C⟨⊣√⊔⌉∇

C≀\⌋↕⊓∫⟩≀\∫

∞′▽

7.1 Introduction

We ffrst summarize the main points made in the thesis. We then present a more detailed comparison of the models we have addressed, paying particular attention to the terms of reference set out in the introduction. Directions for future work are suggested.

7.2 Summary of the main points

• M≀⊔⟩⊑⊣⊔⟩≀\∫¬ E§√⌉∇⟩⇕⌉\⊔⊣↕ ⌈⊣⊔⊣ {∇≀⇕ ⊔⟨⌉ \⊣⊔⊓∇⊣↕ ∫†∫⊔⌉⇕ ∫⊓}}⌉∫⊔∫ ⊔⟨⊣⊔ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ⌋⊣\ ⊣∇⟩∫⌉ {∇≀⇕ ⊔⟨⌉ ∫⊣⇕⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔⊣↕ ⇕⌉⌋⟨⊣\⟩∫⇕∫↙ D⌉∫√⟩⊔⌉ ⊔⟨⟩∫⇔ √∇⌉⊑⟩≀⊓∫ ⇕≀⌈⌉↕∫ {≀∇ ⊔≀√≀}∇⊣√⟨† ≀∇ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ⟨⊣⊑⌉ ⊔⌉\⌈⌉⌈ \≀⊔ ⊔≀ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⊣⌈⌈∇⌉∫∫ ⌊≀⊔⟨ ⟩∫∫⊓⌉∫ ⟩\ ⊣ ∫⊣⊔⟩∫{⊣⌋⊔≀∇† ⊒⊣†↙ • W⌉ ⊔⟨⌉∇⌉{≀∇⌉ ⌈⟩∫⌋⊓∫∫⌉⌈ ∫⌉⊑⌉∇⊣↕ ⇕≀⌈⌉↕∫ ≀{ ⊑⟩∫⊓⊣↕ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ {∇≀⇕ ⊔⟨⌉ √≀⟩\⊔ ≀{ ⊑⟩⌉⊒ ≀{ ⇐⊣⇒ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉† ⌋≀⊓↕⌈ {≀∇⇕ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ {∇≀⇕ ⊔⟨⌉ ∫⊣⇕⌉ ⇕⌉⌋⟨⊣\⟩∫⇕∫⇔ ⇐⌊⇒ ⊔≀ ⊒⟨⊣⊔ ⌉§⊔⌉\⊔ ⊔⟨⌉† ⌋≀⊓↕⌈ ⌊⌉ ⟩\⊔⌉∇√∇⌉⊔⌉⌈ ⌊⟩≀↕≀}⟩⌋⊣↕↕†⇔ ⇐⌋⇒ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉† ⌋≀⊓↕⌈ {≀∇⇕ ⊣√√∇≀√∇⟩⊣⊔⌉ ⇕⊣√∫ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ √≀∫⟩⊔⟩⊑⌉ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⊔⊒≀ ⌉†⌉∫⇔ ⊣\⌈ ⇐⌈⇒ ⊔⟨⌉ ⌉§⊔⌉\⊔ ⊔≀ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⇕≀∇√⟨≀↕≀}† ≀{ ⇕≀⌈⌉↕ ∫⊔∇⟩√⌉∫ ⇕⊣⊔⌋⟨⌉⌈ ⊔⟨⊣⊔ ≀{ \⊣⊔⊓∇⊣↕ ∫⊔∇⟩√⌉∫↙ T⟨⌉∫⌉ ⊒⌉∇⌉ ⊣ ⌋≀∇∇⌉↕⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕ ∪M⟩↕↕⌉∇ ⌉⊔ ⊣↕ ∞∃∀∃⊎⇔ ⊣\ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⇕≀⌈⌉↕ ∪G≀≀⌈⟨⟩↕↕ ↘ W⟩↕↕∫⟨⊣⊒ ∞∃∃′⊎⇔ ⊣ ⇕≀⌈⌉↕ ⌊⊣∫⌉⌈ ≀\ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ ⊑⌉∇∫⟩≀\ ≀{ K≀⟨≀\⌉\≃∫ ∫⌉↕{↖≀∇}⊣\⟩‡⟩\} {⌉⊣⊔⊓∇⌉ ⇕⊣√ ⊣↕}≀∇⟩⊔⟨⇕⇔ ⊣\⌈ ⊣ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ⇕≀⌈⌉↕ ⊒⟨⟩⌋⟨ ⌉§√↕⟩⌋⟩⊔↕† ⌋≀\∫⟩⌈⌉∇⌉⌈ ⊔⟨⌉ √∇⌉∫⌉\⊔⊣⊔⟩≀\ ≀{ ⊣ ∫⌉∐⊓⌉\⌋⌉ ≀{ ⟩\√⊓⊔ √⊣⊔⊔⌉∇\∫↙ • A √⌉∇⊔⊓∇⌊⊣⊔⟩≀\ ⊣\⊣↕†∫⟩∫ ≀{ M⟩↕↕⌉∇≃∫ ⇕≀⌈⌉↕ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ∫⟨≀⊒⌉⌈ ⊔⟨⊣⊔ ⌊⟩\≀⌋⊓↕⊣∇ ∫≀↕⊓⊔⟩≀\∫ ⌋⊣\ ⌊⌉ {⊣⊑≀⊓∇⌉⌈ ≀⊑⌉∇ ⇕≀\≀⌋⊓↕⊣∇ ∫≀↕⊓⊔⟩≀\∫ ⟩{ ∫⇕⊣↕↕ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊣∇⌉ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌉†⌉∫ ≀∇ ⟩{ ⊔⟨⌉∇⌉ ⊣∇⌉ \⌉}⊣⊔⟩⊑⌉ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊒⟩⊔⟨⟩\ ⌉⊣⌋⟨ ⌉†⌉↙ T⟨⌉ ⇕≀⌈⌉↕ ⟩∫ ⊣↕∫≀ \≀⊔ ∫⊔⊣⌊↕⌉ ⊔≀ √⌉∇⊔⊓∇⌊⊣⊔⟩⊑⌉ ⌈⟩{{⌉∇⌉\⌋⌉∫ ⟩\ ⊔⟨⌉ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊒⟩⊔⟨⟩\ ⊔⟨⌉ ⊔⊒≀ ⌉†⌉∫↙ • W⌉ ⌈⌉⇕≀\∫⊔∇⊣⊔⌉⌈ ⊔⟨⊣⊔ ⌊≀⊔⟨ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⊣\⌈ ⊣ \⌉⊒ K≀⟨≀\⌉\↖⊔†√⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ √∇≀⌈⊓⌋⌉ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ {∇≀⇕ ⊔⟨⌉ ∫⊣⇕⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔⊣↕ ⇕⌉⌋⟨⊣\⟩∫⇕∫↙ C≀\∫⟩⌈⌉∇⟩\} ⊔⟨⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ⊣∫ ⊣\ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\ √∇≀⌊↕⌉⇕⇔ ⊒⌉ {≀∇⇕⊓↕⊣⊔⌉⌈ ⊑⊣∇⟩≀⊓∫ ⌈⟩{{⌉∇⌉\⊔ ⊒⊣†∫ ≀{ ⊣∫∫⌉∫∫⟩\} ⊔⟨⌉ ∐⊓⊣↕⟩⊔† ≀{ ⊔⟨⌉ ⇕⊣√∫ √∇≀⌈⊓⌋⌉⌈↙ W⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊔⟨⌉∫⌉ ⇕⌉⊔∇⟩⌋∫ ⟩⊔ ⊒⊣∫ ∫⟨≀⊒\ ⊔⟨⊣⊔ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ }⌉\⌉∇⊣↕↕† √∇≀⌈⊓⌋⌉∫ ⌊⌉⊔⊔⌉∇ ∇⌉∫⊓↕⊔∫ ⊔⟨⊣\ ⊔⟨⌉ K≀⟨≀\⌉\↖⊔†√⌉ ⊣↕}≀∇⟩⊔⟨⇕ {≀∇ ⌋≀⇕√⊣∇⊣⌊↕⌉ ⊣⇕≀⊓\⊔∫ ≀{ ⌋≀⇕√⊓⊔⊣⊔⟩≀\↙ T⟨⌉ \⊓⇕⌉∇⟩⌋⊣↕ ⇕⌉⊔⟨≀⌈∫ ≀{ ⌉⊑⊣↕⊓⊣⊔⟩\} ⊔⟨⌉ ⇕⊣√ }⌉\⌉∇⊣↕↕† ⊣}∇⌉⌉⌈ ⊒⟩⊔⟨ ∐⊓⊣↕⟩⊔⊣⊔⟩⊑⌉ ⊣∫∫⌉∫∫↖ ⇕⌉\⊔∫ ≀{ ∫⊔∇⟩√⌉ ⇕≀∇√⟨≀↕≀}†↙ B≀⊔⟨ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊒⌉∇⌉ ∫⟨≀⊒\ ⊔≀ ⌋≀∇∇⌉⌋⊔↕† √∇⌉⌈⟩⌋⊔ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ≀{ ⇕≀\≀⌋⊓↕⊣∇ ⌈⌉√∇⟩⊑⊣⊔⟩≀\↙ S⊔∇⟩√⌉ ⊒⟩⌈⊔⟨ ⟩\ ⌊≀⊔⟨ ⇕≀⌈⌉↕∫ ⟩∫ }≀⊑⌉∇\⌉⌈ ⌊† ⊣ √⊣∇⊣⇕⌉⊔⌉∇ ⊒⌉ ⟩\⊔⌉∇√∇⌉⊔ ⊔≀ ⌊⌉ ⊔⟨⌉ ∇⊣⊔⟩≀ ≀{ ⊔⟨⌉ ∫⊔∇⌉\}⊔⟨ ≀{ ⌋≀∇∇⌉↕⊣⊔⟩≀\ ⊒⟩⊔⟨⟩\ ⊣\⌈ ⌊⌉⊔⊒⌉⌉\ ∇⌉⊔⟩\⊣⌉↙ • A √⊣∇⊔⟩⌋⊓↕⊣∇ ⊔†√⌉ ≀{ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ⇕≀⌈⌉↕ ⟩\ ⌋≀\|⊓\⌋⊔⟩≀\ ⊒⟩⊔⟨ ⊣ ∫⊓⟩⊔⊣⌊↕⌉ ⊒⌉⟩}⟨⊔ \≀∇⇕⊣↕⟩‡⊣⊔⟩≀\ ∇⊓↕⌉ ⌋⊣\ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† √∇≀⌈⊓⌋⌉ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ {∇≀⇕ ⌊⟩≀↕≀}⟩⌋⊣↕↕† √↕⊣⊓∫⟩⌊↕⌉ ⇕⌉⌋⟨⊣\⟩∫⇕∫↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ √⊣⊔⊔⌉∇\∫ ≀{ ⊣⌋⊔⟩⊑⟩⊔† ⌋⊣\ ⌊⌉ √∇⌉∫⌉\⊔⌉⌈ ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⟩\ ⊔⟨⌉ ⊔⊒≀ ∇⌉⊔⟩\⊣⌉⇔ ⊒⟨⟩⌋⟨ ⊣↕↕≀⊒∫ ⟩\⊑⌉∫⊔⟩}⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⟩\⊙⊓⌉\⌋⌉ ≀{ √≀∫⟩⊔⟩⊑⌉ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌉†⌉∫ ≀\ ∫⊔∇⟩√⌉ ⊒⟩⌈⊔⟨↙ I⊔ ⊒⊣∫ {≀⊓\⌈ ⊔⟨⊣⊔ ∫⊔∇⟩√⌉ ⊒⟩⌈⊔⟨ ⟩∫ ⌈⌉⌋∇⌉⊣∫⌉⌈ ⌊† ⟩\⌋∇⌉⊣∫⟩\} ⊔⟨⌉ ∫⊔∇⌉\}⊔⟨ ≀{ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌉†⌉∫⇔ ⊣\⌈ ⟩\⌋∇⌉⊣∫⌉⌈ ⌊† ⟩\⌋∇⌉⊣∫⟩\} ⊔⟨⌉ ∫√∇⌉⊣⌈ ≀{ ↕⊣⊔⌉∇⊣↕ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫ ⟩\ ⊔⟨⌉ ⌋≀∇⊔⌉§↙ T⟨⟩∫ ⌊⌉⟨⊣⊑⟩≀⊓∇ ⌋≀⇕⌊⟩\⌉∫ ⊣∫√⌉⌋⊔∫ ≀{ ⌊≀⊔⟨ M⟩↕↕⌉∇≃∫ ⊣\⌈ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⊣\⌈ K≀⟨≀\⌉\↖⊔†√⌉ ⇕≀⌈⌉↕∫↙

