Ba y esian Bac k-Propagation

W ra y L. Bun tine

wray@ptolemy.arc.nasa.gov

RIA CS & NASA A mes R ese ar ch Center

Mail Stop 244-17, Moffet Field, CA 94035, USA

Andreas S. W eigend

andreas@psych.stanford.edu

Jor dan Hal l (Building 420)

Stanfor d University, CA 94305–2130, USA

July 3, 1991

Abstract

Connectionist feed-forw ard net w orks, trained with bac k-propagation, can b e used

b oth for non-linear regression and for (discrete one-of- C ) classification, dep ending on

the form of training. This pap er w orks through appro ximate Ba y esian metho ds to

b oth these problems. Metho ds are presen ted for v arious statistical comp onen ts of bac k-

propagation: c ho osing the appropriate cost function and regularizer (in terpreted as a

prior), eliminating extra w eigh ts, estimating the uncertain t y of the remaining w eigh ts,

predicting for new patterns (“out-of-sample”), estimating the uncertain t y in the c hoice

of this prediction (“error bars”), estimating the generalization error, comparing differ-

en t net w ork structures, and adjustmen ts for missing v alues in the training patterns.

These tec hniques refine and extend some p opular heuristic tec hniques suggested in the

literature, and in most cases require at most a small additional factor in computation

during bac k-propagation, or computation once bac k-propagation has finished. The pa-

p er b egins with a comparativ e discussion of Ba y esian and related framew orks for the

training problem.

Submitted.

Con ten ts

1 In tro duction 2

2 On Ba y esian metho ds 3

3 Multi-La y er net w orks 5

4 Probabilistic neural net w orks 6

4.1 Logistic net w orks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

4.2 Cluster net w orks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4.3 Regression net w orks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

5 Probabilistic Analysis 10

5.1 The net w ork lik eliho o d function . . . . . . . . . . . . . . . . . . . . . . . . . . 11

5.2 The sample lik eliho o d . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5.3 Prior probabilit y of the w eigh ts . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5.4 P osterior analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

6 Analysing w eigh ts 18

6.1 Cost functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

6.2 W eigh t ev aluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

6.3 Minim um enco ding metho ds . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

7 Applications to net w ork training 23

7.1 W eigh t v ariance and elimination . . . . . . . . . . . . . . . . . . . . . . . . . 23

7.2 Prediction and generalization error . . . . . . . . . . . . . . . . . . . . . . . . 24

7.3 Adjustmen ts for missing v alues . . . . . . . . . . . . . . . . . . . . . . . . . . 27

8 Conclusion 30

1 In tro duction

Bac k-propagation [ RHW86 ] is a p opular sc heme for training feed-forw ard connectionist net-

w orks. Recen t impro v emen ts ha v e lo ok ed at tasks suc h as sp eeding up learning using more

sophisticated gradien t descen t algorithms [ BL88 , EJM90 ], eliminating insignifican t w eigh ts

in order to find net w orks of an optimal size [ LDS90 , WHR90 , WRH91 ], and v arious mo di-

fications to apply a net w ork to a one-of- C classification task (prediction of a single discrete

v ariable taking one of C m utually exclusiv e and exhaustiv e v alues) rather than a non-linear

regression task (prediction of a single real v ariable) [ Bri89 , DL91 ].

There is m uc h to b e gained b y lo oking at the in tersection b et w een probabilistic tec h-

niques and theory , and feed-forw ard connectionist net w orks. On the one hand, feed-forw ard

net w orks offer a broad computational framew ork for implemen ting a wide v ariet y of prob-

abilistic functions, and on the other hand, probabilit y theory offer tec hniques for refining

bac k-propagation sc hemes. W e consider b oth these issues in this pap er.

Since Ba y esian probabilistic metho ds for learning tasks sometimes pro v e sup erior to

other approac hes on smaller samples [ Bun90 , Ber85 , Bun91 , OH91 ], w e here frame the

probabilistic comp onen t of bac k-propagation in a Ba y esian con text. Bac k-propagation algo-

rithms are kno wn to w ork w ell in a v ariet y of noisy and uncertain domains using a v ariet y of differen t net w ork structures and activ ation functions, so w e prop ose Ba y esian mo difica-

tions and extensions to existing metho ds. Of course, in adopting a Ba y esian justification for

the metho ds presen ted, w e are not claiming an y neurological v alidit y for our metho ds. W e

view feed-forw ard net w orks as a v ehicle for massiv e parallelism in classification, regression

and learning. This o ccurs b ecause feed-forw ard net w orks can b e constructed from simple

comp onen t parts but still are able to represen t a broad range of functions.

The b eaut y of the Ba y esian approac h arises from the fact that the en tire metho d is

deriv ed as an appro ximation to applying the single simple form ula

poster ior ∝ pr ior · l ik el ihood

to the training problem, together with some principles for reasoning ab out the prior kno wl-

edge a v ailable.

Section 2 giv es some theoretical bac kground and motiv ation for using Ba y esian metho ds,

and discusses some alternativ e approac hes. Section 3 details the notation and form of net-

w orks considered here. Section 4 outlines some net w ork forms that corresp ond to v ariations

of standard probabilit y functions. A go o d feed-forw ard net w ork system should therefore

subsume the tasks of sev eral sp ecial purp ose statistical systems, alb eit at some computa-

tional cost. Section 5 presen ts a probabilistic analysis of the training of feed-forw ard neural

net w orks. Section 6 uses these results to presen t Ba y esian em b ellishmen ts for the stan-

dard bac k-propagation algorithm: cost functions, and w eigh t–ev aluation measures. Sev eral

minim um enco ding approac hes [ WF87 , BC91 , Ris87 ] are also explained in Section 6.3. Fi-

nally , Section 7 discusses some extensions to bac k-propagation in v olving w eigh t–elimination

strategies, prediction of v ariables and generalization error, and handling missing v alues.

2 On Ba y esian metho ds

Ba y esian metho ds describ ed here are based on estimating p osterior probabilities for differ-

en t net w ork w eigh ts. The p osterior corresp onds to a relativ e measure of b elief in the man y

p ossible net w ork w eigh ts, similar to the statistical mec hanics idea of an ensem ble of net-

w orks [ L TS89 ]. Statistical mec hanics theory has b een dev elop ed in the con text of training a

p erceptron in a noise-free en vironmen t to estimate the generalization error [ OH91 , SST91 ].

