15 (9) Juang, B. and Rabiner, L. R. (1990) The Segmen tal -Means Algorithm for Estimating arameters of Hidden Mark Mo dels. IEEE ransactions on Acoustics, Sp eec and Signal Pro cessing. 38 9, 1639-1641. (10) Krogh, A., Bro wn, M., Mian, S., Sjolander, K. and Haussler, D. (1993) Hid- den Mark Mo dels in Computational Biology: Applications to Protein Mo deling. Submitted for publication. (11) Levin, E. and Pieraccini, R. (1993) Planar Hidden Mark Mo deling: from Sp eec to Optical Character Recognition. Adv ances in Neural Information Pro cessing Systems S. J. Hanson, J. D. Co an and C. Lee Giles Editors, Morgan Kaufmann, San Mateo, CA. (12) Merha v, N. and Ephraim, Y. (1991) Maxim um Lik eliho Hidden Mark Mo d- eling Using Dominan Sequence of States. IEEE ransactions on Signal Pro cessing, 39 9, 2111-2115. (13) Neal, R. M. and Hin ton, G. E. (1993) New View of the EM Algorithm that Justi�es Incremen tal and Other arian ts. Submitted to Biometrik a. (14) Rabiner, L. R. (1989) utorial on Hidden Mark or Mo dels and Selected Appli- cations in Sp eec Recognition. Pro ceedings of the IEEE, 77 2, 257-286. (15) Stolc e, A. and Omoh undro, S. (1993) Hidden Mark Mo del Induction Ba esian Mo del Merging. Adv ances in Neural Information Pro cessing Systems S. J. Hanson, J. D. Co an and C. Lee Giles Editors, Morgan Kaufmann, San Mateo, CA. 14 Ac kno wledgemen ts ould lik to thank Da vid Haussler, Anders Krogh and Esther Levin for useful discussions. The ork of B. is supp orted gran ts from the AF OSR and the ONR. References (1) Baldi, ., Chauvin, Y., Hunk apiller, T. and McClure, M. A. (1992) Adaptiv Algorithms for Mo deling and Analysis of Biological Primary Sequence Information. Net-ID ec hnical Rep ort and submitted for publication. (2) Baldi, ., Chauvin, Y., Hunk apiller, T. and McClure, M. A. (1993) Hidden Mark Mo dels in Molecular Biology New Algorithms and Applications. Adv ances in Neural Information Pro cessing Systems S. J. Hanson, J. D. Co an and C. Lee Giles Editors, Morgan Kaufmann, San Mateo, CA. (3) Ball, F. G. and Rice, J. A. (1992) Sto hastic Mo dels for Ion Channels: In tro duc- tion and Bibliograph Mathematical Bioscience. In press. (4) Baum, L. E. (1972) An Inequalit and Asso ciated Maximization ec hnique in Statistical Estimation for Probabilistic unctions of Mark Pro cesses. Inequalities, 1-8. (5) Blah ut, R. E. (1987) Principles and Practice of Information Theory Addison esley (6) Cardon, L. R. and Stormo, G. D. (1992) Exp ectation Maximization Algorithm for Iden tifying Protein-binding Sites with ariable Lengths from Unaligned DNA ragmen ts. Journal of Molecular Biology 223 159-170. (7) Dempster, A. ., Laird, N. M. and Rubin, D. B. (1977) Maxim um Lik eliho from Incomplete Data via the EM Algorithm. Journal Ro al Statistical So ciet 39 1-22. (8) Haussler, D., Krogh, A., Mian, S. and Sjolander, K. (1992) Protein Mo deling using Hidden Mark Mo dels. Computer and Information Sciences ec hnical Rep ort (UCSC-CRL-92-93), Univ ersit of California, San ta Cruz. 13 similar term for the con tributions resulting from the emissions) can therefore rewritten as ij ij log ij ij ij log ij (25) where ij is the um er of transitions con tained in the path and, as ab e, ij is the exp ected um er of transitions in mo del giv en the data. It is easy to hec that the expression for the probabilit distribution that maximizes corre- sp onds to the Baum-W elc algorithm with ij ij =L )] =L )] and that, if use normalized-exp onen tial represen tation for the parameters the gradien of is giv en Prop osition 4: ij ij ij (1 ij ik ij ij ik ij ij ij (26) When used on-line, this immediately yields the algorithm in (3). Th us, the batc ersion of (3) erforms gradien ascen on or on log and leads, for su�en tly small step sizes, to an increase of the lik eliho unless the gradien is zero. It leads also to an increase of and as suc h, can also view ed as GEM algorithm. The gradien of the cross-en trop term maximized Baum-W elc is also the gradien of the log-lik eliho function. Although the pro of giv en here is based on HMMs, the same result can pro ed similarly in the general EM framew ork sho wing that the gradien of the lik eliho and the gradien of the function eing maximized during the step of the EM algorithm are iden tical. 