↙∋ C≀⇕√⊣∇⟩∫≀\ ≀{ ⇕≀⌈⌉↕∫

↙∋↙∞ T≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ T⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔⇔ K≀⟨≀\⌉\↖⊔†√⌉ ⊣\⌈ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ⇕≀⌈⌉↕ ⌉⊣⌋⟨ √∇≀⌈⊓⌋⌉ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ {∇≀⇕ ⊔⟨⌉ ∫⊣⇕⌉ ⇕⌉⌋⟨⊣\⟩∫⇕∫⇔ ⊒⟩⊔⟨≀⊓⊔ ⊣\† ⊣⌈⌈⟩⊔⟩≀\⊣↕ ⊣∫∫⊓⇕√⊔⟩≀\∫↙ I⊔ ⟩∫ \≀⊔ ⌋↕⌉⊣∇ ⊒⟨⌉⊔⟨⌉∇ M⟩↕↕⌉∇≃∫ ⇕≀⌈⌉↕ ⟩∫ ⌋⊣√⊣⌊↕⌉ ≀{ ⊔⟨⟩∫¬ ⊒⌉ ⌈⟩∫⌋⊓∫∫ ⊔⟨⟩∫ {⊓∇⊔⟨⌉∇ ⌊⌉↕≀⊒↙ O\⌉ ⟩\⊔⌉∇⌉∫⊔⟩\} ⌈⟩{{⌉∇⌉\⌋⌉ ⟩∫ ⊔⟨⊣⊔ ⟩\ M⟩↕↕⌉∇≃∫ ⇕≀⌈⌉↕ ∇⌉⊘\⌉⇕⌉\⊔ ⌈≀⌉∫ \≀⊔ }⊓⊣∇⊣\⊔⌉⌉ ⊔⟨⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ ⌈≀⇕⟩\⊣\⌋⌉⇔ ⊒⟨⌉∇⌉⊣∫ ⟩\ ⊔⟨⌉ ≀⊔⟨⌉∇∫ ∇⌉⌋⌉√⊔⟩⊑⌉ ⊘⌉↕⌈ ∇⌉⊘\⌉⇕⌉\⊔ ⊣\⌈ ⊔⟨⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ √∇≀⌋⌉⌉⌈ ⟨⊣\⌈ ⟩\ ⟨⊣\⌈⇔ ⌈∇⟩⊑⌉\ ⌊† ⊔⟨⌉ ∫⊣⇕⌉ ⇕⌉⌋⟨⊣\⟩∫⇕∫↙

7.3. COMPARISON OF MODELS 107

7.3.2 Biological plausibility

Miller has discussed in some detail how the mechanisms and parameters of his model can be interpreted biologically [Miller 1989, Miller et al 1989, Miller 1990(a), Miller 1990(b), Miller & Stryker 1990]. However, it is interesting to compare Miller’s presentation with that of Linsker’s for a similar model [Linsker 1986, Linsker 1988]. Linsker lays greater emphasis on the simplicity of the model, and the fact that it attempts to reproduce the behaviour of the natural system using a minimal number of rules. He refers to these rules as �biologically plausible�, withoutattemptinga more detailed justi�cation. The elastic net and Kohonen-type models are more algorithmic in nature, although they can be interpreted as implementing Hebbian-type rules. Although we have identi�ed distances as correlations in the representation of the problem used by these models, this has not been rigourously justi�ed. The competitive model has the advantage that it is expressed in terms of a succession of inputs rather than averaged correlations: furthermore, these patterns are distributed and simultaneous in both retinae. However, certain assumptions are made regarding the mechanisms of competition and cooperation in the cortex, the plausibility of which has not been addressed.

7.3.3 Input Correlations

We have shown that monocularity in Miller’s model begins to break down when there are positive correlations between the eyes. Our interpretation of distances in feature space as representing correlations suggests that the elastic net and Kohonen-type algorithms can form appropriate maps for positive cross-eye correlations. The competitive model gives appropriate maps for a range of positive correlations between the two eyes. Since it is driven by a succession of input patterns rather than the regular correlations of the elastic and Kohonen-type models, a much wider range of correlational structure can be investigated in this model. In the elastic net, Kohonen-type and competitive models stripes become narrower as the two eyes become more correlated, which is expected from intuitive arguments.

7.3.4 Stripe morphology

It is dif�cult to compare stripe morphology for the different models beyond the general statement that the segregated regions in each of the models are long, thin, and of roughly uniform width. There are a number of problems with making more detailed comparisons between the models. Firstly, Miller used periodic boundary conditions, which we have not used for the elastic and competitive models. Secondly, due to various technical features of the models, the stripes presented tend to be of different thicknesses. Thirdly, all these simulations are on a small scale.1 However, we have seen that of the models for which simulation results are presented in this thesis, the elastic net tends to produce the most regular stripes (i.e. the most sharply-peaked power spectrum of the fourier transform), especially for small separations of the two retinae.

It is also dif�cult to make detailed comparisons with the natural system for reasons of scale. Whereas in all the models presented stripe width is generally just a few units across, in the natural system stripes can be many tens or hundreds of cells wide, and so comparisons with, for instance, the way the stripes terminate are not particularly meaningful. However, one area of stripe morphology where progress has been made in this thesis is of showing, as suggested by [LeVay et al 1985], that anisotropic boundary conditions can lead to an overall orientation for the stripes. A related issue to this is the degree to which the elastic and competitive models succeed in producing a �good� map. We have investigated this for the elastic net compared to a Kohonen-type algorithm, and also for the competitive model.

The elastic net and Kohonen-type algorithm reproduce the results of monocular deprivation without requiring any adjustmentsin theparameters apartfrom a reduction in strength for one eye. Monocular deprivation can be modelled in Miller’s framework, but it is necessary to alter the form of the afferent normalization mechanism. Deprivation has not yet been investigated in the competitive model. However, it should be pointed out that, since it uses a similar afferent normalization mechanism to Miller’s model, it is likely that similar adjustments to this will need to be made.

1Note that all the_{40} �_{40 arrays of cortical units presented by Miller have a border of 15} �_{15 units which are repeated: this was done}

to demonstrate continuity across the edges of his array.

7.4 Further work

7.4.1 Miller’s model

We have been able to point to some of Miller’s experimental results that support certain aspects of the per-

turbation analysis presented in this thesis. However, a more thorough empirical investigation is needed, in

particular of the effect of positive correlations between the eyes, which Miller does not discuss. A more direct

empirical comparison with the elastic, Kohonen-type and competitive models would also be useful.

Our analysis only considers the addition of very small correlations. An analytic investigation of more general

cases would be of interest, although it is not immediately clear how to go about this. As a starting point larger

perturbations could be investigated empirically.