While this is an impressiv e demonstration of the theory , w e are concerned with dev eloping

Ba y esian metho ds for more general feed-forw ard net w orks trained in noisy and/or uncertain

en vironmen ts, as commonly found in practice.

Ba y esian and statistical mec hanics metho ds b oth share the view that since w e can nev er

determine the “correct” or “b est” w eigh ts, w e should carefully reason ab out the reasonable

p ossibilities. In Ba y esian practice, ho w ev er, suc h as [ Mac91 ] more care is required in the

selection of the prior and the error mo del, etc. W e presen t metho ds for that here. Ba y esian

metho ds carefully separate the comp onen ts of the learning problem: the priors on net w orks

and net w ork w eigh ts whic h represen t our exp ectations b efore an y training and corresp ond to

regularizers; the utilit y or loss function for the problem whic h represen t the goal of learning

and corresp ond to quan tities suc h as minim um errors or least squares; and the lik eliho o d

function for the net w ork, suc h as a “Gaussian error mo del” as used in regression, whic h

giv es a statistical mo del of the net w ork and ho w the data is exp ected to ha v e b een generated

initially . Notice that in general there is no “correct” prior, error mo del or lik eliho o d, since

b y definition these v ary from problem to problem and it is a c hallenge to try and mak e a

c hoice that seems appropriate in a giv en circumstance. Notions suc h as the “true” sub jectiv e probabilit y function [ Gol88 ] or the “correct” lik eliho o d function deriv ed from the additiv e

energy function [ L TS89 ] are therefore only partially consisten t with our general approac h,

though in sev eral cases pro duce equiv alen t results. See also [ Hau91 ] for a discussion in the

uniform con v ergence framew ork.

Ba y esian metho ds should not b e confused with recen t results that bac k-propagation

metho ds are Ba y es optimal [ HP90 ]. Ba y es optimal refers to the prop ert y that bac k-propagation

metho ds should pro duce a net w ork approac hing the greatest lo w er b ound on error (or more

generally , risk) as the training sample size approac hes infinit y . Ba y esian metho ds describ ed

here share this prop ert y but also ha v e a more p o w erful prop ert y: They are appro ximating

a metho d that pro duces a classifier/regression that will on a v erage ha v e equal or lo w er er-

ror (risk) than a classifier/regression pro duced b y any other metho d applied to the same

training sample. Notice, this holds for the curren t training sample, not just the infinite one

considered b y Ba y es optimalit y . Also, notice, that this p o w erful prop ert y rests on certain

assumptions, whic h are discussed b elo w. This requires careful use of tec hniques in practice.

These prop erties hold b ecause Ba y esian metho ds are “normativ e” or “rational” [ Ber85 ,

HHL86 ]: an y other approac h not appro ximating them should not p erform as w ell on a v er-

age. As an example, minim um enco ding metho ds suc h as MML [ WF87 ] and MDL [ Ris87 ]

are often view ed as appro ximate Ba y esian metho ds. Accordingly , a more exact Ba y esian

approac h con vincingly outp erforms these enco ding metho ds on the task of learning tree

classifiers [ Bun90 ] made p opular b y Quinlan’s ID3 algorithm [ Qui86 ].

Uniform con v ergence metho ds [ BH89 , Hau91 ], the basis for computational learning the-

ory , appro ximate Ba y esian metho ds when the sample size is large [ Bun91 ]. Uniform con v er-

gence metho ds require a sample size large enough so that the prior term found in Ba y esian

metho ds b ecomes insignifican t (and so can b e ignored). Ba y esian metho ds for connectionist

net w orks are therefore an imp ortan t complemen t to these and can pro vide k eener insigh t

ab out learning from smaller samples to the algorithm designer.

It is imp ortan t to b ear in mind, ho w ev er, that Ba y esian metho ds are not a replacemen t

for uniform con v ergence metho ds, as indeed, they are not a replacemen t for other tec hniques

suc h as cross-v alidation or minim um enco ding metho ds, etc. All metho ds ha v e particular

algorithmic, complexit y , and statistical prop erties that mak e them more appropriate in

one engineering con text or another. Cross-v alidation, for instance, can b e fairly easy to

implemen t on top of an existing algorithm so the algorithm can b e got up and running

quic kly (ev en though its subsequen t p erformance ma y b e quite slo w).

The theory b ehind Ba y esian metho ds rests on t w o critical assumptions:

(I) the c hoice of mo dels (or h yp otheses) b eing searc hed m ust con tain the “true” mo del (in

practice this means a fairly accurate appro ximation to the ”true” mo del),

(I I) and the c hoice of prior o v er these mo dels should represen t a reasonable initial preference

for mo dels in the searc h space.

Although there is considerable literature on ho w to c ho ose a prior to minimize the assump-

tions implicit in the prior [ Ber85 ], and in practice w e often consider a range of priors for their

suitabilit y [ Mac91 , Bun90 ]. Ba y esian metho ds then guaran tee b est a v erage case p erformance

giv en these t w o assumptions and a third assumption:

(I I I) that the appro ximations made in implemen tation are sufficien tly accurate.

P o or mo deling will lead to strong but inappropriate assumptions. F or example, a single

la y er p erceptron net w ork cannot capture certain higher-order functions, so is inappropriate for suc h tasks. So Ba y esians sa y “A go o d Ba y esian will usually out-p erform a non-Ba y esian

but a bad Ba y esian can do far w orse” [ Go o83 ]. In con trast, uniform con v ergence metho ds

mak e no assumptions (the mo del space do es not ha v e to con tain the “true” mo del and no

prior is needed) but can only guaran tee go o d p erformance in the w orst case, so they sacrifice

the guaran tee of a v erage case optimalit y . Notice that for larger samples, the w orst case and

the a v erage case con v erge but for smaller samples the w orst and a v erage case can b e far

differen t [ Bun91 ].

Non-Ba y esians often sa y that “Ba y esian metho ds require the assumption of a prior on

net w orks whic h ma y not b e kno wn in practice”. In fact, ev ery algorithm or metho d is

making implicit assumptions ab out a prior that can b e explicitly calculated b y running

the algorithm on man y differen t data sets and seeing the net w orks that result [ Bun90 ]. In

other w ords, some kind of prior assumption is una v oidable in practice, except where sample

sizes are sufficien tly large so that prior assumptions b ecome submerged in the w ealth of

information from the sample. So rather than ignoring the una v oidable, Ba y esian metho ds

offer principles for dev eloping a prior and ev aluating a prior in a practical application. The

in ten t of Ba y esian metho ds then is to mak e all assumptions underlying a metho d explicit

and then reconstructing the most rational metho d based on those assumptions. T ec hniques

for making the Ba y esian assumptions more robust also exist, and are referred to as robust

statistics [ Ber85 ], ho w ev er w e do not consider them here.