12 Assuming, as usual, indep endence et een the sequences the lik eliho of eac mo del is then giv en and (20) with ;O and ;O (21) the summations eing er all ossible paths through the arc hitecture. or eac se- quence, can then de�ne probabilit distributions ;O ;O and ;O ;O induced the mo dels and the sequence er all paths. can again measure the distance et een these distributions using the cross-en trop y: ;O ;O log ;O ;O ;O ;O (22) The cross en trop eing alw ys ositiv e, (20) yields, after simple manipulations, the relation log ;O log ;O ;O log ;O (23) whic giv es log ;O log ;O ;O log ;O (24) When the righ hand side of (24) is equal to 0. Therefore, in order to �nd mo del with higher lik eliho than the mo del ust increase the term ;O log ;O =L in the general EM con text, this term corresp onds to the function de�ned ab e). The Baum-W elc algorithm directly maximizes this term. On the other hand, the algorithm in tro duced here in (3) is just gradien descen step to ards the maximization of this term. Remark ably therefore, oth the log-lik eliho log and the rigth hand side of (24) ha the same gradien t. see this, one ust �rst observ that the probabilit ;O is pro duct of probabilities corresp onding to all the transitions asso ciated with the path and all the corresp onding emissions asso ciated with the sequence The con tribution to the sum ;O log ;O =L from the transitions only (there is an additional 11 term similar to (16). The parameters can no up dated gradien descen on n; iO n; in order to reduce this distance n; ij iO ij iO ik ik ij ij (1 ij )+ ik ij (17) The appro ximation in (17) computes only the explicit deriv ativ of n; with re- sp ect to ij All other higher order con tributions, aso ciated with the fact that hange in ik a�ects all the quan tities =@ ik is usually non-zero), are neglected. After simpli�cations, get Prop osition 3: n; ij ij ij (18) Clearly (4") is the on-line descen ersion of (18). Th us (4") is the learning rule deriv ed appro ximating gradien descen on the sum of the lo cal cross-en trop terms et een the distribution of transitions in the mo del at state and the exp ected alue of this distribution once the data is tak en in to accoun t. Similar more complex learning rules could also deriv ed eigh ting the terms iO in the sum (for instance =L )). Again, the temp erature co e�cien can merged in to the learning rate. The same reasoning using the Viterbi appro ximation yields (5) (notice that the instan taneous distribution of transitions out of an state along Viterbi path is ultinomial distribution of the form ij ij ). C. Relations to Baum-W elc h, EM and GEM Algorithms examine the relation of the previous algorithms to the Baum-W elc algorithm, it is useful to examine the pro of of con ergence for the Baum-W elc algorithm (Baum (1972)). Consider, for �xed arc hitecture, mo dels and with di�eren transitions and emission parameters. can though as eing the impro emen er that are seeking. or an path through the mo del, can de�ne the probabilities ;O and ;O (19) 10 Finally using (7), the hain rule and few simpli�cations, get Prop osition 1: ij ik ik ij �L ij ij (14) If in (10) use the log-lik eliho d, then get Prop osition 2: log ij ij ij ij (15) Clearly (3) is the on-line ersion of (15), (4) is the on-line ersion of (14), and the temp erature parameter can absorb ed in the learning rate. The ey conclusiv oin t, is that (3) corresp onds to gradien descen on the negativ log-lik eliho and therefore is the most sensible algorithm. Notice that the con tribution of eac sequence ust eigh ted the inverse of its lik eliho d. This ma seem little parado xical at �rst sigh t, but is easily understo d: if the mo del assigns small lik eliho to giv en sequence, the mo del is not erforming prop erly on that sequence and therefore the corresp onding error signal should high. B. Heuristic Deriv ation of (4") and (5) as Appro ximate Gradien Descen Algorithms on Sum of Lo cal Cross-En trop erms Once the um ers ij ha een calculated, the lo al distance et een the curren distribution ij of transitions in the mo del and the exp ected distribution induced the data can measured using the cross-en trop function iO n; ij log ij =n ij (16) Equiv alen tly one could consider the lo cal lik eliho asso ciated with the distribution of the transitions out of state The logarithm of this lik eliho then, yields Mathematical App endix or brevit only transition parameters