So far the analysis of Miller (e.g. [Miller 1989]) has only considered �rst-order terms - a linear approximation.

It would be interesting to analyse the role of higher-order terms, as was done for different but related systems

in [Turing 1952] and [H�aussler & von der Malsburg 1983].

The largest outstanding question regarding Miller’s model is its ability or otherwise to form a topographic map.

A �xed topography was assumed in all the simulation results Miller presented for his model: each cortical unit

saw a 7 × 7 window of those presynaptic units directly below it, with connection strengths multiplied by the

arbor function. We now consider what would happen if each cortical unit initially had non-zero connections to all units in the presynaptic sheet, and there was no arbor function making each unit in the postsynaptic sheet speci�c for the presynaptic units directly below it. There are two issues. Firstly, would receptive �elds re�ne: that is, would the majority of connection strengths for each cortical unit go to zero leaving attention focussed on a small region of the presynaptic sheet? Secondly, would the regions that each cortical unit focussed on progress in an orderly way across the LGN in moving across the cortical sheet?

Some of Miller’s simulation results are relevant to the �rst question. In [Miller et al 1989] the development of receptive �elds for a number of individual cortical units is shown. Re�nement occurs over time: eventually non-zero weights are restricted to a signi�cantly smaller region than the original 7 × 7 window. Miller explains this [Miller 1990(a), pages 295�296] as being due to inputs in the centre of the receptive �eld having more correlated neighbours than inputs in the periphery (assuming the correlations are a decreasing function of distance). However, this seems to suggest that without the �xed topography, all cortical units would re�ne attention on the centre of the presynaptic sheet. In particular, there is no competitive pressure to learn different features. This makes the second question irrelevant.

To make these arguments more precise it might be possible to analyse this extended system in terms of its eigenvectors. The correlation matrix to be considered is now for the whole presynaptic sheet, rather than just the presynaptic region de�ned by the arbor function. Assuming gaussian correlations of range signi�cantly less than the width of the presynaptic sheet, this correlation matrix would take the form of a gaussian �blur� down the leading diagonal (for the one-dimensional case), with zeros away from the neighbourhood of the leading diagonal. It might also be possible to investigate the spatial layout of these re�ned receptive �elds by including the cortical iteration matrix in the eigenvector calculation, thus calculating both receptive �eld form and location for the whole set of cortical units simultaneously. We review below some very recent work that is relevant to this question.

7.4.2 The elastic net and Kohonen-type models

In the one-dimensional case of the elastic net model investigated in [Goodhill 1988, Goodhill & Willshaw 1990], it is possible to calculate explicitly which are the shortest paths, and thus to compare simulation results with these optimal results. It would be interesting to attempt similar calculations for the two-dimensional case. Although the general case is hard, it may be possible to compare analytically the sum D of distances between neighbouring points in the cortical sheet of certain general forms, such as parallel stripes of �xed width, a checker-board pattern, and the two-dimensional equivalent of the = path. This would enable us to see whether

there are signi�cantly shorter paths that the elastic net and Kohonen-type algorithm avoids, and whether these shorter paths represent patterns thatare closer or otherwiseto biological reality. It might also reveal something about the D-value of stripes with and without twists and turns. On the same theme it would be interesting to

see the result of applying a more standard TSP algorithm to this optimizationproblem, to address again to what extent the elastic net and Kohonen-type algorithm are restricted to �nding only a class of possible solutions.

↙△↙ FURTHER WORK ∞′∃

T⟨⌉∇⌉ ⟩∫ ⊣\ ≀⊓⊔∫⊔⊣\⌈⟩\} ∐⊓⌉∫⊔⟩≀\ ⊣∫ ⊔≀ ⊒⟨† ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⌊⊓⊔ \≀⊔ ⊔⟨⌉ T⌉⊣ T∇⊣⌈⌉ ⇕≀⌈⌉↕ ⟩∫ ⌋⊣√⊣⌊↕⌉ ≀{ {≀∇⇕⟩\} ∫⊔∇⟩√⌉∫↙ A ⌈⌉⊔⊣⟩↕⌉⌈ ⌋≀⇕√⊣∇⟩∫≀\ ≀{ ⊔⟨⌉ ⇕⊣⊔⟨⌉⇕⊣⊔⟩⌋∫ ⊓\⌈⌉∇↕†⟩\} ⌊≀⊔⟨ ⇕≀⌈⌉↕∫ ⇕⟩}⟨⊔ ⊣\∫⊒⌉∇ ⊔⟨⟩∫⇔ ⊣\⌈ ⟩\ ⊣⌈⌈⟩⊔⟩≀\ ∫⟨⌉⌈ ↕⟩}⟨⊔ ≀\ ⊔⟨⌉ ⌋≀∇∇⌉⌋⊔ ⌊⟩≀↕≀}⟩⌋⊣↕ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ √⊣∇⊣⇕⌉⊔⌉∇∫↙ A ⌈⟩{⊘⌋⊓↕⊔† ⟩\ ⊔⟨⌉ ⌊⟩≀↕≀}⟩⌋⊣↕ ⟩\⊔⌉∇√∇⌉⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⟩∫ ⊔⟨⊣⊔ ⟩⊔ ⟩∫ ⟨⊣∇⌈ ⊔≀ ∫⌉⌉ ⟨≀⊒ ⊔⟨⌉ ∇⌉}⊓↕⊣∇⟩‡⊣⊔⟩≀\ ⊔⌉∇⇕ ∇⌉↕⊣⊔⌉∫ ⊔≀ ⊣ ⇕≀∇⌉ ∇⌉⊣↕⟩∫⊔⟩⌋ ⌋≀∇⊔⟩⌋⊣↕ ⟩\⊔⌉∇⊣⌋⊔⟩≀\ {⊓\⌋⊔⟩≀\ ⊣∫ ⊓∫⌉⌈ ⟩\ M⟩↕↕⌉∇≃∫ ⇕≀⌈⌉↕↙ A ∫⟩⇕⟩↕⊣∇ √∇≀⌊↕⌉⇕ ⊣√√↕⟩⌉∫ ⊔≀ ⊔⟨⌉ ⊑⌉∇∫⟩≀\ ≀{ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⊓√⌈⊣⊔⟩\} ⊓∫⌉⌈ ⟩\ ⊔⟨⌉ K≀⟨≀\⌉\↖⊔†√⌉ ⊣↕}≀∇⟩⊔⟨⇕↙ R⌉⌋⌉\⊔ ⊣\⊣↕†∫⟩∫ ⟨⊣∫ ⌊⌉}⊓\ ⊔≀ ⇕⊣‖⌉ ⊔⟨⟩∫ ⌋↕⌉⊣∇⌉∇ ∪D⊣†⊣\ ∞∃∃∈⊎↙ A ⇕≀∇⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ⌉§√∇⌉∫∫⟩≀\ {≀∇ ⊔⟨⌉ ⌈⌉√⌉\⌈⌉\⌋⌉ ≀{ k s on the parameters of the model could be found by following the techniques employed in [Durbin et al 1989]. k s corresponds to the �rst bifurcation of the energy function, i.e. the �rst time E has more than one minimum. Due to the highly regular arrangement of retinal

units, this occurs for a much lower value of k than in the TSP case where cities are usually arranged more randomly, and so E develops a very large number of minima very quickly. In [Durbin et al 1989] the value of k at the �rst bifurcation was found by calculating the smallest eigenvalue of the Hessian matrix: when this is zero, the system bifurcates. This method could be applied to the ocular dominance case by writing down the Hessian matrix for the feature space of retinal units used here.

There are problems with knowing precisely what is being compared in chapter 5 between the elastic net and Kohonen-type algorithms. Firstly, it is not known whether the energy functions each optimizes have the same minima, so that the difference in results is only to do with differing abilities of the algorithms to optimize, or whether the energy functions actually have different minima. Secondly, our comparison of equal run times is obviously rather crude, being highly implementation-dependent. Further theoretical work might begin to answer these questions. Also, it would be interesting to compare the algorithms for even slower annealing.

7.4.3 Competitive model

An important feature of the competitive model is that in general, the effect of arbitrary input patterns can be investigated. In particular, it would be possible to use fragments of (suitably preprocessed) real images. Following [Barrow 1987], retinal and LGN processing could be simply modelled as a convolution with a difference of gaussians. This pre-processing would introduce negative components in the inputs, which are not allowed in the model as it is presently formulated, but this could perhaps be dealt with by separating on and off channels as in for example [Barrow & Bray 1992].

A mathematical analysis of the model would be enlightening from several points of view. Firstly, it would be interesting to know the precise analytical relationship between stripe width and the parameters of degree of correlation between the two eyes and extent of lateral interactions in the cortical sheet. Secondly, analysis might make it clearer how the model relates to Miller’s and the elastic net, and also to the model of [Obermayer, Ritter & Schulten 1991]. It might be possible to apply some of the mathematical techniques of [Obermayer, Blasdel & Schulten 1991, Obermayer, Ritter & Schulten 1991] to this model, which would help to reveal the mathematical differences between presenting localized and distributed patterns of activity. One length parameter that could be expected to have an effect on stripe width is œ_r, the range of correlations within each retina. For the

simulations presented here this was �xed at œ r = 1:5: generally less than or approximately equal to the values

used for œc, the range of the cortical interaction function. We might expect the case œ r ¿ œc to produce

interesting results, since now the correlations in the retinae �over�ow� the range of lateral interactions in the cortex. For instance, in Amari’s (monocular) model it was found that this regime led to a break-up of the previously smooth map into columnar microstructures [Takeuchi & Amari 1979]. In addition, the ability of the model to account for the results of monocular deprivation, i.e. a reduction in the strength of the input from one eye, needs to be investigated.