3 Multi-La y er net w orks

The net w orks w e consider consist of a directed acyclic graph, giving the net w ork structure,

together with the activ ation functions at eac h unit or no de, whic h relate inputs to activ ation

output. A directed acyclic graph is one con taining no directed cycles, so the function

computed b y the net w ork is not computed using an y fixed p oin t equations. The net w ork

deals with real n um b ers in ternally , although the inputs ma y b e discrete, represen ted as, sa y ,

reals 0 and 1.

Denote the input v ariables to the net w ork as a v ector of v alues x and denote the re-

sp onse v ariable whic h the net w ork is in tended to predict as y . In the case of regression, the

net w ork output corresp onds to the predicted regression for y giv en the input v ariables. This

corresp onds to the exp ected v alue or mean of the real v alued v ariable y conditioned on the

v alues of the input v ariables x . In the case of one-of- C classification, the net w ork outputs

a conditional probabilit y distribution o v er C p ossible (m utually exclusiv e and exhaustiv e)

v alues for the discrete v ariable y , conditioned on the v alues of the input v ariables. The

output comes from n no des and corresp onds to a v ector of real v alues summing to 1. The

i -th v alue is the estimated conditional probabilit y that the output v ariable should ha v e the

i -th discrete v alue.

Connections (giv en as directed arcs on a graph) corresp ond to the flo w of information

b et w een units or no des. This can b e in the forw ard direction during inference (classification

or regression) and in the bac kw ard direction when calculating deriv ativ es. So a connection

from no de n to m represen ts that no de m receiv es no de n ’s activ ation during the inference

stage, often m ultiplied with a w eigh t w

m,n

. The no des in the graph with no incoming

connections corresp ond to input no des for the neural net. Their v alue is giv en to the system

from some external source.

Let the non-output no des in the net w ork b e indexed 1 , 2 , . . . . In regression, the out-

put no de has activ ation o and in one-of- C classification the output no des ha v e activ ation o

1

, . . . , o

C

. The activ ation of an y non-output no de n is denoted u

n whic h is a real n um-

b er. The activ ation function for the no de m is a function of the activ ations u

n for no des n

inputting to no de m , and the function is parameterized b y a v ector of parameters w

m

.

The exact details of the activ ation functions relating inputs to a no des activ ation is not

imp ortan t for the analysis here, except that they are parameterized b y net w ork w eigh ts. A

t ypical activ ation function for a no de n with v ector of w eigh ts w

n w ould b e the sigmoid

acting on the w eigh ted sum of its inputs u

1

, . . . , u

l

,

u ( u

1

, . . . , u

l

) =

1

1 + e

− a

∑

i =1 , ... ,l w

n,i u

i

+ b

n

=

1

2

1 + tanh a

2

∑

i =1 , ... ,l w

n,i u

i

+ b

n

.

The slop e of the sigmoid, a , can b e absorb ed in to w eigh ts and bias without loss of generalit y

and is set to one. The bias b

n for the no de is denoted w

n, 0

. Some other activ ation functions

that ha v e b een used are indep enden t Gaussians found in radial basis functions, logistic,

exp onen tial and v arious trigonometric functions [ Cot90 ].

In the case of one-of- C classification, the output activ ations need to b e non-negativ e and

sum to one. T o do this, the output activ ation functions ma y normalize a set of non-negativ e

activ ations from no des in the previous la y er u

1

, . . . , u

C

, using the function

o

i

( u

1

, . . . , u

C

) = u

i

∑

i =1 , ... ,C u

i

.

W e call this function a normalizing activ ation function. A related activ ation function is the

Softmax function of Bridle [ Bri89 ] giv en b y

o

i

( u

1

, . . . , u

C

) = e u

i

∑

i =1 , ... ,C e u

i

.

4 Probabilistic neural net w orks

Tw o k ey issues in net w ork design are whether the net w ork can sufficien tly appro ximate

the “true” function that needs to b e computed, and whether the net w ork structure and

w eigh ts has an in terpretation or in trinsic form that can b e explained as the “kno wledge”

in the net w ork rather than treating the net w ork as a blac k b o x. This second issue is more

imp ortan t than one migh t think. If net w ork w eigh ts ha v e some clear in terpretation then w e

can configure the net w ork in coheren t w a ys, an exp ert can view the kno wledge represen ted

b y the net w ork, and w e can more readily assign meaningful priors or some other initialization

for the net w ork w eigh ts [ TSN90 ]. Probabilistic in terpretations of net w orks is also discussed

in [ Bri89 ].

In this section, w e presen t net w ork structures where these issues are w ell understo o d.

One of the adv an tages of the general net w ork approac h, ho w ev er, is that the one net w ork

pac k age can b e used to implemen t all these net w ork t yp es and more, just b e replacing the

net w ork activ ation functions and their deriv ativ es. While w e call these probabilistic neural

net w orks, they should not b e confused with the probabilistic net w orks that are used in

artificial in telligence [ P ea88 ]. The neural net w orks are probabilistic in the sense that they

implemen t a w ell-understo o d probabilit y function.

4.1 Logistic net w orks

Supp ose all v ariables are discrete, the problem is classification, and the problem is distin-

guished b y certain marginal probabilities of k ey features. F or instance, for b o olean v ariables

x

0

, x

1

, . . . , x

5

, the k ey features migh t b e x

0 x

3

, x

1 x

4

, x

3 x

4

, etc., and the distinguishing c har-

acteristics of the problem are the marginal probabilities P r ( x

0 x

3

), P r ( x

1 x

4

), P r ( x

3 x

4

), etc.

All other marginal probabilities are assumed to to follo w someho w from these. A standard

metho d of inference is to find the distribution whic h assumes the least amoun t of information

apart from the imp ortance of the giv en marginals. This is termed the maxim um en trop y

argumen t and the class of distributions so deriv ed b elong to the general exp onen tial family

[ MN89 ], of whic h the Gaussian and logistic functions are a sp ecial case.

