in the regression case with Gaus-

sian error and unkno wn σ . This is sometimes termed the generalization error. This is

appro ximated using Equation (3) b y

1

N − 1

∑

i =1 , ... ,N

( E

w | x , y ,near ^w

( o ( x

i

, w ) ) − y

i

)

2

+

1

N − 1

∑

i =1 , ... ,N v

w | x , y ,near ^w

( o ( x

i

, w ) ) ,

where the v ariances in the second sum w ere just giv en. This simplifies to

N

N − 1 s

2

|

|

w = ^w

+

N

2( N − 1) tr ace

(

I ( ^ w )

− 1

· d

2

s

2

d w d w

|

|

|

|

w = ^w

)

. (10)

Notice the first term is the observ ed v ariance, and the second term increases this

b ecause the estimate E

w | x , y ,near ^w

( o ( x

i

, w ) ) is only appro ximate and has a v ariance

of its o wn.

Multiple net w orks

If m ultiple lo cal minima ^w of similar qualit y ha v e b een found during restarts in the searc h

for w eigh ts, then the exp ected v alues ab o v e can b e a v eraged o v er the differen t lo cal minima

^ w to pro duce a p o oled estimate. This same “m ultiple mo dels” approac h can pro duce sig-

nifican t impro v emen t in out-of-sample prediction when learning classification trees [ Bun90 ].

It corresp onds to a Mon te Carlo estimation of the full p osterior for w , rather than just an

appro ximation ab out ^w . Supp ose a small set

^

W of lo cal minima are found, and for eac h

w e ha v e a prop ortion p ( ^w | x , y ) to b e used in the Mon te Carlo estimation b elo w, where

∑

^ w ∈ ^ W p ( ^w | x , y ) = 1. F or instance, these prop ortions could b e constructed prop ortional

to P r ( near ^w , y | x ), although equal prop ortions are sometimes used in Mon te Carlo es-

timation. The estimate of the p osterior for the w eigh ts w is no w a w eigh ted some of the

Gaussians in the neigh b orho o d of eac h ^w :

P r ( w | x , y ) ≈

∑

^ w ∈ ^ W p ( ^w | x , y ) P r ( w | x , y , near ^w ) ,

where the Gaussian appro ximation describ ed at the b eginning of this section is used for eac h

P r ( w | x , y , near ^w ).

This leads to the follo wing corrections for the previous predictions. T o find the exp ected

output of the net w ork for differen t w eigh ts, w e p o ol the exp ected outputs for the individual

lo cal minima in

^

W :

E

w | x , y

( o ( x

′

, w ) ) ≈

∑

^ w ∈ ^ W p ( ^w | x , y ) E

w | x , y ,near ^w

( o ( x

′

, w ) ) .

T o find the v ariance of this v alue, w e p o ol the v ariances for individual lo cal minima together

with a measure of ho w m uc h the output v aries from minima to minima:

v

w | x , y

( o ( x

′

, w ) ) ≈

∑

^ w ∈ ^ W p ( ^ w | x , y ) v

w | x , y ,near ^w

( o ( x

′

, w ) )

+ v

^ w | x , y

(

E

w | x , y ,near ^w

( o ( x

′

, w ) )

)

.

T o estimate the standard error σ in regression with a Gaussian error mo del, w e p o ol the

individual estimates of σ .

E

w ,σ | x , y

(

σ

2

)

≈

∑

^ w ∈ ^ W p ( ^w | x , y ) E

w ,σ | x , y ,near ^w

(

σ

2

)

.

7.3 Adjustmen ts for missing v alues

In man y practical problems, training patterns are supplied with some v alues of v ariables

missing, unkno wn or undetermined. Of course if a pattern has its output v alue missing the

pattern can just b e ignored. If an input v ariable has a v alue missing, ho w ev er, w e need

to deal with it. Appro ximate metho ds for dealing with this kind of problem exist when

learning tree classifiers [ Qui89 ]:

• One can ignore the training pattern with missing v alues. Sto c hastic learning can

pro ceed initially using only the patterns without missing v alues.

• One can replace the missing v alue b y some simple estimate suc h as the mo dal or mean

v alue. F or instance, if the b o olean input v ariable x

i is either 0 (false) or 1 (true) and

if it is unkno wn, set it to b e ab out 0.5.