The biological plausibility of the model would be enhanced by adopting an explicit interaction function in the cortex as in for instance [Willshaw & von der Malsburg 1976] (and Miller’s model), rather than the Kohonen approximation used up to now. However, a problem with this would be the large additional computational burden this would impose on an already computationally-intensive algorithm.

7.4.4 Uni�cation of elastic and correlational models

We now review some very recent work [Yuille et al 1991(a), Yuille et al 1991(b)] that points to a mathematical link between the elastic net model and Miller’s correlational model. The suggestion is that both can be derived

∞∞′ CHAPTER ↙ CONCLUSIONS

{∇≀⇕ ⊣ ⇕≀∇⌉ }⌉\⌉∇⊣↕ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ {≀∇ ⊔⟨⌉ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ √∇≀⌊↕⌉⇕⇔ ⟩\ ⊣ ⊑⌉∇† ∫⟩⇕⟩↕⊣∇ ⊒⊣† ⊔≀ ⊔⟨⊣⊔ ⟩\ ⊒⟨⟩⌋⟨ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⊣\⌈ H≀√⊘⌉↕⌈ ⊣\⌈ T⊣\‖≃∫ ⊣↕}≀∇⟩⊔⟨⇕ ⌋⊣\ ⌊⌉ ⌈⌉∇⟩⊑⌉⌈ {∇≀⇕ ⊣ ⇕≀∇⌉ }⌉\⌉∇⊣↕ ≀⌊|⌉⌋⊔⟩⊑⌉ {⊓\⌋⊔⟩≀\ {≀∇ ⊔⟨⌉ TSP↙ ∪Y⊓⟩↕↕⌉ ⌉⊔ ⊣↕ ∞∃∃∞⇐⊣⇒⊎ ∫⊓}}⌉∫⊔ ⊔⟨⊣⊔ ⊣\ ⊣√√∇≀√∇⟩⊣⊔⌉ ⊖}⌉\⌉∇⊣↕⟩‡⌉⌈ ⌈⌉{≀∇⇕⊣⌊↕⌉ ⇕≀⌈⌉↕⪰ {≀∇ ⊔⟨⟩∫ √∇≀⌊↕⌉⇕ ⟨⊣∫ ⌋≀∫⊔ {⊓\⌋⊔⟩≀\ E[V^L; V^R; y; B] = X_{i;j;a;b} V^L_{(ij)(ab)}{^fix^L_{ij} − yab^{fi2} + (Bab − h)^2}

+ X_{i;j;a;b VR(ij)(ab){}fi_{xRij − yab}fi2_{+ (Bab + h)2}} +˚ X_{a;b {(Ba+1;b − Bab)2 + (Ba;b+1 − Bab)2}} +ø X_{a;b {|ya+1;b − yab|2 + |ya;b+1 − yab|2}: (7.1)}

The x’s represent retinal points: these are laid out in a grid for each retina. The y’s represent points in a cortical sheet, and the B’s represent the ocularity of each cortical point. y and B are both continuous variables. The V’s are matching variables that specify which cortical points are matched to which retinal points. These are initially conceived to be binary variables, but become continuous under a statistical mechanics interpretation for �nite temperature. The �rst two terms impose the matching constraints and the last two terms impose smoothness of the B and y �elds. In [Yuille et al 1991(a)] it is shown that eliminating the V �elds leads to an elastic net type energy function. It is also suggested that eliminating the B and y �elds leads to a model closely related to Miller’s.

The most interesting aspects of this work from our point of view are the following: • I⊔ ⊣⌈⌈∇⌉∫∫⌉∫ ⊔⟨⌉ ∐⊓⌉∫⊔⟩≀\ ⊣∫ ⊔≀ ⊔⟨⌉ ⊔∇⊓⌉ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\∫⟨⟩√ ⌊⌉⊔⊒⌉⌉\ M⟩↕↕⌉∇≃∫ ⇕≀⌈⌉↕ ⊣\⌈ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⇐⌋{ ∪G≀≀⌈⟨⟩↕↕ ↘ W⟩↕↕∫⟨⊣⊒ ∞∃∃′⊎⇒↙ • I\ ≀∇⌈⌉∇ ⊔≀ ⟩⌈⌉\⊔⟩{† ⊔⟨⌉ ⇕≀⌈⌉↕ ⌈⌉∇⟩⊑⌉⌈ ⌊† ⌉↕⟩⇕⟩\⊣⊔⟩\} ⊔⟨⌉ B’s and the y’s with Miller’s model, it is necessary for [Yuille et al 1991(a)] to explicitly identify distances with correlations: in particular their analysis suggests that the correlation between xi and x j should be K − |x i − xj|^2, where K is a constant. This agrees with the interpretation of distances as correlations we have adopted so far. • S⟩\⌋⌉ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ ⇕≀⌈⌉↕ ⌋⊣\ √∇≀⌈⊓⌋⌉ ⊔≀√≀}∇⊣√⟨† ⌊† ⊔⟨⌉ ∫⊣⇕⌉ ⇕⌉⌋⟨⊣\⟩∫⇕ ⊣∫ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉⇔ ⟩⊔ ⇕⊣† ⌊⌉ √≀∫∫⟩⌊↕⌉ ⊔≀ ⊓∫⌉ ⊔⟨⟩∫ ⊣\⊣↕†∫⟩∫ ⊔≀ ⊣⌈⌈∇⌉∫∫ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕↕† ⊔⟨⌉ ∐⊓⌉∫⊔⟩≀\ ≀{ ⊒⟨⌉⊔⟨⌉∇ ⊣ ⌋≀∇∇⌉↕⊣⊔⟩≀\⊣↕ ⇕⌉⌋⟨⊣\⟩∫⇕ ⌋⊣\ √∇≀⌈⊓⌋⌉ ⊔≀√≀}∇⊣√⟨†↙ T⟨⟩∫ ⟩∫ \≀⊔ ⌋≀\∫⟩⌈⌉∇⌉⌈ ⟩\ ∪Y⊓⟩↕↕⌉ ⌉⊔ ⊣↕ ∞∃∃∞⇐⊣⇒⊎↙ • E§⊔⌉\∫⟩≀\∫ ≀{ ⊔⟨⟩∫ ⊒≀∇‖ √∇≀⊑⟩⌈⌉ ⟩\∫⟩}⟨⊔ ⟩\⊔≀ ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\∫⟨⟩√ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ∇⌉}⊓↕⊣∇⟩‡⊣⊔⟩≀\ ⊔⌉∇⇕ ≀{ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ ⇕≀⌈⌉↕ ⊣\⌈ ⌋≀∇⊔⟩⌋⊣↕ ⟩\⊔⌉∇⊣⌋⊔⟩≀\ {⊓\⌋⊔⟩≀\∫⇔ ⊣\⌈ ∫⟨≀⊒ ⟨≀⊒ ⇕≀∇⌉ }⌉\⌉∇⊣↕ \⌉⟩}⟨⌊≀⊓∇⟨≀≀⌈ ⊔⌉∇⇕∫ ⇕⊣† ⌊⌉ ⟩\⌋↕⊓⌈⌉⌈ ⟩\ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ∪D⊣†⊣\ ∞∃∃∈⊎↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊣ \⊓⇕⌊⌉∇ ≀{ ⊔⌉⌋⟨\⟩⌋⊣↕ ⌉∇∇≀∇∫ ⊣\⌈ ⊣⇕⌊⟩}⊓⟩⊔⟩⌉∫ ⟩\ ∪Y⊓⟩↕↕⌉ ⌉⊔ ⊣↕ ∞∃∃∞⇐⊣⇒⊎ ⊔⟨⊣⊔ \⌉⌉⌈ ⊔≀ ⌊⌉ ⊣⌈⌈∇⌉∫∫⌉⌈↙ I\ ⊣⌈⌈⟩⊔⟩≀\⇔ ⟩⊔ ⊒≀⊓↕⌈ ⌊⌉ ⟩\⊔⌉∇⌉∫⊔⟩\} ⊔≀ ∫⌉⌉ ⟩{ ⊔⟨⌉ K≀⟨≀\⌉\↖⊔†√⌉ ⊣↕}≀∇⟩⊔⟨⇕ ⊣\⌈ ⊔⟨⌉ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ⇕≀⌈⌉↕ ⌋⊣\ ⊣↕∫≀ ⌊⌉ ∫⊓⌊∫⊓⇕⌉⌈ ⊓\⌈⌉∇ ⊔⟨⟩∫ {∇⊣⇕⌉⊒≀∇‖↙ E§⊣⇕√↕⌉∫ ⊣∇⌉ }⟩⊑⌉\ ⟩\ ∪Y⊓⟩↕↕⌉ ∞∃∃′⊎ ≀{ }⌉\⌉∇⊣↕⟩‡⌉⌈ ⌈⌉{≀∇⇕⊣⌊↕⌉ ⇕≀⌈⌉↕∫ {≀∇ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉↖⊔†√⌉ ⇕≀⌈⌉↕∫ ≀{ ⊑⊣∇⟩≀⊓∫ √⟨⌉\≀⇕⌉\⊣↙