Supp ose the k ey features are represen ted b y b o olean functions c

1

, . . . , c

f on the input

and output v ariables ( x, y ) that return 1 if the feature holds and 0 otherwise. Then the

exp onen tial distribution tak es the form

P r ( x, y ) = exp α

0

+

∑

i =1 , ... ,f α

i c

i

( x, y ) ,

where α

0 is a normalizing constan t and α are some parameters that determine P r ( c

i

( x, y )).

Since w e are in terested in the conditional probabilit y distribution P r ( y | x ), w e tak e the

conditional v ersion of this to get

P r ( y | x ) = exp

(

∑

i =1 , ... ,f α

i c

i

( x, y )

)

∑

y exp

(

∑

i =1 , ... ,f α

i c

i

( x, y )

) . (1)

F or y b o olean this can b e further simplified to

P r ( y | x ) =

1

1 + exp

(

∑

i =1 , ... ,f α

i

( c

i

( x, 0) − c

i

( x, 1))

) ,

whic h is the general case of m ultiv ariate logistic regression (or logit) [ Ame85 ]. In the simplest

case with b o olean v ariables, the distinguishing features are y x

i

, y x

i

, y x

i and y x

i for the

input v ariables x

i

. That is, the distribution is fully determined b y the probabilities of

P r ( x

i

| y ). The distribution reduces to the form

P r ( y | x ) =

1

1 + exp

(

β

0

+

∑

i =1 , ... ,a β

i x

i

) ,

th us reco v ering the sigmoid function. More complex cases in tro duce higher-order terms in to

the sum suc h as x

1 x

5

, and x

2 x

3 x

5

, etc. By in tro ducing enough higher-order terms, an y

conditional probabilit y distribution on b o olean v ariables can b e represen ted. In practice,

higher-order terms w ould ha v e to b e carefully c hosen to represen t those kinds of features

exp ected in the data.

These functional forms can b e implemen ted as net w orks in the follo wing manner. F or

a b o olean output v ariable y , one hidden la y er computes the higher order terms from the

input v ariables and the output no de tak es the w eigh ted sum of these through a sigmoid

function. In the general case there w ould ha v e to b e a second hidden la y er after the first

to compute the exp onen tials in Equation (1) and the final output la y er has normalizing

activ ation functions. W e refer to b oth these kinds of net w orks as logistic net w orks.

4.2 Cluster net w orks

Cluster net w orks p erform one-of- C classification, so they output a probabilit y v ector for the

discrete output v ariable y . In the case of discrete inputs, cluster net w orks can b e view ed as

an extension of logistic net w orks where the higher-order terms in the net w ork are disco v ered

b y the net w ork during training of the first la y er of hidden no des. The first la y er of hidden

no des detect hidden m utually exclusiv e and exhaustiv e classes in the data of the form usually

found using unsup ervised learning or clustering tec hniques [ P an89 ]. F or instance, if input

v ariables are all b o olean then eac h no de in the first la y er can corresp ond to the partial

o ccurrence of a particular noisy conjunct. If input v ariables are con tin uous, then no des in

the first la y er can corresp ond to radial basis no des. The detected classes are, ho w ev er, fed

in to the second hidden la y er whic h then constructs an unnormalized probabilit y v ector for

y , to b e normalized b y the final output no des.

Cluster net w orks implemen t a probabilit y distribution based on the assumption that

there is a hidden v ariable making all other v ariables indep enden t. W e assume there is a

hidden v ariable z with K m utually exclusiv e and exhaustiv e v alues n um b ered 1 to K . All

other v ariables, the input v ariables x

1

, . . . , x

A and the output v ariable y are indep enden t

giv en z , so the mo del for the join t probabilit y of z , x

1

, . . . , x

A

, y is of the form

P r ( z , x

1

, . . . , x

A

, y ) = P r ( z ) P r ( y | z )

∏

i =1 , ... A

P r ( x

i

| z ) .

F or K large enough and all v ariables discrete, this family of distributions can arbitrarily

appro ximate an y other. The hidden v ariable z in practice has an unkno wn v alue and w e are

in terested in the conditional probabilit y of y giv en x , so w e manipulate this join t to pro duce

P r ( y | x ) =

∑

j =1 , ... K

P r ( y | z = j ) P r ( z = j )

∏

i =1 , ... A

P r ( x

i

| z = j )

∑

j =1 , ... K

P r ( z = j )

∏

i =1 , ... A

P r ( x

i

| z = j )

.

Notice that if the v alue for x

i is missing, then the corresp onding en try in the pro duct

∏

i =1 , ... A can b e dropp ed and the form ula still holds. If a v ariable x

i is con tin uous, w e can

let P r ( x

i

| z = j ) b e a Gaussian distribution with mean μ

i,j and standard deviation σ

i,j

.

In practice, w e migh t w an t to use a totally differen t distribution for x

i

. The curren t c hoice

is sufficien t for presen tation.

The follo wing net w ork implemen ts this family of distributions. The net w ork has t w o hid-

den la y ers with full in terconnections b et w een la y ers. The output no des (n um b ered la y er 3)

ha v e normalizing activ ation functions, and represen t the normalized conditional probabilit y

v ector for y giv en x . The second hidden la y er has C no des, one for eac h v alue of the output

v ariable y , and has linear activ ation functions. These activ ations represen t an unnormal-

ized conditional probabilit y v ector for y giv en x . These giv e activ ation u

i for i = 1 , . . . , C

corresp onding to

u

i

≡

∑

j =1 , ... K

P r ( y | z = j ) P r ( z = j )

∏

i =1 , ... A

P r ( x

i

| z = j ) .

The first hidden la y er has K no des, eac h one corresp onding to a hidden class, with ex-

p onen tial activ ation functions. These activ ations represen t an unnormalized conditional

probabilit y v ector for z giv en x . These giv e activ ation u

C + j for j = 1 , . . . , K corresp onding

to

u

C + j

≡ P r ( z = j )

∏

i =1 , ... A

P r ( x

i

| z = j ) .

¡hand-dr awn and not on line¿

Figure 1: A cluster net w ork

The b ottom la y er is the input la y er. The net w ork form is represen ted in Figure 1.