• One can complete the pattern in v arious w a ys (to fill in missing v alues) and treat eac h

of these completions as a partial pattern (so the sum of fractional patterns adds to

1). W e explain this idea in the con text of feed-forw ard net w orks b elo w. T ree learning

algorithms do this completion in an efficien t demand driv en manner (i.e. they complete

a missing v alue only when the v alue is ask ed for b y the algorithm) that unfortunately

is not a v ailable with feed-forw ard net w orks.

The second approac h w orks quite w ell and is the simplest to implemen t, ho w ev er the third

approac h giv es the b est p erformance in terms of out-of-sample prediction.

In this section w e dev elop a mo dified algorithm for handling missing v alues related to the

third approac h ab o v e. It also appro ximates the Ba y esian normativ e approac h for handling

missing v alues b ecause w e deriv e the approac h here using standard la ws of probabilit y .

The metho d is another example of the use of mixture mo dels [ JJNH91 ] used for adaptiv e

mixtures of lo cal exp erts, and the equations deriv ed ha v e a related form. W e do the analysis

for the regression problem with Gaussian error and unkno wn standard deviation. The other

cases are similar. W e assume w e ha v e a mo del of some kind denoted F that giv es rough

prediction of the missing v alues from the kno wn v alues. The mo del F migh t corresp ond to

simple linear mo dels or some other form readily calculated from the data.

The training sample consists of input v ectors x

1

, . . . , x

N and corresp onding output v al-

ues y

1

, . . . , y

N

. But in this case some of the input v ectors x

i ha v e missing v alues. Let

unk now n ( x

i

) denote the set of v ariables in the i -th input v ector x

i that ha v e missing v al-

ues. F or instance, giv en the i -th b o olean pattern x

i

= (1 , 0 , ? , 0 , ? , ?) where ? denotes a

missing v alue, then unk now n ( x

i

) is the 3rd, 5th and 6th v ariables. Giv en an assignmen t to

these, x

′

∈ unk now n ( x

i

), let x

i x

′

denote one p ossible completion for the input v ector x

i

.

Then the lik eliho o d of the pattern is no w giv en b y

l ( y

i

| x

i

, w , σ , F ) = E

x

′

∈ unk now n ( x

i

) | x

i

,F

( l ( y | x

i x

′

, w , σ ) )

where the exp ectation is done using the mo del F for predicting the unkno wn v alues. W e

can appro ximate this sto c hastically b y selecting a few p ossible completions compl ( x

i

) and

w eigh ting them to giv e

l ( y

i

| x

i

, w , σ , F ) ≈

∑

x

′

∈ compl ( x

i

) p ( x

′

| x

i

, F ) l ( y | x

i x

′

, w , σ ) , (11)

where the w eigh ts p ( x

′

| x

i

, F ) indicate lik eliho o d of the differen t completions based on

the mo del F . This form ula can no w b e ev aluated b ecause eac h lik eliho o d l ( y | x

i x

′

, w , σ )

can b e determined as in Section 5.1. F or instance, in the example ab o v e, w e ma y select 3

completions according to the mo del for predicting missing v alues as

compl ( x

i

) = { (1 , 0 , 0 , 0 , 0 , 1) , (1 , 0 , 0 , 0 , 1 , 1) , (1 , 0 , 1 , 0 , 1 , 0) }

and giv e them equal w eigh ting of 1/3 eac h. Completions and w eigh tings can b e determined

once b efore the net w ork training b egins. Notice the crudest estimate is to use only the single

mo dal or mean v alue for the missing v alues with a w eigh t of 1, as is often done.

Net w ork training no w consists of using these mo dified lik eliho o ds. In the regression case

w e are considering, the standard deviation can no longer b e marginalized out so the cost function is no w − log P r ( w , σ , y | F , x ). Supp ose the patterns in missing ha v e missing v alues

and those in compl ete ha v e all v alues giv en, then the cost is:

∑

i ∈ compl ete

1

2 σ

2

( y

i

− o ( x

i

, w ))

2

+ ( N + 1) log σ − log P r ( w ) + constan t

−

∑

i ∈ missing log

∑

x

′

∈ compl ( x i

) p ( x

′

| x

i

, F ) exp

(

− 1

2 σ

2

( y

i

− o ( x

i x

′

, w ))

2

)

.

While this lo oks more in v olv ed than the original cost function of Equation (4), its deriv ativ es

are not that differen t.