↙△↙▽ E§√⌉∇⟩⇕⌉\⊔⊣↕ ⟩∫∫⊓⌉∫ T⟨⟩∫ ⊔⟨⌉∫⟩∫ ⟨⟩}⟨↕⟩}⟨⊔∫ ⊣ \⊓⇕⌊⌉∇ ≀{ ∐⊓⌉∫⊔⟩≀\∫ ⊣⌊≀⊓⊔ ⊔⟨⌉ \⊣⊔⊓∇⊣↕ ∫†∫⊔⌉⇕ ⊒⟨⟩⌋⟨ ⟨⊣⊑⌉ \≀⊔ ⌊⌉⌉\ ⊣\∫⊒⌉∇⌉⌈ ⌉§√⌉∇⟩↖ ⇕⌉\⊔⊣↕↕†↙ O\⌉ ≀{ ⊔⟨⌉ ⇕≀∫⊔ ⟩⇕√≀∇⊔⊣\⊔ ≀{ ⊔⟨⌉∫⌉ ⟨⌉∇⌉ ⟩∫ ⊔⟨⌉ {≀∇⇕ ≀{ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⊔⊒≀ ⌉†⌉∫↙ V⊣∇⟩≀⊓∫ ⌉§√⌉∇⟩⇕⌉\⊔∫ ⟨⊣⊑⌉ ⟩\⊑⌉∫⊔⟩}⊣⊔⌉⌈ ⊔⟨⌉ {≀∇⇕ ≀{ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ∇⌉∫⊓↕⊔⟩\} {∇≀⇕ ∫√≀\⊔⊣\⌉≀⊓∫ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊒⟩⊔⟨⟩\ ⊣\ ⌉†⌉ ⇐⌉↙}↙ ∪A∇\⌉⊔⊔ ∞∃∀⇔ G⟩\∫⌊⊓∇} ⌉⊔ ⊣↕ ∞∃∀△⇔ M⊣∫⊔∇≀\⊣⌈⌉ ∞∃∀∃⇔ M⌉⟩∫⊔⌉∇ ⌉⊔ ⊣↕ ∞∃∃∞⊎⇒↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊣ \⊓⇕⌊⌉∇ ≀{ √∇≀⌊↕⌉⇕∫ ⊒⟩⊔⟨ ⌉§√↕≀∇⟩\} ⊔⟨⌉ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌊⌉⊔⊒⌉⌉\ ⌉†⌉∫↙ F⟩∇∫⊔↕†⇔ ∫⊓⌋⟨ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⊣∇⌉ \≀⊔ ↕⟩‖⌉↕† ⊔≀ ⌊⌉ √∇≀⌈⊓⌋⌉⌈ ⌊† ∫√≀\⊔⊣\⌉≀⊓∫ ⊘∇⟩\}¬ ≀\↕† ⟩\ ∇⌉∫√≀\∫⌉ ⊔≀ ∇⌉⊣↕ ⊑⟩∫⊓⊣↕ ⟩\√⊓⊔⇔ ⊣\⌈ ⊣∇⌉ ⊔⟨⊓∫ ⇕⊓⌋⟨ ⟨⊣∇⌈⌉∇ ⊔≀ ⇕⌉⊣∫⊓∇⌉↙ S⌉⌋≀\⌈↕†⇔ ⟩⊔ ⊒≀⊓↕⌈ ⌊⌉ \⌉⌋⌉∫∫⊣∇† ⊔≀ ⊑⌉∇† ⌋↕≀∫⌉↕† ⇕⊣⊔⌋⟨ ⊔⟨⌉ √≀∫⟩⊔⟩≀\∫ ≀{ ⌋⌉↕↕∫ ⟩\ ⊔⟨⌉ ⊔⊒≀ ⌉†⌉∫∝↕⊣⊔⌉∇⊣↕ }⌉\⟩⌋⊓↕⊣⊔⌉ \⊓⌋↕⌉⟩ ⊔⟨⊣⊔ ⊒⌉∇⌉ ∇⌉⌋≀∇⌈⌉⌈ {∇≀⇕↙ W⌉ ⟨⊣⊑⌉ √∇⌉⌈⟩⌋⊔⌉⌈ ⊔⟨⊣⊔ ∫⊔∇⟩√⌉ ⊒⟩⌈⊔⟨ ⌋≀⊓↕⌈ ⌊⌉ ⊣{{⌉⌋⊔⌉⌈ ⌊† ⊔⟨⌉ ∫⊔∇⌉\}⊔⟨ ≀{ ⊔⟨⌉ ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⊔⊒≀ ⌉†⌉∫↙ T⟨⊓∫ ⟩⊔ ⊒≀⊓↕⌈ ⌊⌉ ⟩\⊔⌉∇⌉∫⊔⟩\} ⊔≀ ⊔∇† ⊔≀ ⌈⌉⊔⌉⌋⊔ ⌋⟨⊣\}⌉∫ ⟩\ ∫⊔∇⟩√⌉ ⊒⟩⌈⊔⟨ ⟩\ ∇⌉∫√≀\∫⌉ ⊔≀ ⊣∇⊔⟩⊘⌋⟩⊣↕↕† ⟩\⌈⊓⌋⌉⌈ ∫⊔∇⊣⌊⟩∫⇕⊓∫↙

Since this severly reduces the extent of correlations between the two eyes, we predict an increase in stripe width. Although the effects of strabismus on the degree of dominance of individual cells has been investigated extensively, the effect on stripe width has not been examined (D. Hubel, Personal Communication). It would also be interesting to try and investigate the effect on stripe width of the cortical interaction function. One possibility might be to attempt to pharmacologically alter the form of lateral interactions in the cortex/tectum. Two interesting questions which (as far as the author is aware) have not been answered experimentally are whether (a) there is any detailed similarity between the patterns of stripes in the two hemispheres, and (b) there is any similarity between the patterns in closely related individuals. Answers to both these would help to illuminate the extent to which the detailed form of the pattern is determined by genetic as opposed to environmental factors.

7.4.6 Measures and morphology

As we have already suggested, in order for work in this area to progress it is necessary to have better ways of evaluating the output of models, in terms of the degree of topography of the map produced, and the degree to which stripe morphology matches that of the natural system. The latter requires a more careful characterization of natural stripes than has hitherto been performed. It will also be necessary to decide, out of the many possible features of this morphology that could be considered, which are the key features that should be used to constrain theoretical models.

7.4.7 Balancing models

A set of proposals regarding stripe formation that has not been properly addressed theoretically are the balancing models as discussed in chapter 3. Although these address only the interaction between topography and ocular dominance rather than the reason individual cells become ocularly dominant, a proper theoretical investigation could help to clarify a number of important issues. For instance, which kinds of patterns are produced by what kinds of mechanisms or interactions between mechanisms, and which classes of objective functions give patterns of stripes when minimized.

7.5 Summary: principal contributions

To conclude, we list the principal contributions made by this thesis. • W⌉ ⟨⊣⊑⌉ ∫⟨≀⊒\ ⊔⟨⊣⊔ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕∫ ⌋⊣\ ⌊⌉ {≀∇⇕⊓↕⊣⊔⌉⌈ ⟩\ ⊒⟨⟩⌋⟨ ⊔≀√≀}∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ \⊣⊔⊓∇⊣↕↕† ⊣∇⟩∫⌉ {∇≀⇕ ⊔⟨⌉ ∫⊣⇕⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔⊣↕ ⇕⌉⌋⟨⊣\⟩∫⇕∫↙ • W⌉ ⟨⊣⊑⌉ ∫⟨≀⊒\ ⊣\⊣↕†⊔⟩⌋⊣↕↕† ⊔⟨⊣⊔ ⊔⟨⌉ ⊣⌈⌈⟩⊔⟩≀\ ≀{ √⌉∇⊔⊓∇⌊⟩\} ⌋≀∇∇⌉↕⊣⊔⟩≀\∫ ⟩\ M⟩↕↕⌉∇≃∫ ⇕≀⌈⌉↕ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ↕⌉⊣⌈∫ ⊔≀ ⊣\ ⟩\∫⊔⊣⌊⟩↕⟩⊔†⇔ ⊣\⌈ ⊣\ ⟩\⌋∇⌉⊣∫⌉⌈ ⊔⌉\⌈⌉\⌋† ⊔≀ √∇≀⌈⊓⌋⌉ ⌊⟩\≀⌋⊓↕⊣∇ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⇕≀\≀⌋⊓↕⊣∇ ⊓\⟩⊔∫⇔ ⊔⟨⊓∫ ⟨⟩}⟨↕⟩}⟨⊔⟩\} ⊣ ⊒⌉⊣‖\⌉∫∫ ≀{ ⌋≀∇∇⌉↕⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕∫ ⟩\ }⌉\⌉∇⊣↕↙ • W⌉ ⟨⊣⊑⌉ ⊣⌈⌈∇⌉∫∫⌉⌈ ⊣ \⊓⇕⌊⌉∇ ≀{ ⟩∫∫⊓⌉∫ ∇⌉↕⊣⊔⌉⌈ ⊔≀ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⊣\⌈ K≀⟨≀\⌉\↖⊔†√⌉ ⇕≀⌈⌉↕∫ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩↖ \⊣\⌋⌉⇔ ⟩\⌋↕⊓⌈⟩\} ⊔⟨⌉ ⌉§⊔⌉\⊔ ⊔≀ ⊒⟨⟩⌋⟨ ⊑⊣∇⟩≀⊓∫ ⇕⌉⊣∫⊓∇⌉∫ ≀{ ≀√⊔⟩⇕⊣↕⟩⊔† ⟩⇕√↕† }≀≀⌈ ∫⊔∇⟩√⌉ ⇕≀∇√⟨≀↕≀}†⇔ ⊣\⌈ ⟨⊣⊑⌉ ∫⟨≀⊒\ ⊔⟨⊣⊔ ⊔⟨⌉∫⌉ ⇕≀⌈⌉↕∫ ⌋⊣\ \⊣⊔⊓∇⊣↕↕† ⊣⌋⌋≀⊓\⊔ {≀∇ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ≀{ ⇕≀\≀⌋⊓↕⊣∇ ⌈⌉√∇⟩⊑⊣⊔⟩≀\↙ • W⌉ ⟨⊣⊑⌉ ⟩\⊔∇≀⌈⊓⌋⌉⌈ ⊣ \⌉⊒ ⇕≀⌈⌉↕ ⌊⊣∫⌉⌈ ≀\ ⊣ ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ⇕⌉⌋⟨⊣\⟩∫⇕⇔ ⟩\ ⊒⟨⟩⌋⟨ {≀∇ ⊔⟨⌉ ⊘∇∫⊔ ⊔⟩⇕⌉ ⊔≀√≀}↖ ∇⊣√⟨† ⊣\⌈ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ⊣∇⌉ ⊣⌊↕⌉ ⊔≀ ⌈⌉⊑⌉↕≀√ ⟩\ ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ ⊣⌋⊔⟩⊑⟩⊔† ∫⟩⇕⊓↕⊔⊣\⌉≀⊓∫↕† ⟩\ ⊔⟨⌉ ⊔⊒≀ ⌉†⌉∫↙ S⊔∇⟩√⌉ ⊒⟩⌈⊔⟨ ⟩\ ⊔⟨⟩∫ ⇕≀⌈⌉↕ ⌋⊣\ ⌊⌉ ⟩\⊙⊓⌉\⌋⌉⌈ ⌊† ⌊≀⊔⟨ ⊔⟨⌉ ⌈⌉}∇⌉⌉ ≀{ ⌋≀∇∇⌉↕⊣⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌉†⌉∫ ⊣\⌈ ⊔⟨⌉ ⌉§⊔⌉\⊔ ≀{ ↕⊣⊔⌉∇⊣↕ ⟩\⊔⌉∇⊣⌋⊔⟩≀\∫ ⟩\ ⊔⟨⌉ ⌋≀∇⊔⌉§↙ T⟨⌉ {≀∇⇕⌉∇ ⟩\⊙⊓⌉\⌋⌉ ∇⌉√∇⌉∫⌉\⊔∫ ⊣ \≀⊑⌉↕ √∇⌉⌈⟩⌋⊔⟩≀\ ∇⌉}⊣∇⌈⟩\} ⊔⟨⌉ ⌈⌉⊔⌉∇⇕⟩\⌉∇∫ ≀{ ∫⊔∇⟩√⌉ ⊒⟩⌈⊔⟨ ⟩\ ⊔⟨⌉ \⊣⊔⊓∇⊣↕ ∫†∫⊔⌉⇕↙