Activ ation functions are as follo ws:

o

i

= u

i

∑

j =1 , ... ,C u

j for i = 1 , . . . , C ,

u

i

=

∑

j =1 , ... ,K w

i,C + j u

C + j for i = 1 , . . . , C ,

u

C + j

= exp w

C + j , 0

+

∑

i ∈ discr ete

∑

h =1 , ... ,d

i w

j ,i,h

1

x

i

= h

+

∑

i ∈ continuous

(

( x

i

− μ

i,j

)

2

2 σ

2

i,j

−

1

2 log (2 π σ

2

i,j

)

) )

for j = 1 , . . . , K .

Notice the standard w notation for w eigh ts has b een dropp ed in the case of μ

i,j and σ

i,j

.

The w eigh ts ha v e the follo wing in terpretation:

w

i,C + j

≡ P r ( y = i | z = j ) ,

w

j ,i,h

≡ log P r ( x

i

= h | z = j ) ,

w

C + j , 0

≡ log P r ( z = j ) .

In addition, μ

i,j and σ

i,j represen t the mean and standard deviation of the Gaussian on x

i

.

Notice also that the follo wing constrain ts hold:

∑

i =1 , ... C w

i,C + j

= 1 ,

∑

j =1 , ... K e w

j + C , 0

= 1 ,

∑

h =1 , ... d

i e w

j ,i,h

= 1 , and w

i,C + j are non-negativ e and w

C + j , 0 are negativ e. These constrain ts can easily b e

enforced b y restricting the c hanges made to these net w ork w eigh ts during bac k-propagation.

This can b e done, for instance, using Lagrangian m ultipliers [ LeC88 ], or simply b y insuring

that one w eigh t is determined b y all the others according to the constrain t.

As an example of these net w ork, supp ose v ariables y and x

1

, . . . , x

5 are b o olean. Then the

conjunct x

1

∧ x

3

∧ x

5 is represen ted at the j -th no de of the first la y er b y ha ving P r ( x

1

| z = j ),

P r ( x

5

| z = j ) and P r ( x

3

| z = j ) close to 1 and making P r ( x

2

| z = j ) and P r ( x

4

| z = j )

neither near 0 or 1, sa y ab out 0.5. The activ ation u

j will then b e near zero if an input pattern

fails to matc h the conjunct and closer to 0.25 if the conjunct is matc hed. Sev eral suc h

conjuncts can b e represen ted, and so expressions in disjunctiv e normal form (a disjunction

of conjunctiv e terms) are appro ximately represen ted.

4.3 Regression net w orks

A statistical mo del that has a simple net w ork represen tation is linear regression [ HT90 ],

where the mean of the resp onse v ariable is usually giv en b y

y =

∑

i =1 , ... ,K w

i f

i

( x ) ,

for “basis functions” f

i and “parameters” or w eigh ts w

i

. A corresp onding net w ork has K

hidden no des without w eigh ts whic h compute the functions f

i

( x ), leading in to linear output

no des that compute the linear regression. The regression is called linear b ecause it is a

linear function of the w eigh ts w

i

, whereas the functions f

i can b e arbitrary .

The v arious tec hniques suc h as smo othing, regularization, cross v alidation, etc., applied

to these systems can then b e cast in a net w ork framew ork. MacKa y presen ts a Ba y esian

mo del for this [ Mac91 ]. The c hoice of basis functions dep ends on the b eha vior of y an tici-

pated. Some c hoices are pro ducts of sin n

i x

i and cos n

i x

i for in teger n

i when x

i

∈ [ − π , π ]; or

com binations of Legendre p olynomials or their in tegrals when x

i

∈ [ − 1 , 1] and y is exp ected

to b e in the form of a p olynomial; or com binations of Hermite functions when x

i

∈ [ −∞ , ∞ ]

and y is exp ected to b e in the form of a pro duct of exp ( −

∑

A

i =1 x

2

i

/ 2) and some p olynomial

in x . Notice eac h of these c hoices ma y require rescaling the x

i

’s initially .

Of course in the more general case, w e can use a semi-linear mo del

y =

∑

i =1 , ... ,K w

0 ,i f

i

( x, w

i, 0

) ,

whic h again has a straigh t forw ard net w ork in terpretation.

5 Probabilistic Analysis

This section co v ers eac h comp onen t of a Ba y esian analysis in turn: in terpreting net w orks

as a probabilit y function in Section 5.1; thereb y calculating the lik eliho o d of the training

sample for a giv en net w ork and w eigh ts, in Section 5.2; considering priors for the w eigh ts in

a net w ork, in Section 5.3; and finally considering p osteriors for the w eigh ts in a net w ork, in

Section 5.4.

The notation E

A | B

( f ( A, B ) ) denotes the exp ected (mean) v alue of the function f ( A, B )

when A is distributed according to the probabilit y function or probabilit y densit y function

P r ( A | B ). If A is con tin uous, this is calculated with an in tegral

E

A | B

( f ( A, B ) ) ≡

∫

A f ( A, B ) P r ( A | B ) dA ,

and if A is discrete this is calculated as

E

A | B

( f ( A, B ) ) ≡

∑

A f ( A, B ) P r ( A | B ) .

F or mixed con tin uous and discrete v ariables, com binations of these form ula apply . Similarly ,

the notation v

A | B

( f ( A, B ) ) denotes the v ariance of f ( A, B ), usually calculated as

v

A | B

( f ( A, B ) ) ≡ E

A | B

(

(

f ( A, B ) − E

A | B

( f ( A, B ) )

)

2

)

.

5.1 The net w ork lik eliho o d function

T o do Ba y esian or lik eliho o d analysis on feed-forw ard net w orks, w e ha v e to use the net w ork

output o ( x, w ), a function of the inputs x and the w eigh ts w , to construct a lik eliho o d

function l ( y | x, w ) for the observ ed pattern ( x, y ). This lik eliho o d function giv es the condi-

tional probabilit y distribution for the output v ariable y conditioned on the input v ariables x ,

giv en a particular net w ork and w eigh ts. This lik eliho o d function is the basis of all subsequen t

analysis.

In the case of classification, the lik eliho o d function is a probabilit y distribution repre-

sen ting the net w ork’s estimate of the “true” conditional distribution for y giv en x . The C

net w ork outputs therefore giv e a conditional probabilit y v ector. The i -th output o

i

( x, w )

represen ts the conditional probabilit y that the discrete output v ariable y tak es its i -th v alue.

So

l ( y | x, w ) = o

y

( x, w ) .