will considered here but the analysis for emission parameters is analogous. In what follo ws, will need the partial deriv ativ es ij ij �t ij (1 ij and ij ik �t ij ik (7) A. Deriv ation of (3) and (3’) as Global Gradien Descen Algorithms or an path through the mo del and an �xed sequence let ;O (8) so that ;O (9) the summation eing er all ossible paths through the arc hitecture (for �nite sequence, only �nite um er of paths needs to considered). With sev eral training sequences, the lik eliho of the mo del is giv en (10) Since the probabilit ;O is the pro duct of all the corresp onding transition and emission probabilities along the path it is easy to see that ;O ij ij ij ;O (11) where ij is the um er of times the transition is used along the path consisten with the pro duction of rom (9) and (11), ij ij ij (12) where ij ij ;O is the exp ected um er of times the transition is used to pro duce in mo del Com bining (10) and (12) leads to ij ij ij (13) and ma require some exp erimen tation. It should also ob vious that, as in the case of neural net orks and other mo deling tec hniques, the presen ideas can easily extended to more complex ob jectiv functions including, for instance, regularizer terms re ecting prior kno wledge on the HMM parameters. The same is true also for higher order HMMs. In general, the simple algorithms in tro duced ab should useful in situations where smo othness and/or on-line learning are imp ortan t. These could include: (i) large mo dels with man parameters and relativ ely scarce data whic ma more prone to er�tting, lo cal minima trapping and other pathological eha viors when trained with discon tin uous or batc rules; (ii) analog ph ysical implemen tations where only con tin uous learning rules can realized; (iii) and all situations where the storage of examples for batc learning is not desirable. In the follo wing mathematical app endix, �rst sho that (3) and (3’) corre- sp ond to gradien ascen on the log-lik eliho and lik eliho resp ectiv ely also giv di�eren deriv ation of (4") and (5) as gradien descen algorithms on dif- feren ob jectiv function. then examine the relation of the algorithms to the Baum-W elc algorithm and to the more general EM approac h. estimate for the set of parameters from the observ ations The EM algorithm is recursiv pro cedure de�ned y: 1) arg max arg max log (6) It can sho wn that, in general, (6) con erges monotonically to ossibly lo cal maxim um lik eliho estimator of When applied in the HMM con text, the EM algorithm ecomes the Baum-W elc algorithm. An in teresting and sligh tly di�eren view of the EM algorithm, whic leads also to incremen tal arian ts, can found in Neal and Hin ton (1993), where can in terpreted as represen ting the states of statistical mec hanical system. If the energy of state is measured its negativ log lik eliho d, then (6) can seen as double minimization step on the corresp onding free energy function. An algorithm whic increases the function in (6) (and, as result, increases also the lik eliho of the observ ation giv en the parameters), without necessarily maximizing it, is called GEM algorithm. It can sho wn in general (a pro of is giv en in the app endix in the HMM con text) that the gradien of and the gradien of the log lik eliho of the observ ations giv en the parameters are iden tical. small gradien ascen step on the log lik eliho ust lead to an increase of Th us, with su�cien tly small learning rates, gradien descen on the negativ log-lik eliho and the other related algorithms presen ted here can seen as sp ecial cases of GEM algorithms or appro ximations to GEM algorithms. or sp eci�c application, it is natural to ask whic of the previous learning rules should used. eliev that the answ er to this question dep ends oth on the application considered, the arc hitecture of the HMM and ossibly other implemen- tation constrain ts, suc as the ailable precision. It is clear that (3) should pla for HMMs the role bac k-propagation pla ys for neural net orks. Indeed, it is ell kno wn that HMMs can view ed as particular kind of linear neural net orks. Bac k-propagation applied to these equiv alen net orks together with the normalized- exp onen tial parameter represen tation leads immediately to (3). On the other hand, it is easy to see on simple examples that, for instance, (3) and (5) can eha ery