∂ Cost(w)

∂ w

n,m

= −

∂ log P r ( w )

∂ w

n,m

−

1

2 σ

2

∑

i ∈ compl ete

( y

i

− o ( x

i

, w ))

∂ o ( x

i

, w )

∂ w

n,m

(12)

−

1

2 σ

2

∑

i ∈ missing

∑

x

′

∈ compl ( x i

) w ( x

′

| x

i

, F , σ ) · ( y

i

− o ( x

i x

′

, w ))

∂ o ( x

i x

′

, w )

∂ w

n,m

,

where the prop ortions w ( x

′

| x

i

, F , σ ) are calculated as

w ( x

′

| x

i

, F , σ ) ≡ p ( x

′

| x

i

, F ) exp

(

− 1

2 σ

2

( y

i

− o ( x

i x

′

, w ))

2

)

∑

x

′

∈ compl ( x i

) p ( x

′

| x

i

, F ) exp

(

− 1

2 σ

2

( y

i

− o ( x

i x

′

, w ))

2

) .

Compare the t w o sums in Equation (12). In the second, the term for the completion x

i x

′

app ears w eigh ted b y the prop ortion w ( x

′

| x

i

, F , σ ) but in the term for the first sum eac h

(already complete) pattern x

i is effectiv ely w eigh ted b y 1. F or this reason w e sa y eac h

completion participates as a partial pattern. Notice, also that the prop ortions w ( x

′

| x

i

, F , σ )

essen tially pic k out that completion x

′

giving lo w est squared error. Since the deriv ativ e of

o ( x

i x

′

, w ) w.r.t. the completion x

′

is a v ailable after the bac k-propagation step, w e could

dynamically alter the completions x

′

during eac h learning step so their mean-square error

b ecome lo w er.

The deriv ativ e of Cost w.r.t. σ is in a similar form but this time a fixed-p oin t equation

( σ also o ccurs on the righ t-hand side) for σ can b e deriv ed:

σ =

1

N + 1

∑

i ∈ compl ete

( y

i

− o ( x

i

, w ))

2

+

∑

i ∈ missing

∑

x

′

∈ compl ( x i

) w ( x

′

| x

i

, F , σ ) · ( y

i

− o ( x

i x

′

, w ))

2

.

The standard deviation σ can b e up dated iterativ ely along with the w eigh ts w in eac h cycle.

Again w e see the “partial patterns” alter the usual form for the v ariance. This is a common

result in mixture mo dels.

A disadv an tage of this metho d is that eac h pattern with missing v alues no w pro duces

a n um b er of completed patterns, eac h of whic h m ust b e run through the net w ork. F or

instance, if ev ery pattern has missing v alues and c differen t completions are used for eac h,

then computation is increased b y a factor of c . One w a y around this w ould b e to ha v e the

net w ork first learn for patterns with no missing v alues, and then to fine tune b y including the

remaining patterns. Of course, the extra computation should giv e impro v ed p erformance as c is increased due to the normativ e justification of the approac h. Also, the completed

patterns can b e dynamically altered during training with little extra o v erhead, to pro duce

completions with lo w er mean-square error.

8 Conclusion

This pap er has co v ered Ba y esian theory relev an t to the problem of training feed-forw ard

connectionist net w orks. W e no w sk etc h out ho w this migh t b e put together in practice,

assuming a standard gradien t descen t algorithm as used during searc h.

F or net w ork training, the principle steps are as follo ws:

1. Cho ose an appropriate net w ork structure and size based on prior kno wledge ab out the

application (see for instance the discussion in [ LeC89 ] regarding c hoice of net w ork),

and select a prior on the w eigh ts. Notice a small n um b er of differen t structures could

b e selected and the metho d will the b est select the b est.

2. Construct completions and their prop ortions p ( x

′

| x

i

, F ) for eac h training pattern with

missing v alues. If sto c hastic training is used rather than ep o c h training, eac h set of

completions should alw a ys b e run through the net w ork together so that the appropriate

term in Equation (12) can b e calculated.

3. T rain to a lo cal minima ^w as p er usual but incorp orating the adjustmen ts describ ed

for missing v alues in Section 7.3. Appropriate cost functions are giv en in Section 6.1.

In principle, the w eigh t v ariances, w eigh ts ev aluation and predictions only apply if ^w

found is a true lo cal minima to the cost function so ep o c h training migh t ha v e to b e

used in the last few cycles to ensure this.