In the case of regression, the lik eliho o d function is a probabilit y densit y function (it

in tegrates o v er the domain of y to 1) of the form l ( y | x, w , F ) for the output v ariable y

conditioned on x , the net w ork w eigh ts and some other information F suc h as a standard

deviation of error. The net w ork output is usually defined to b e the mean of the lik eliho o d

function giv en b y

o ( x, w ) ≡

∫

y y l ( y | x, w , F ) dy .

The lik eliho o d is usually defined in terms of some err or mo del that is a function of y , the

mean o ( x, w ), and some other error parameters. An error mo del commonly used is the

Gaussian distribution with mean o ( x, w ) and standard deviation σ that is unkno wn (so has

to b e estimated along with the w eigh ts w ). This means the true y is exp ected to v ary ab out

the mean o ( x, w ) with standard deviation σ . It is more realistic that the standard deviation

itself should b e a function of x to o. In this case, a second output no de can b e connected

to the net w ork to estimate the standard deviation; w e denote its output b y o

′

( x, r ), and

note that the w eigh ts r will ha v e parameters in common with w . V apnik [ V ap82 ] has also

suggested using the Laplace distribution as an error mo del when the exp erimen tal conditions

ma y v ary with maximal uncertain t y but the standard deviation is still indep enden t of x .

This leads to the follo wing c hoice of error mo dels: with kno wn/unkno wn standard deviation

σ of

l

G

( y | x, w , σ ) ≡

1

√

2 π σ exp

(

−

( y − o ( x, w ))

2

2 σ

2

)

;

with x dep enden t standard deviation o

′

( x, r ) of

l

GD

( y | x, w , r ) ≡

1

√

2 π o

′

( x, r ) exp

(

−

( y − o ( x, w ))

2

2 o

′

( x, r )

2

)

;

and with exp erimen t dep enden t standard deviation of

l

L

( y | x, w , Δ) ≡

1

2Δ exp

(

−

| y − o ( x, w ) |

Δ

)

.

5.2 The sample lik eliho o d

Giv en a training sample, w e need to lo ok at the lik eliho o d of the sample as a function of the

net w ork parameters w . This assumes the w eigh ts w and an y other parameters are kno wn

and giv es the lik eliho o d that the sample seen w ould o ccur. Ba y esian learning equations are

presen ted in the next section that sho w ho w this leads to learning of the w eigh ts.

F or a sample consisting of N examples giv en as a list of input v ectors x ≡ x

1

, . . . , x

N

and corresp onding output v alues y ≡ y

1

, . . . , y

N

, the sample lik eliho o d in the classification

problem (assuming examples are indep enden tly and iden tically distributed) is giv en b y

L ( y | x , w ) =

∏

i =1 , ... ,N o

y

i

( x

i

, w ) .

The sample lik eliho o d in the regression problem with Gaussian error and standard deviation

σ is giv en b y

L ( y | x , w , σ ) =

∏

i =1 , ... ,N

1

√

2 π σ exp

(

−

( y

i

− o ( x

i

, w ))

2

2 σ

2

)

=

1

(2 π )

N

2

σ

N exp

(

−

N s

2

σ

2

)

,

where

s

2

≡

1

N

∑

i =1 , ... ,N

( y

i

− o ( x

i

, w ))

2

is the observ ed a v erage squared error. The sample lik eliho o d for the Laplacian error mo del

is similar.

Maxim um lik eliho o d metho ds for net w ork training use the negativ e logarithm of the

lik eliho o d as a “cost” function (to b e minim umized) [ BW87 , EJM90 ].

5.3 Prior probabilit y of the w eigh ts

In the classification case, prior probabilities o v er the net w ork w eigh ts w giv e our a priori

b elief that o

i

( x

′

, w ) for i = 1 , . . . , C is the “true” distribution for y giv en x . In the regression

case, prior probabilities o v er the net w ork w eigh ts w giv e our a priori b elief that o ( x

′

, w ) is

the “true” mean of y giv en x . The c hoice of prior represen ts an assumption ab out what

form w should tak e. By represen ting the prior as a probabilit y distribution P r ( w ), this

prior assumption is not expressed as hard constrain ts suc h as w

n,m

= 1 or 0 < w

n,m

< 0 . 5,

but rather as preferences among the man y differen t p ossible v alues.

There is considerable literature written ab out priors (see [ Ber85 ] and references therein),

and a n um b er of metho ds exist for obtaining priors that are considered “non-informativ e”

ab out the class of theories b eing considered. W e suggest a few priors here, ho w ev er b eliev e more exp erience and researc h is needed for designing priors on neural net w orks. In general

there is no “correct” prior, ho w ev er, it is imp ortan t to use a prior that has reasonable

prop erties. See [ Bun90 ] where a n um b er of differen t priors are discussed for trees and

[ Mac91 ], where sev eral priors are tried and compared for a single net w ork learning problem.

When dealing with probabilistic neural net w orks, as giv en in Section 4, w e can often

use the probabilistic in terpretation of the net w ork to guide us in the c hoice of prior. Some

examples are giv en b elo w.

Priors on cluster net w orks

F or instance, the cluster net w orks of Section 4.2 ha v e w eigh ts corresp onding to Gaussian

parameters or prop ortions. The parameters w

i,C + j for i = 1 , . . . , C are parameters for a

m ultinomial distribution, so

∑

i =1 , ... ,C w

i,C + j

= 1. A standard non-informativ e prior for

this is [ Ber85 , Bun90 ]

P r ( w

1 ,C + j

, . . . , w

C ,C + j

) ∝

∏

i =1 , ... ,C w

1 /C − 1

i,C + j

,

where w e ha v e ignored the normalizing constan t so the prior is “ ∝ ” rather than “=”.

Similarly , suitable priors for the other parameters can b e found b y using standard non-

informativ e priors for the class of parameters concerned. Notice transformed parameters

e w

C + j , 0

are m ultinomials, so w e use the same form of m ultinomial prior as b efore for these.

Ho w ev er w e need a prior on w eigh ts w

C +1 ,j

, not their exp onen tial. This requires a c hange

of v ariables, and note that w

C + K , 0 is a function of w

C +1 , 0

, . . . , w

C + K − 1 , 0

. Lik ewise for

e w

C + j ,i,h

.