di�eren tly There are applications, suc as those in the area of DNA or protein se- quence mo deling, where the Viterbi paths pla particular role and where Viterbi learning appro ximation ma more desirable. In this con text, extensiv sim ulation results on one of these smo oth algorithms (5), can found in (Baldi et al. (1992) and (1993)). As in an gradien metho d, the hoice of the learning rate is also crucial app ears along the path or instance, for an along the gradien descen equations of (3) can then appro ximated ij ij ij )] and sim- ilarly for the emissions. In the case of an arc hitecture without an lo ops, the Viterbi appro ximations are particularly simple since ij or 1. In sp eci�c application (Baldi et al. (1992) and (1993)), go results ha een obtained with the Viterbi appro ximation to (3), rewritten in the form ij ij ij and ij ij ij (5) Here, for �xed state ij and ij are the target transition and emission alues: ij ev ery time the transition is part of the Viterbi path of the corresp onding training sequence and otherwise; and similarly for ij In particular if, as result of lo op, Viterbi path visits the state sev eral times, then (5) ust rep eated at eac visit ((5) is \on-line" not only with resp ect to di�eren paths asso ciated with di�eren training sequences but also within eac path). As for (4"), it is sho wn in the app endix that (5) can also deriv ed appro ximate gradien descen on sum of lo cal cross-en trop terms. One imp ortan di�erence, ho ev er, is that this time, this ob jectiv function can discon tin uous as result of the ev olution of the Viterbi paths themselv es. In man applications, the lik eliho ds are ery small and ey ond mac hine precision. This problem can dealt with using scaling approac (Rabiner (1989)). The scaling equations deriv ed for the Baum-W elc algorithm can readily extended to the algorithms presen ted here. Another ossibilit often used for ob vious reasons in conjunction with Viterbi appro ximation, is to calculate only the logarithm of the lik eliho ds or the logarithm of the lik eliho of the optimal paths. Accordingly it ma ossible in some situations, to replace in the previous algorithms the factors =L log ). The algorithms previously describ ed can also seen in the more general EM framew ork (Dempster et al. (1977)). In the general EM framew ork, one considers dep enden random ariables and where is the observ ed random ariable. or giv en alue of there is unique alue of but, in general, di�eren alues of can lead to the same alue of the observ able In addition, there is parametrised family of densities dep ending on set of parameters In HMM terminology corresp onds to the paths, to the output sequences and to the transition and emission parameters. As usual, the problem is to try to �nd maxim um lik eliho deviation to decrease as learning progresses. When the lik eliho ds of the training sequences are in the same range, then (3") can view ed as an appro ximate rescaling of (3) with the corresp onding ectors eing almost aligned and certainly in the same half space. So, with prop er hoice of learning rate (in general di�eren from the rate used in (3)), (3") should also lead to an increase of the lik eliho d. The previous algorithms rely on the lo cal discrepancy et een the transitions and emission coun ts induced the data and their predicted alue from the parameters of the mo del. ariations on (3) and (3’) can constructed using the discrepancy et een the corresp onding frequencies in the form ij ij ij and ij ij ij (4) ij ij ij and ij ij ij (4 and ij ij ij and ij ij ij (4 00 In the app endix, it is sho wn that (4") can reac hed through di�eren heuristic line of reasoning: appro ximating gradien descen on an ob jectiv function constructed as the sum of lo cally de�ned cross-en trop terms. All the ariations (4)-(4") are obtained ultiplying (3) or (3’) ositiv co e�cien ts suc as ), whic ma dep end oth on the sequence and the state In the case of single training sequence, all the ectors asso ciated with (3)-(4") are in the same half plane and all these rules will increase the lik eliho d, pro vided the learning rate is su�cien tly small. In the case of ultiple training sequences, it is reasonable to exp ect that on erage, in man situations, (4)-(4") will still tend to increase the lik eliho ), or its logarithm, although not along the line of