4. P ossibly , use the w eigh t elimination strategy of Section 7.1 to force some w eigh ts to

zero, and con tin ue training the net w ork with forced w eigh ts remaining at zero.

5. Once a lo cal minima is found, estimate the qualit y of the lo cal minima b y finding

second deriv ativ es for ev ery training pattern and com bining them in the Ev aluation

measure of Section 6.2. Calculation of second deriv ativ es is describ ed in [ BW91 ].

6. Do random restarts of the net w ork to rep eat the last three steps and find other lo cal

minima. The estimated w eigh t v ariances v

w | x , y ,near ^w

( w

n,m

) or I ( ^w ) and the ev alua-

tion measure Ev al ( ^w ) should b e retained for eac h lo w cost lo cal minima ^w sa v ed. If

sev eral differen t net w ork structures are b eing tried, then rep eat the last three steps

for these as w ell.

7. Cho ose a few net w orks with the b est ev aluation ( Ev al ( ^w )). Notice that the net w orks

or lo cal minima should not b e c hosen on the basis of their generalization error (as

giv en in Section 7.2) b ecause the generalization error for a particular lo cal minima ^w

is estimated based on the assumption that the net w ork structure is “correct” and the

“true” w eigh ts are in fact quite near ^w .

8. Estimate the generalization error (for out-of-sample prediction) using the F orm ulas (8)

or (10), p ossibly com bined using the p o oled v ersions at the end of Section 7.2. No w

that a high p osterior structure and set of w eigh ts has b een c hosen, the assumptions

b ehind the form ula are reasonable.

Once some lo cal minima ha v e b een found, inference can b e done on new patterns. Rele-

v an t appro ximate predictions are describ ed in Section 7.2 that apply if the w eigh t v ariances

are small. Standard inference do es forw ard propagation of the inputs for the new pattern

to obtain the output. The adjustmen ts describ ed in v olv e appro ximation of output p osterior

v ariance of the output (error bars), b etter appro ximation of exp ected output and v ariance,

and a v eraging o v er m ultiple lo cal minima.

These adjustmen ts to the standard bac k-propagation pro cedure increase computation

during bac k-propagation in most cases b y at most a factor. Subsequen t inference suc h as

calculating v ariances require matrix calculations that can b e done using fast standard matrix

pac k ages. While these metho ds come with the normativ e bac king of Ba y esian statistics,

implemen tation often rev eals lessons on ho w the v arious appro ximations and optimizations

could b e b etter made. One imp ortan t issue here is the qualit y of the Gaussian appro ximation

to the p osterior of the w eigh ts. Since the whole approac h rests on this, more ev aluation and

exp erience is required. A smo oth transition also needs to b e dev elop ed b et w een Ba y esian

and uniform con v ergence metho ds to handle those cases where training samples b ecome

larger.

Ac kno wledgemen ts

One of us (ASW) w ould lik e to thank Da vid Rumelhart for man y fruitful discussions. The

other (WLB) w ould lik e to thank Robin Hanson lik ewise.

References

[Ame85] T. Amemiy a. A dvanc e d Ec onometrics . Harv ard Univ ersit y Press, Cam bridge,

MA, 1985.

[BC91] A.R. Barron and T.M. Co v er. Minim um complexit y densit y estimation. IEEE

T r ans. on IT , ??, 1991.

[Ber85] J. O. Berger. Statistic al De cision The ory and Bayesian A nalysis . Springer-V erlag,

New Y ork, 1985.

[BH89] Eric B. Baum and Da vid Haussler. What size net giv es v alid generalization?

Neur al Computation , 1:151–160, 1989.

[BL88] S. Bec k er and Y. Le Cun. Impro ving the con v ergence of bac k-propagation learn-

ing with second order metho ds. In Da vid S. T ouretzky , Geoffrey E. Hin ton, and

T errence J. Sejno wski, editors, Pr o c e e dings of the 1988 Conne ctionist Mo dels

Summer Scho ol , pages 29–37. Morgan Kaufmann, 1988.

[Bri89] J.S. Bridle. Probabilistic in terpretation of feedforw ard classification net w ork

outputs, with relationships to statistical pattern recognition. In F. F ougelman-

Soulie and J. H érault, editors, Neur o-c omputing: A lgorithms, A r chite ctur es and

Applic ations . Springer-V erlag, 1989.