P r ( w

C +1 , 0

, . . . , w

C + K − 1 , 0

) ∝ exp 1 /K

∑

j =1 , ... ,K w

C + j , 0

− w

C + K , 0

,

P r ( w

C + j ,i, 1

, . . . , w

C + j ,i,d

i

− 1

) ∝ exp 1 /d

i

∑

h =1 , ... ,d

i w

C + j ,i,h

− w

C + j ,i,d

i

,

P r ( μ

i,j

, σ

i,j

) ∝

1

σ

i,j

.

Priors on regression net w orks

F or regression net w orks, priors sa y ho w w e exp ect the mean of y giv en x to c hange with

x . A standard approac h is to sa y w e exp ect y to v ary smo othly as the input v ariables

x

1

, . . . , x

A c hange. F or instance, for linear regression net w orks, one can sa y the a v erage

second deriv ativ e of y w.r.t. x should not b e to o large. This section argues that a suitable

prior on the w eigh ts tak es the form

P r ( w ) ∝ C ( w )

− K / 2

for a quadratic function C ( w ) on the w eigh ts w determined b y the basis functions used

in the regression. This is equiv alen t to but simplifies the approac h giv en in [ Mac91 ] for

corresp onding priors.

With x defined o v er the m ulti-dimensional space X , the a v erage magnitude of the second

deriv ativ e can b e expressed as a function C ( w ) giv en b y

C ( w ) =

∫

x ∈ X

|

|

|

|

|

|

|

| d

2

y

d x

2

|

|

|

|

|

|

|

| d x ,

where the norm || · || is an a v erage measure of the size of the second deriv ativ e at a single

p oin t. W e assume the space X is finite but relax this condition later on. One w a y to

calculate the norm || · || at the p oin t x is to calculate the a v erage c hange in y ab out a ball

in x -space of fixed radius from x (i.e. x + Δ x where | Δ x | = 1) due to the second deriv ativ e.

Using a second order expansion, this is giv en as:

|

|

|

|

|

|

|

| d

2

y

d x

2

|

|

|

|

|

|

|

|

=

∫

| Δ x | =1

1

2

A

∑

i,j =1

Δ x

i

Δ x

j

∂

2

y

∂ x

i

∂ x

j

2

d Δ x

/

∫

| Δ x | =1 d Δ x

=

(

d

2

y

d x

2

1

)

2

for A =1, and for large A

≈

1

4 A

2

A

∑

i,j =1

∂

2

y

∂ x

2

i

∂

2

y

∂ x

2

j

+ 2

A

∑

i,j =1

(

∂

2

y

∂ x

i

∂ x

j

)

2

.

W e use the appro ximation b elo w since it is prop ortional to the exact calculation when A = 1.

Substituting in to C ( w ) and using the regression mo del y =

∑

i =1 , ... ,K w

i f

i

( x ), w e then get

C ( w ) =

K

∑

m,n =1 w

m w

n

C

m,n

,

where

C

m,n

=

1

4 A

2

A

∑

i,j =1

∫

x ∈ X

(

∂

2

f

m

( x )

∂ x

2

i

∂

2

f

n

( x )

∂ x

2

j

+ 2

∂

2

f

m

( x )

∂ x

i

∂ x

j

∂

2

f

n

( x )

∂ x

i

∂ x

j

)

d x .

W e can then put a prior on w in the general form

P r ( w | α ) ∝ exp

(

− α

2

C ( w )

)

,

where α is a prior “h yp er-parameter” to b e determined. A large v alue of α means w e ha v e

a strong bias to w ards smo oth functions, and a small v alue means otherwise. W e lea v e α to

b e an undetermined parameter b ecause w e cannot b e sure a prior ho w a particular v alue of

α will effect smo othness. MacKa y sho ws ho w to determine α a p osterior , ho w ev er w e sho w

b elo w ho w to marginalize it out.

This giv es a prior in the form of a m ultiv ariate Gaussian

P r ( w | α ) = α

K / 2

det

1 / 2

C

( 2 π )

K / 2 exp

(

− α

2

C ( w )

)

,

where K = | w | is the dimensionalit y of the w eigh t set w . Since w e are not really sure what

α ∈ [0 , ∞ ) should b e an yw a y , w e can marginalize it out. Since α app ears as a factor of

C ( w ), it is a scaling quan tit y so a suitable prior is [ Ber85 ]

P r ( α ) ∝ 1 /α .

This giv es

P r ( w ) =

∫

∞

0

P r ( w | α ) P r ( α ) d α

∝

Γ( K / 2) det

1 / 2

C

π

K / 2

C ( w )

K / 2

∝ C ( w )

− K / 2

.

During gradien t descen t, the imp ortan t con tribution is

∂ − l og P r ( w )

∂ w

i

= K / 2

∂ log C ( w )

∂ w

i

=

K

2 C ( w )

∂ C ( w )

∂ w

i

If w e compare this with the deriv ativ e of the original P r ( w | α ), then it follo ws that

α ≈

K

C ( ^w )

,

where ^w is the w eigh ts actually used. Since C ( w ) is the measure of smo othness (where

smaller is smo other), this sa ys that one should c hange w eigh ts to increase smo othness of the

mean function y . Notice from the definition of C ( w ) that the partial deriv ativ es

∂ C ( w )

∂ w

i are

calculated when calculating C ( w ). Lik ewise for second deriv ativ es. W e therefore get that

all first and second deriv ativ es of − l og P r ( w ) w.r.t. w are calculated with the same cost it

tak es to calculate C ( w ).

V alues of C

m,n for a giv en set of basis functions only ha v e to calculated once, but

usually lead to a complex matrix. In this case, a diagonal appro ximation to the matrix ma y

b e sufficien t. F or instance, when using basis functions in the form

f

n

( x

1

, . . . , x

A

) =

∏

i ∈ C

n sin n

i x

i

∏

i ∈ | I

n cos n

i x

i

for differen t n

i and index sets I

n

, then the diagonal term is giv en b y

C

n,n

∝

(

A

∑

i =1 n

2

i

)

2

.

En trop y priors

Zellner’s maximal data information prior for a probabilit y function P r ( z | θ ) on parameters

θ [ Zel90 ] tak es the form

P r ( θ ) ∝ exp

(

− I

z | θ

( θ )

)

,

where

I

z | θ

( θ ) = −

∫

P r ( z | θ ) log P r ( z | θ ) d z

is the usual en trop y function giving the en trop y for z distributed as P r ( z | θ ), whic h is a

function of θ .