steep est ascen t. Accordingly their con ergence can exp ected to slo er. In the case of an on-line Viterbi appro ximation, the optimal path asso ci- ated with the curren training sequence is �rst computed, together with the asso ciated lik eliho ). An one of the previous algorithms can then appro ximated replacing the exp ected transition coun ts ij and the corresp onding coun ts ij and obtained along the optimal Viterbi path (and similarly for the emissions). rom the de�nition of ij giv en in the app endix, it is easy to see that ij ij ), where ij is the um er of times the transition The represen tation (2) is general in the sense that an �nite probabilit distribution can written in this form, pro vided there are no probabilities (or else one ust allo for in�nite negativ exp onen ts). This is ery go prop ert for HMMs since, in general, probabilities need to oided. shall no describ the on-line ersion of the learning algorithm, the batc ersion can obtained immediately summing er all training sequences. After estimating the statistics ij and ij using, for instance, the forw ard-bac kw ard pro cedure, the up date equations of the new algorithm are particularly simple and giv en ij ij ij and ij ij ij (3) where is the learning rate whic incorp orates all the temp erature e�ects. Although, as shall pro in the app endix, equation (3) represen ts nothing more than on-line gradien descen on the negativ log-lik eliho of the data, its remark able simplic- it seem to ha escap ed the atten tion of previous in estigators, partly ecause of the monop olistic role pla ed the Baum-W elc algorithm. Notice that the on-line ersion of gradien descen on the negativ lik eliho itself is giv en ij ij ij and ij ij ij (3 Th us, with suitable learning rates and excluding the probably rare ossibilit of con ergence to saddle oin ts, (3) and (3’) will con erge to ossibly lo cal maxim um of the lik eliho ). As for bac k-propagation or an other gradien algorithm, the con ergence is exact in batc mo de and sto hastic in the on-line ersion. In general, for dynamic range reasons, (3) should preferable to (3’). urthermore, in the case of ultiple training sequences, (3’) requires that the global factor ailable. In certain situations, it ma ossible to use non-scaled ersion of (3) in the form ij ij ij and ij ij ij (3 00 This is particularly true when the bulk of the training sequences tend to ha lik e- liho ds whic are roughly in the same range. If the distribution of the lik eliho ds of the training sequences is appro ximately gaussian, this requires that the standard deviation relativ ely small. In man cases, it is reasonable to exp ect this standard then reset according to ij ij =L )] =L )] and ij ij =L )] =L )] (1) where ij and ij ). Th us, in the case of single training sequence, at eac iteration the Baum-W elc algorithm resets transition or emission parameter to its exp ected frequency giv en the curren mo del and the training data. In the case of ultiple training sequences, the con tribution of eac sequence ust eigh ted the in erse of its lik eliho d. It is clear that the Baum-W elc algorithm can lead to abrupt jumps in parameter space and that the pro cedure is not suitable for on-line learning, i.e. after eac training example. This is ev en more so if, in order to sa some computations, the Viterbi appro ximation is used to estimate lik eliho ds and transition and emission statistics computing only the most lik ely path asso ciated with the pro duction of sequence (see also Juang and Rabiner (1990), Merha and Ephraim (1991)), as opp osed to the forw ard-bac kw ard pro cedure where all ossible paths are examined. Along suc single path, the transition or emission coun ts are necesssarily or (pro vided there are no lo ops) and therefore cannot reasonably used in an on-line ersion of (1). Another problem with the Baum-W elc algorithm is that probabilities are absorbing: once transition or emission probabilit is set to 0, it is nev er used again and therefore remains equals to 0. This is of course undesirable and usually is prev en ted arti�cially enforcing that no parameter less than �xed small threshold. di�eren algorithm for HMM learning whic is smo oth, ercomes the previ- ous obstacles and can used on-line or in batc mo de, with or without the Viterbi appro ximation, can de�ned as follo ws. First, normalized-exp