Bibliography Alexandroff, P. (1961). Elementary concepts of topology. Dover.

Altmann, L., Luhmann, H.J., Gruel, J.M. & Singer, W. (1987). Functional and neuronal binocularity in kittens raised with rapidly alternating monocular occlusion. Jou. Neurophys., 58, 965-980.

Amari, S. (1980). Topographic organization of nerve �elds. Bull. Math. Biol., 42, 339-364. Amari, S. (1983). Field theory of self-organizing nets. IEEE Trans. Syst., Man, Cybernetics, SMC-13, 741-748. Amari, S. (1988). Dynamical stability of formation of cortical maps. In Dynamic interactions in neural networks:

models and data, eds. M.A.Arbib & Amari, S, Springer Research Notes in Neural Computation, 1, 15-34. Angeniol, B., de la Croix Vaubois, G. & Le Texier, J. (1988). Self-organizing feature maps and the travelling salesman problem. Neural Networks, 1, 289-293.

Arnett, D.W. (1978). Statistical dependence between neighbouring retinal ganglion cells in gold�sh. Exp. Brain.

Res., 32, 49-53.

Barrow, H.G. (1987).Learning receptive �elds. Proc. IEEE First Annual Conference on Neural Networks, IV, 115-121. Barrow, H.G. & Bray, A. (1992). A Model of Adaptive Development of Complex Cortical Cells. Accepted for ICANN92, Brighton, UK.

Bear, M.F. & Cooper, L.N. (1990). Molecular mechanisms of synaptic modi�cation in visual cortex: interaction between theory and experiment. In M.A. Gluck & D.E. Rumelhart, editors, Neuroscience and Connectionist Theory. Hillsborough, NJ: Lawrence Erlbaum.

Bienenstock, E.L. (1980). A theory of development of neuronal selectivity. PhD Thesis, Brown University, Providence, RI.

Bienenstock, E.L., Cooper, L.N. & Munro, P.W. (1982). Theory for the development of neuron selectivity:

orientation speci�city and binocular interaction in visual cortex. Jou. Neurosci., 2, 32-48. Blakemore, C. (1978). Maturation and modi�cation in the developing visual system. In Handbook of Sensory Physiology. Perception, eds. R. Held, H.W. Leibowitz, & H.L. Teuber VIII, 377-426. Springer-Verlag, Berlin.

Blasdel, G.G. & Pettigrew, J.D. (1979). Degree of interocular synchrony required for maintenance of binocularity in kitten’s visual cortex. Jou. Neurophsiol., 42, 1692-1710.

Blasdel, G.G. & Salama, G. (1986). Voltage-sensitive dyes reveal a modular organization in monkey striate cortex. Nature, 321, 579-585.

Bonhoeffer, T. & Grinvald, A. (1991). Iso-orientation domains in cat visual cortex are arranged in pinwheel-like patterns. Nature, 353, 429-431.

Boss, V.C. & Schmidt, J.T. (1984). Activity and the formation of ocular dominance patches in dually innervated tectum of gold�sh. Jou. Neurosci., 4, 2891-2905.

Brown, M.C., Hopkins, W.G. & Keynes, R.J. (1991). Essentials of neural development (revised edition). Cambridge University Press, Cambridge.

Buisseret, P., Gary-Bobo, E. & Imbert, M. (1978). Ocular motility and recovery of orientational properties of visual cortical neurones in dark-reared kittens. Nature, 272, 816-817.

Burr, D. J. (1988). An improved Elastic Net method for the travelling salesman problem. Proc. IEEE International Conference on Neural Networks, San Diego, California, July 24-27 1988.

Carpenter, G. & Grossberg, S. (1988). The ART of adaptive pattern recognition by a self-organizing neural network. IEEE Computer, March.

Changeux, J.P. & Danchin A. (1976). Selective stabilization of developing synapses as a mechanism for the speci�cation of neural networks. Nature, 264, 705-712.

Chapman, B., Jacobson, M.D., Reiter, H.O. & Stryker, M.P. (1986). Ocular dominance shift in kitten visual cortex caused by imbalance in retinal electrical activity. Nature, 324, 154-156.

Churchland, P.S. & Sejnowski, T.J. (1988). Perspectives on Cognitive Neuroscience. Science, 242, 741-745. Constantine-Paton, M. (1983). Position and proximity in the development of maps and stripes. Trends Neurosci.

6, 32-36.

Constantine-Paton, M., Cline, H.T. & Debski, E. (1990).Patternedactivity, synaptic convergence, and theNMDA receptor in developing visual pathways. Ann. Rev. Neurosci., 13, 129-154.

Constantine-Paton, M. & Law, M.I. (1978). Eye-speci�c termination bands in tecta of three-eyed frogs. Science, 202, 639-641.

Constantine-Paton, M. & Law, M.I. (1982). The development of maps and stripes in the brain. Sci. Am., 247, 54-62.

Cook, J.E. (1987).A sharpretinal image increases thetopographic precision ofthe gold�sh retinotectalprojection during optic nerve regeneration in stroboscopic light. Exp. Brain Res., 68, 319-328.

Cook, J.E. (1988). Topographic re�nement of the gold�sh retinotectal projection: sensitivity to stroboscopic light at different periods during optic nerve regeneration. Exp. Brain Res., 70, 109-116.

Cook, J.E. & Becker, D.L. (1990). Spontaneous activity as a determinant of axonal connections: darkness and diurnal light are equally effective for activity-dependent re�nement of the regenerating retinotectal projection in gold�sh. European Journal of Neuroscience, 2, 162-169.

Cook, J.E. & Rankin, E.C.C. (1986). Impaired re�nement of the regenerated retinotectal projection of the gold�sh in stroboscopic light: a quantitative WGA-HRP study. Exp. Brain. Res., 63, 421-430.

Cottrell, M. & Fort, J.C. (1986). A stochastic model of retinotopy: a self organizing process. Biol. Cybern., 53, 405-411.

Cowan, J.D. & Friedman, A.E. (1990). Development and regeneration of eye-brain maps: A computational model. In D.S. Touretzky, ed, Advances in Neural Information Processing Systems, II, 92-99.

Cowan, J.D. & Friedman, A.E. (1990). Development and regeneration of eye-brain maps: A computational model. Unpublished manuscript.

Cowan, J.D. & Friedman, A.E. (1991). Studies of a model for the development and regeneration of eye-brain maps. In D.S. Touretzky, ed, Advances in Neural Information Processing Systems, III, 3-10.

Cowey, A. (1979). Cortical maps and visual perception. Qua. Jou. Exper. Psychol., 31, 1-17. Cronly-Dillon, J.R. & Glaizner, B. (1974). Speci�city of regenerating optic �bres for left and right optic tecta in gold�sh. Nature, 251, 505-507.

Cynader, M. (1979). Coopetitive interactions in postnatal development of the kitten’s visual system. In Developmental Neurobiology of Vision. NATO Advanced Study Institute ed. Freeman, R.D., Plenum Press.

Da Silva Filho, A.C.R. (1991). An analytical study of the resolution and ampli�cation of properties of neural maps. Manuscript submitted for publication.