When doing classification, w e are constructing a net w ork for the conditional distribution

P r ( y | x, w ). Assuming a distribution for x is kno wn, a prior using the ab o v e metho d can then b e formed as follo ws.

P r ( w ) ∝ exp

(

−

(

I

x

+ E

x

(

I

y | x,w

( w )

) ) )

∝ exp

(

− E

x

(

I

y | x,w

( w )

) )

,

≈ exp

(

−

1

N

N

∑

d =1

I

y | x

d

,w

( w )

)

.

This assumes the en trop y of x , I

x is indep enden t of w . Since the distribution for x is not

actually kno wn, the last line estimates the exp ectation E

x

( · ) with the empirical a v erage

from the sample of input v ectors x ≡ x

1

, . . . , x

N

. Since w e are forming a prior on w eigh ts

(parameters) for a conditional distribution of y giv en x , whic h presumably is indep enden t

of the distribution for x , w e can use the sample of p oin ts for x to estimate a distribution

for x . F or the classification case,

I

y | x

d

,w

( w ) = −

C

∑

i =1 o

i

( x

d

, w ) log o

i

( x

d

, w ) .

F or the regression case with x dep enden t standard deviation of o

′

( x, r ),

I

y | x

d

,w ,r

( w , r ) = log o

′

( x

d

, r ) + constant .

W eigh t elimination and priors

One particular prior w e ha v e w ork ed with assume the w eigh ts ha v e a prior probabilit y that

corresp onds to

− log P r ( w ) = λC ( w ) + constan t = λ

∑

l ,m w

2

l ,m

/w

2

0

1 + w

2

l ,m

/w

2

0

+ constan t . (2)

The unsp ecified constan t term is required to ensure P r ( w ) normalizes to 1, but its v alue

is unimp ortan t since w e primarily deal with deriv ativ es. This term w as first prop osed b y

Rumelhart in 1987. w

0 is the scale for the w eigh ts: F or | w

l ,m

| ≫ w

0

, the cost of a w eigh t

approac hes unit y (times λ ), allo wing the in terpretation of the complexit y term as a coun ter

of significan tly sized w eigh ts. F or | w

l ,m

| ≪ w

0

, the cost is close to zero.

Relev an t w eigh ts are dra wn from a uniform distribution (to allo w for normalization of

the probabilit y , up to a certain maxim um size). W eigh ts that are merely the result of “noise”

are dra wn from a Gaussian-lik e distribution cen tered on zero; they are exp ected to b e small.

The corresp onding bump around zero can b e appro ximated b y a Gaussian with v ariance

σ

2

= w

2

0

/λ . The larger λ is, the closer to zero a w eigh t m ust b e to ha v e a reasonable

probabilit y of b eing a mem b er of the “noise” distribution.

The learning rule is then to c hange the w eigh ts according to the gradien t of the entir e

cost function, con tin uously doing justice to the trade-off b et w een error and complexit y . This

differs from metho ds that consider a set of fixed mo dels, estimate the parameters for eac h

of them, and then compare b et w een the mo dels b y considering the n um b er of parameters.

T aking a complexit y term in to accoun t during learning required λ to b e adjusted dynamically

during learning. The details of this pro cedure are describ ed in [ WRH91 ]. W e b eliev e there

ma y b e a Ba y esian in terpretation for setting λ , similar to the setting of the α parameter

describ ed previously , ho w ev er w e ha v e not in v estigated this.

5.4 P osterior analysis

T o do Ba y esian analysis, w e need to b e able to determine relev an t p osteriors from priors and

lik eliho o ds. F or the regression case with Gaussian error and unkno wn standard deviation σ

this is as follo ws. The pro duct rule for probabilities giv es the follo wing:

L ( y | x , w , σ ) P r ( w , σ ) P r ( x | w , σ ) = P r ( w , σ | x , y ) P r ( y | x ) P r ( x )

where L is the sample lik eliho o d as b efore, P r ( w , σ | x , y ) equals the p osterior probabilit y

of the net w ork w eigh ts w and the parameter to the error mo del σ . P r ( x | w , σ ) is the

probabilit y of seeing the inputs x giv en w and σ . This can b e assumed indep enden t of w

and σ since they just parameterize the mo del for y giv en x , so P r ( x | w , σ ) = P r ( x ) whic h

is the prior probabilit y of seeing the set of inputs x . P r ( x ) then cancels out b oth sides.

While P r ( y | x ) also has a particular meaning, for our purp oses it is a normalizing constan t

b ecause it is indep enden t of w and σ . Re-expressing this, and assuming that w and σ are a

priori indep enden t, w e get a standard Ba y esian learning equation (see, for instance [ Bun90 ])

P r ( w , σ | x , y ) =

L ( y | x , w , σ ) P r ( w ) P r ( σ )

∫

w ,σ

L ( y | x , w , σ ) P r ( w ) P r ( σ ) dw dσ

.

When using the net w ork, the w eigh ts w are the primary concern and σ is of secondary in ter-

est, so w e w ould also lik e to kno w P r ( w | x , y ), whic h can b e calculated from

∫

σ

P r ( w , σ |

x , y ) dσ . If w e assume the standard non-informativ e prior for the standard error σ , P r ( σ ) =

1 /σ [ Ber85 ], the in tegration for σ giv en w can b e done in closed form using the Γ in tegral

[ Ber85 ] (with a c hange of v ariables τ = 1 / σ

2

). This yields

P r ( w | x , y ) =

L ( y | x , w ) P r ( w )

∫

w

L ( y | x , w ) P r ( w ) dw

,

where

L ( y | x , w ) =

Γ(

N − 1

2

)

( N π )

N − 1

2

√

N

1

s

N − 1

.

F urthermore, the exp ected v alue of σ

2

giv en w and x , y can b e calculated using the same

in tegral, giving a standard result in statistics:

E

σ | w , x , y

(

σ

2

)

=

N

N − 1 s

2

. (3)

A similar calculation can b e done for the Laplacian error mo del with unkno wn standard

deviation Δ, and this time

E

Δ | w , x , y

(

Δ

2

)

=

1

N ( N − 1)

∑

i =1 , ... ,N

| y

i

− o ( x

i

, w ) |

2

.

T o summarize, p osterior probabilities for a set of net w ork w eigh ts w are as follo ws.

Lemma 5.1 In the classific ation and r e gr ession fr ameworks describ e d ab ove for neur al net-

works, assume the input x is a priori indep endent of the network weights w and other