onen tial represen- tation for the parameters of the mo del is in tro duced. or eac ij (resp. ij ), new parameter ij (resp. ij is de�ned according to ij �w ij �w ik and ij �v ij �v ik (2) where is temp erature parameter. Whic hev er hanges are applied to the ’s and ’s the learning algorithm, the normalisation constrain ts on the original parameters are automatically enforced this reparametrization. One additional adv an tage of this represen tation is that none of the parameters can reac the absorbing alue 0. Hidden Mark Mo dels (HMMs) are particular class of adaptiv systems whic ha een extensiv ely used in sp eec recognition problems (see Rabiner (1989) for review), but also in other in teresting applications suc as single hannel kinetic mo d- eling (Ball and Rice (1992). More recen tly HMMs and related more general statistical tec hniques suc as the EM (Exp ectation-Maximization) algorithm (Dempster et al. (1977)) ha een applied to the mo deling and analysis of DNA and protein sequences in biology (Baldi et al. (1992) and (1993), Cardon and Stormo (1992), Haussler et al. (1992), Krogh et al. (1993), and references therein) and optical haracter recognition (Levin and Pieraccini (1993)). �rst order HMM is haracterized set of states, an alphab et of sym ols, probabilit transition matrix ij and probabilit emission matrix ij ). The parameter ij (resp. ij represen ts the probabilit of transition from state to state (resp. of emission of sym ol from state ). HMMs can view ed as adaptiv systems: giv en training sequence of sym ols the parameters of HMM can iterativ ely adjusted in order the optimize the �t et een the mo del and the data, as measured some criterion. Most commonly the goal is to maximize the lik eliho (or rather its logarithm) of the sequence according to the mo del. This lik eliho can computed exactly using simple dynamic programming sc heme, kno wn as the forw ard pro cedure, whic tak es in to accoun all ossible paths through capable of pro ducing the data. In certain situations, it is preferable to appro ximate this lik eliho with lo er ound corresp onding to the lik eliho of the most probable path only The most probable path is also easily computed using sligh tly di�eren recursiv pro cedure, kno wn as the Viterbi algorithm. When sev eral training sequences are ailable, they can usually treated as indep enden and therefore the goal is to maximize the lik eliho of the mo del ), or its logarithm log ). Di�eren ob jectiv functions, suc as the osterior distribution of the mo del giv en the data, are also ossible (for instance, Stolc and Omoh undro (1993)). Learning from examples in HMMs is ypically accomplished using the Baum- elc algorithm. eac iteration of the Baum-W elc algorithm, the exp ected um- er ij (resp. ij )) of transitions (resp. emissions of letter from state induced in giv en mo del, with �xed set of parameters, eac training sequence is calculated using the forw ard-bac kw ard pro cedure (see Rabiner (1989) and our app endix for more formal de�nitions). The transition and emission probabilities are Smo oth On-Line Learning Algorithms for Hidden Mark Mo dels Pierre Baldi Jet Propulsion Lab oratory California Institute of ec hnology Yv es Chauvin Net-ID, Inc. simple learning algorithm for Hidden Mark Mo dels (HMMs) is presen ted together with um er of ariations. Unlik other classical algorithms suc as the Baum-W elc algorithm, the algorithms describ ed are smo oth and can used on-line (after eac example presen tation) or in batc mo de, with or without the usual Viterbi most lik ely path appro ximation. The algorithms ha simple expressions whic result from using normalized-exp onen tial represen tation for the HMM parameters. All the algorithms presen ted are pro ed to exact or appro ximate gradien optimization algorithms with resp ect to lik eliho d, log-lik eliho or cross-en trop functions, and as suc are usually con ergen t. These algorithms can also casted in the more general EM (Exp ectation-Maximization) framew ork where they can view ed as exact or appro ximate GEM (Generalized Exp ectation-Maximization) algorithms. The mathematical prop erties of the algorithms are deriv ed in the app endix. and Division of Biology California Institute of ec hnology (to whom all corre- sp ondence should addressed). and Departmen of Psyc hology Stanford Univ ersit