Dayan, P.S. (1992). Arbitrary elastic topologies. Manuscript submitted for publication. Dayan, P.S. & Goodhill, G.J. (1992) Perturbing Hebbian rules. To appear in Advances in Neural Information Processing Systems, 4, eds. J.E. Moody, S.J. Hanson and R.P. Lippman, Morgan Kaufman, San Mateo, CA.

Dempster, A.P., Laird, N.M. & Rubin, D.B. (1977). Maximum likelihood from incomplete data using the EM algorithm. Jou. Roy. Statistical. Soc. B, 39, 1-37.

Durbin, R. & Mitchison, G. (1990). A dimension reduction framework for understanding cortical maps. Nature, 343, 644-647.

Durbin, R., Szeliski, R. & Yuille, A. (1989). An analysis of the elastic net approach to the traveling salesman problem. Neural Computation, 1, 348-358.

Durbin, R. & Willshaw, D.J. (1987). An analogue approach to the travelling salesman problem using an elastic net method. Nature, 326, 689-691.

Edelman, G.M., Gall, W.E. & Cowan, W.M. (1985). Map formation in the retinotectal system. Molecular Bases of Neural Development, eds. G.M. Edelman, W.E. Gall & W.M. Cowan, Wiley, New York.

�Erdi, P. & Barna, Gy. (1984). Self-organizing mechanism for the formation of ordered neural mappings. Biol.

Cybern., 51, 93-101.

Erwin, E., Obermayer, K. & Schulten, K. (1991). Convergence properties of self-organizing maps. Proc. Int. Conf.

Arti�cial Neural Networks, Helsinki.

Fawcett, J.W. & O’Leary, D.D.M. (1985). The role of electrical activity in the formation of topographic maps in the nervous system. Trends Neurosci., 8, 201-206 Fawcett, J.W. & Willshaw, D.J. (1982). Compound eyes project stripes on the optic tectum in Xenopus. Nature, 296, 350-352.

Ferrer, J.M.R., Price, D.J. & Blakemore, C. (1988). The organization of corticocortical projections from area 17 to area 18 of the cat’s visual cortex. Proc. R. Soc. Lond. B., 233, 77-98.

Field, D. (1987). Relations between the statistics of natural images and the response properties of cortical cells.

Jou. Opt. Soc. Am., 4, 2379-2394.

Fort, J.C. (1988). Solving a combinatorial problem via self-organizing process: an application of the Kohonen algorithm to the travelling salesman problem. Biol. Cybern., 59, 33-40.

Fraser, S.E. (1980). A differential adhesion approach to the patterning of neural connections. Dev. Biol., 79, 453-464.

Fraser, S.E. (1985). Cell interactions involved in neural patterning. In Molecular Bases Of Neural Development, eds. G.M. Edelman, W.E. Gall & W.M. Cowan, 481-507, Wiley, New York.

Fraser, S.E. & Hunt, R.K. (1980). Retinotectal speci�city: models and experiments in search of a mapping function. Ann. Rev. Neurosci., 3, 319-352.

Fraser, S.E. & Perkel, D.H. (1990). Competitive and positional cues in the patterning of nerve connections. Jou.

of Neurobiol., 21, 51-72.

Frean, M.R. (1990). Small nets and short paths: optimising neural computation. PhD thesis, University of Edinburgh.

Freeman, R.D. & Bonds, A.B. (1979). Cortical plasticity in monocularly deprived immobilized kittens depends on eye movement. Science, 206, 1093-1095.

Freeman, R.D., Sclar, G. & Ohzawa, I. (1982). Cortical binocularity is disrupted by strabismus more slowly than by monocular deprivation. Dev. Br. Res., 3, 311-316.

Fr�egnac, Y. & Imbert, M. (1978). Early development of visual cortical cells in normal and dark reared kittens:

relationship between orientation selectivity and ocular dominance. Jou. Physiol., 278, 27-44. Fr�egnac, Y., Shulz, D., Thorp, S. & Bienenstock, E. (1988). A cellular analogue of visual cortical plasticity. Nature, 333, 367-370.

Galli, L. & Maffei, L. (1988). Spontaneous impulse activity of rat retinal ganglion cells in prenatal life. Science, 242, 90-91.

Gaze, R.M. & Keating, M.J. (1972). The visual system and �neuronal speci�city�. Nature, 237, 375-378. Gierer, A. (1988). Spatial organization and genetic information in brain development. Biol. Cybern., 59, 13-21.

Ginsburg, K.S., Johnsen, J.A. & Levine, M.W. (1984). Common noise in the �ring of neighbouring ganglion cells in gold�sh retina. Jou. Physiol., 351, 433-450.

Goodhill, G.J. (1988). Application of the elastic net algorithm to the formation of ocular dominance stripes.

Unpublished M.Sc. thesis, University of Edinburgh.

Goodhill, G.J. (1990). The development of topography and ocular dominance. In Touretzky, D.S., Elman, J.L., Sejnowski, T.J. & Hinton, G.E. (eds.) Proceedings of the 1990 Connectionist Models Summer School, San Mateo, CA: Morgan Kaufman.

Goodhill, G.J. (1991). Topography and ocular dominance can arise from distributed patterns of activity. International Joint Conference on Neural Networks, Seattle, July 1991, II, 623-627.

Goodhill, G.J. & Willshaw, D.J. (1990). Application of the elastic net algorithm to the formation of ocular dominance stripes. Network, 1, 41-59.

Gottlieb, D.I. & Glaser, L. (1981). Cellular recognition during neural development. Studies in Developmental Neurobiology, ed. W.M. Cowan, 243-260, Oxford University Press, New York.

Hancock, P.J.B., Baddeley, R.J. & Smith, L.S. (1992). The principal components of natural images. Network, 3, 61-70.

Hankin, M. & Lund, R. (1991). How do retinal axons �nd their targets in the developing brain? Trends Neurosci., 14, 224-228.

H�aussler, A.F. & Malsburg, C. von der (1983). Development of retinotopic projections: an analytical treatment.

Jou. Theoret. Neurobiol., 2, 47-73.

Hebb, D.O. (1949). The Organization of Behaviour. New York: Wiley.

Hendrickson, A.E. (1985). Dots, stripes and columns in monkey visual cortex. Trends Neurosci., Sept, 406-410. Hertz, J., Krogh A. & Palmer, R.G. (1991). Introduction to the Theory of Neural Computation. Lecture notes in the Santa Fe Institute Studies in the sciences of complexity: Adison Wesley.

Hope, R.A., Hammond, B.J. & Gaze, R.M. (1976). The arrow model: retinotectal speci�city and map formation in the gold�sh visual system. Proc. Roy. Soc. Lond. B., 194, 447-466.

Hop�eld, J.J. & Tank, D.W. (1985). Neural computation of decisions in optimization problems. Biol. Cybern., 52, 141-152.

Horn, R.A. & Johnson, C.R. (1985). Matrix Analysis. Cambridge University Press.

Horton, J.C., Dagi, L.R., McCrane, E.P. and de Monasterio, F.M. (1990). Arrangement of ocular dominance columns in human visual cortex. Arch-Ophthalmol., 108, 1025-1031.

Horton, J.C., Greenwood, M.M. & Hubel, D.H. (1979). Non-retinotopic arrangement of �bres in cat optic nerve.

Nature, 282, 720-722.

Hubel, D.H. (1988). Eye, Brain, and Vision. Scienti�c American Library, W.H. Freeman and Company, New York.

Hubel, D.H. & Wiesel, T.N. (1965). Binocular interaction in striate cortex of kittens reared with arti�cial squint.

Journal of Neurophysiology, 28, 1041-1059.

Hubel, D.H. & Wiesel, T.N. (1977). Functional architecture of the macaque monkey visual cortex. Proc. R. Soc.

Lond. B, 198, 1-59.

Hubel, D.H., Wiesel, T.N. & LeVay, S. (1977). Plasticity of ocular dominance columns in monkey striate cortex.

Phil. Trans. R. Soc. Lond. B, 278, 377-409.

Hunt, R.K. & Jacobson, M. (1972). Speci�cation of positional information in retinal ganglion cells of Xenopus:

stability of the speci�ed state. Proc. Nat. Acad. Sci., U.S.A., 69, 2860-2864.

Ide, C.F., Fraser, S.E. & Meyer, R.L. (1983). Eye dominance columns formed by an isogenic double-nasal frog eye. Science, 221, 293-295.

Jacobson, M. & Levine, R.L. (1975). Plasticity in the adult frog brain: �lling in the visual scotoma after excision or translocation of parts of the optic tectum. Brain Res., 88, 339-345.

Jones, D.G., Van Sluyters, R.C. & Murphy, K.M. (1991). A computational model for the overall pattern of ocular dominance. J. Neurosci., 11, 3794-3808.

Keddy, P.A. (1989). Competition. Chapman and Hall, New York.

Kirkpatrick, S., Gelatt, C.D. & Vecchi, M.P. (1983). Optimization by simulated annealing. Science, 220, 671-680. Knudsen, E.I., du Lac, S. & Esterly, S.D. (1987). Computational maps in the brain. Ann. Rev. Neurosci., 10, 41-65. Kohonen, T. (1982). Self-organized formation of topologically correct feature maps. Biol. Cybern., 43, 59-69. Kohonen, T. (1982). Analysis of a simple self-organizing process. Biol. Cybern., 44, 135-140. Kohonen, T. (1988). Self-organization and associative memory. Springer, Berlin.

Kolodny, J.A. (1990). Generalized deformable models for early vision development. B.A. Thesis, Harvard University.