[Bun90] W.L. Bun tine. Learning classification trees. T ec hnical Rep ort FIA-90-12-19-01,

RIA CS and NASA Ames Researc h Cen ter, Moffett Field, CA, 1990. P ap er pre-

sen ted at Third In ternational W orkshop on Artificial In telligence and Statistics.

[Bun91] W.L. Bun tine. A The ory of L e arning Classific ation R ules . PhD thesis, Univ ersit y

of T ec hnology , Sydney , 1991.

[BW87] E.B. Baum and F. Wilczek. Sup ervised learning of probabilit y distributions

b y neural net w orks. In D.Z. Anderson, editor, Neur al Information Pr o c essing

Systems (NIPS) , pages 52–61, 1987.

[BW91] W.L. Bun tine and A.S. W eigend. Calculating second deriv ativ es on feed-forw ard

net w orks. Sun bmitted, 1991.

[Cot90] N.E. Cotter. The Stone-Weierstrass theorem and its application to neural net-

w orks. IEEE T r ans. on Neur al Networks , 1(4):290–295, 1990.

[DL91] John S. Denk er and Y ann Le Cun. T ransforming neural-net output lev els to

probabilit y distributions. In R.P . Lippmann, J.E. Mo o dy , and D.S. T ouretzky ,

editors, A dvanc es in Neur al Information Pr o c essing Systems 3 , page 853. Morgan

Kaufmann, 1991.

[EJM90] A. El-Jaroudi and J. Makhoul. A new error criterion for p osterior probabilit y

estimation with neural nets. In Int. Joint Conf. on Neur al Networks , pages

I I I–185–192, San Diego, CA, 1990.

[Gol88] R.M. Golden. A unified framew ork for connectionist systems. Biolo gic al Cyb er-

netics , 59:109–120, 1988.

[Go o83] I.J. Go o d. The Go o db o ok . Univ ersit y of Minnesota Press, Minnesota, 1983.

[Hau91] D. Haussler. A decision theoretic generalization of the P A C learning mo del and

its application to some feed-forw ard neural net w orks. Information and Contr ol ,

1991. T o app ear.

[HHL86] E.J. Horvitz, D.E. Hec k erman, and C.P . Langlotz. A framew ork for comparing

alternativ e formalisms for plausible reasoning. In Fifth National Confer enc e on

A rtificial Intel ligenc e , pages 210–214, Philadelphia, 1986.

[HP90] J.B. Hampshire I I and B.A. P earlm utter. Equiv alence pro ofs for m ulti-la y er

p erceptron classifiers and the Ba y esian discrimination function. In Da vid S.

T ouretzky , Jeffrey L. Elman, T errence J. Sejno wski, and Geoffrey E. Hin ton,

editors, Pr o c e e dings of the 1990 Conne ctionist Mo dels Summer Scho ol . Morgan

Kaufmann, 1990.

[HT90] T.J. Hastie and R.J. Tibshirani. Gener alise d A dditive Mo dels . Chapman and

Hall, London, 1990.

[Ish90] M. Ishik a w a. A structural learning algorithm with forgetting of link w eigh ts.

T ec hnical Rep ort TR-90-7, Electrotec hnical Lab oratory , Life Electronics Re-

searc h Cen ter, T oky o, 1990. Mo dified v ersion of a pap er presen ted at IJCNN ,

W ashington D.C. 1989.

[JJNH91] R.A. Jacobs, M.I. Jordan, S.J. No wlan, and G.E. Hin ton. Adaptiv e mixtures of

lo cal exp erts. Neur al Computation , 3(1), 1991.

[LDS90] Y ann Le Cun, John S. Denk er, and Sara A. Solla. Optimal brain damage. In

Da vid S. T ouretzky , editor, A dvanc es in Neur al Information Pr o c essing Systems

2 (NIPS*89) , page 589. Morgan Kaufmann, 1990.

[LeC88] Y. Le Cun. A theoretical framew ork for bac k-propagation. In Da vid S. T ouretzky ,

Geoffrey E. Hin ton, and T errence J. Sejno wski, editors, Pr o c e e dings of the 1988

Conne ctionist Mo dels Summer Scho ol , pages 21–28. Morgan Kaufmann, 1988.

[LeC89] Y. Le Cun. Generalization and net w ork design strategies. T ec hnical Rep ort

CR G-TR-89-4, Dept. of Computer Science, Univ ersit y of T oron to, T oron to, M5S

1A4, Canada, 1989.

[L TS89] E. Levi, N. Tish b y , and S.A. Solla. A statistical approac h to learning and general-

ization in la y ered neural net w orks. In R. Riv est, D. Haussler, and M.K. W arm uth,

editors, COL T’89: Se c ond Workshop on Computational L e arning The ory , pages

245–260, Univ ersit y of California, San ta Cruz, 1989. Morgan Kaufmann.

[Mac91] D.J.C. Mac k a y . A practical Ba y esian framew ork for bac kprop net w orks. Submit-

ted to Neur al Computation , 1991.

[MN89] P . McCullagh and J.A. Nelder. Gener alise d Line ar Mo dels . Chapman and Hall,

London, second edition, 1989.

[OH91] M. Opp er and D. Haussler. Generalised p erformance of Ba y es optimal classi-

fication algorithm for learning a p erceptron. In COL T’91: 1991 Workshop on

Computational L e arning The ory . Morgan Kaufmann, 1991. Man uscript.

[P an89] P anel. Discriminan t analysis and clustering. Statistic al Scienc e , 4(1):34–69, 1989.

[P ea88] J. P earl. Pr ob abilistic R e asoning in Intel ligent Systems . Morgan and Kauffman,

1988.

[PFTV88] W.H. Press, B.P . Flannery , S.A. T euk olsky , and W.T. V etterling. Numeric al

R e cip es in C: The A rt of Scientific Computing . Cam bridge Univ ersit y Press,

Cam bridge, 1988.

[Pre89] S.J. Press. Bayesian Statistics . Wiley , New Y ork, 1989.

[Qui86] J.R. Quinlan. Induction of decision trees. Machine L e arning , 1(1):81–106, 1986.

[Qui89] J.R. Quinlan. Unkno wn attribute v alues in induction. In Pr o c e e dings of the Sixth

International Machine L e arning Workshop , Cornell, New Y ork, 1989. Morgan

Kaufmann.

[RHW86] Da vid E. Rumelhart, Geoffrey E. Hin ton, and Ronald J. Williams. Learning

in ternal represen tations b y error propagation. In Da vid E. Rumelhart, James L.

McClelland, and the PDP Researc h Group, editors, Par al lel Distribute d Pr o c ess-

ing , page 318. MIT Press, 1986.

[Ris87] J. Rissanen. Sto c hastic complexit y . J. R oy. Statist. So c. B , 49(3):223–239, 1987.

[SST91] H.S. Seung, H. Somp olinsky , and N. Tish b y . Statistical mec hanics of learning

from examples; i. general form ulation and annealing appro ximation. Man uscript,

1991.

[TSN90] G.G. T o w ell, J.W. Sha vlik, and M.O. No ordewier. Refinemen t of appro ximate

domain theories b y kno wledge-based neural net w orks. In Eighth National Con-

fer enc e on A rtificial Intel ligenc e , pages 861–866, Boston, Massac h usetts, 1990.

[V ap82] V. V apnik. Estimation of Dep endencies Base d on Empiric al Data . Springer-

V erlag, New Y ork, 1982.

[WF87] C.S. W allace and P .R. F reeman. Estimation and inference b y compact enco ding.

J. R oy. Statist. So c. B , 49(3):240–265, 1987.

[WHR90] Andreas S. W eigend, Bernardo A. Hub erman, and Da vid E. Rumelhart. Pre-

dicting the future: a connectionist approac h. International Journal of Neur al

Systems , 1:193–209, 1990.

[WRH91] Andreas S. W eigend, Da vid E. Rumelhart, and Bernardo A. Hub erman. Gen-

eralization b y w eigh t-elimination with application to forecasting. In Ric hard P .

Lippmann, John Mo o dy , and Da vid S. T ouretzky , editors, A dvanc es in Neur al

Information Pr o c essing Systems 3 (NIPS*90) . Morgan Kaufmann, 1991.

[Zel90] A. Zellner. Ba y esian metho ds and en trop y in economics and econometrics. In

W.T. Grandy , Jr. and L. Sc hlic k, editors, Maximum Entr opy and Bayesian Meth-

o ds . Klu w er, 1990.