Kuf�er, S.W., Nicholls, J.G. & Martin, A.R. (1984). From neuron to brain. A cellular approach to the function of the nervous system. 2nd Edition. Sinauer, Massachusetts.

Langley, J.N. (1895). Note on regeneration of pr�-ganglionic �bres of the sympathetic. J. Physiol., 18, 280-284. Law, M.I. & Constantine-Paton, M. (1980). Right and left eye bands in frogs with unilateral tectal ablations.

Proc. Natl. Acad. Sci., U.S.A., 77, 2314-2318.

Law, M.I. & Constantine-Paton, M. (1981). Anatomy and physiology of experimentally produced striped tecta.

Jou. Neurosci., 1, 741-759.

Lawler, E.L., Lenstra, J.K., Rinnooy Kan, A.H.G. & Shmoys, D.B. (1986). The Travelling Salesman Problem. John Wiley and Sons, Chichester, England.

LeVay, S., Connolly, M., Houde, J. & Van Essen, D.C. (1985). The complete pattern of ocular dominance stripes in the striate cortex and visual �eld of the macaque monkey. Jou. Neurosci., 5, 486-501.

LeVay, S., Hubel, D.H. & Wiesel, T.N. (1975). The pattern of ocular dominance columns in macaque monkey visual cortex revealed by a reduced silver stain. Jou. Comp. Neurol., 159, 559-576.

LeVay, S., Wiesal, T.N. & Hubel, D.H. (1980). The development of ocular dominance columns in normal and visually deprived monkeys. Jou. Comp. Neurol., 191, 1-51.

Levine, R.L. & Jacobson, M. (1975) Discontinuous mapping of retina onto tectum innervated by both eyes. Brain Res., 98, 172-176.

Linsker, R. (1986). From basic network principles to neural architecture (series). Proc. Nat. Acad. Sci., USA, 83, 7508-7512, 8390-8394, 8779-8783.

Linsker, R. (1988). Self-organization in a perceptual network. Computer, March, 105-117. Lund, J.S. (1988). Anatomical organization of macaque monkey striate visual cortex. Ann. Rev. Neurosci., 11, 253-288.

MacKay, D.J.C. & Miller, K.D. (1990). Analysis of Linsker’s simulations of Hebbian rules. Neural Computation, 2, 169-182.

MacKay, D.J.C. & Miller, K.D. (1990). Analysis of Linsker’s application of Hebbian rules to linear networks.

Network, 1, 257-297.

MacQueen, J. (1967). Some methods for classi�cation and analysis of multivariate observations. Fifth Berkeley Symposium on Mathematical Statistics and Probability 1965-66, eds. J. Neyman & L.M. Le Cam. University of California Press.

Malsburg, C. von der (1973). Self-organization of orientation sensitive cells in the striate cortex. Kybernetik, 14, 85-100.

Malsburg, C. von der (1979). Development of ocularity domains and growth behaviour of axon terminals. Biol.

Cybern., 32, 49-62.

Malsburg, C. von der (1989). Network self-organization. In An Introduction to Neural and Electronic Networks, S.F. Zornetzer, J. Davis & C. Lau, eds., Academic Press, 421-432.

Malsburg, C. von der & Singer, W. (1988). Principles of cortical network organization. In Neurobiology of Neocortex, eds. P. Rakic & W. Singer, John Wiley and Sons, 69-99.

Malsburg, C. von der & Willshaw, D.J. (1976). A mechanism for producing continuous neural mappings:

ocularity dominance stripes and ordered retino-tectal projections. Exp. Brain. Res. Supplementum 1, 463-469. Malsburg, C. von der & Willshaw, D.J. (1977). How to label nerve cells so that they can interconnect in an ordered fashion. Proc. Nat. Acad. Sci., U.S.A., 74, 5176-5178.

Malsburg, C. von der & Willshaw, D.J. (1981). Co-operitivity and brain organization. Trends Neurosci., April 80-83.

Malsburg, C. von der & Willshaw, D.J. (1981). Differential equations for the development of topological nerve connections. SIAM-AMS Proceedings, 13, 39-47.

Marr, D. (1982). Vision. W.H. Freeman and Company, New York.

Mastronade, D.N. (1989). Correlated �ring of retinal ganglion cells. Trends Neurosci., 12, 2, 75-80. Meinhardt, H. (1982). Models of biological pattern formation. Academic Press, London. Meister, M., Wong, R.O.L., Baylor, D.A. & Shatz, C.J. (1991). Synchronous bursts of action potentials in ganglion cells of the developing mammalian retina. Science, 252, 939-943.

Meyer, R.L. (1979). Retinotectal projection in gold�sh to an inappropriate region with a reversal in polarity.

Science, 205, 819-821.

Meyer, R.L. (1982). Ordering of retinotectal connections: a multivariate operational analysis. Current Topics in Developmental Biology, 17, 101-145.

Meyer, R.L. (1982). Tetrodotoxin blocks the formation of ocular dominance columns in gold�sh. Science, 218, 589-591.

Meyer, R.L. (1983). Tetrodotoxin inhibits the formation of re�ned retinotopography in gold�sh. Dev. Brain. Res., 6, 293-298.

Miller, K.D. (1989). Correlation-based Mechanisms in Visual Cortex: Theoretical and Empirical Studies. PhD Thesis, Stanford University Medical School.

Miller, KD (1990). Correlation-based mechanisms of neural development. In M.A. Gluck & D.E. Rumelhart, editors, Neuroscience and Connectionist Theory. Hillsborough, NJ: Lawrence Erlbaum.

Miller, K.D. (1990). Derivation of linear Hebbian equations from a nonlinear Hebbian model of synaptic plasticity. Neural Computation, 2, 321-333.

Miller, K.D., Keller, J.B. & Stryker, M.P. (1989). Ocular dominance column development: Analysis and simulation. Science, 245, 605-615.

Miller, K.D. & MacKay, D.J.C. (unpbublished). The role of constraints in Hebbian Learning. Miller, K.D. & Stryker, M.P. (1990). The development of ocular dominance columns: mechanisms and models.

In Connectionist modeling and brain function: the developing interface, eds. S.J. Hanson and C.R. Olsen, MIT Press, Cambridge, MA.

∞∞∀ CHAPTER ↙ CONCLUSIONS

M⟩⊔⌋⟨⟩∫≀\⇔ G↙ ⇐∞∃∃∞⇒↙ N⌉⊓∇≀\⊣↕ ⌊∇⊣\⌋⟨⟩\} √⊣⊔⊔⌉∇\∫ ⊣\⌈ ⊔⟨⌉ ⌉⌋≀\≀⇕† ≀{ ⌋≀∇⊔⟩⌋⊣↕ ⊒⟩∇⟩\}↙ P∇≀⌋↙ R≀†↙ S≀⌋↙ B↙⇔ ∈△▽⇔ ∞▽∞↖∞▽∀↙ M⟩⊔⌋⟨⟩∫≀\⇔ G↙ ⇐∞∃∃∈⇒↙ A§≀\⊣↕ ⊔∇⌉⌉∫ ⊣\⌈ ⌋≀∇⊔⟩⌋⊣↕ ⊣∇⌋⟨⟩⊔⌉⌋⊔⊓∇⌉↙ T∇⌉\⌈∫ N⌉⊓∇≀∫⌋⟩↙⇔ ∞▽⇔ N≀↙ △⇔ ∞∈∈↖∞∈↙̸ M⟩⊔⌋⟨⟩∫≀\⇔ G↙ ↘ D⊓∇⌊⟩\⇔ R↙ ⇐∞∃∀⇏↙ O√⊔⟩⇕⊣↕ \⊓⇕⌊⌉∇⟩\}∫ ≀{ ⊣\ N × N array. SIAM J. Alg. Disc. Meth., 7, 571-581. Movshon, J.A. & Blakemore, C. (1974). Functional reinnervation in kitten visual cortex. Nature, 251, 504-505. Mower, G.D., Christen, W.G. & Caplan, C.J. (1983). Very brief visual experience eliminates plasticity in the cat visual cortex. Science, 221, 178-180.

Munro, P.W. (1986). State-dependant factors affecting neural plasticity: a partial account of the critical period.

In Parallel Distributed Processing: Explorations in the Microstructure of Cognition, eds. J.L. McClelland & D.E. Rumelhart, 471-503, MIT Press, Cambridge, M.A.

Nelson, M.E. & Bower, J.M. (1990). Brain maps and parallel computers. Trends Neurosci., 13, 403-408. Nowlan, S.J. (1990). Max likelihood competition in RBF networks. Technical report CRG-TR-90-2, University of Toronto Obermayer, K., Blasdel, G.G. & Schulten, K. (1991). A neural network model for the formation and for the spatial structure of retinotopic maps, orientation- and ocular dominance columns. Proc. Int. Conf. Arti�cial Neural Networks, Helsinki.

Obermayer, K., Ritter, H. & Schulten, K. (1990). A principle for the formation of the spatial structure of cortical feature maps. Proc. Nat. Acad. Sci., U.S.A., 87, 8345-8349.

Obermayer, K., Ritter, H. & Schulten, K. (1991). Development and spatial structure of cortical feature maps: a model study. In Neural information Processing Systems 3, eds. R.P. Lippmann, J. Moody & D.S. Touretzky, Morgan Kaufmann, CA.

Overton, K.J. & Arbib, M.A. (1982). The extended branch-arrow model of the formation of retino-tectal connections. Biol. Cybern., 45, 157-175.

Peterson, C. (1990). Parallel distributed approaches to combinatorial optimization: benchmark studies on traveling salesman problem. Neural Computation, 2, 261-269.

Press, W.H., Flannery, B.P., Teukolsky, S.A. & Vetterling, W.T. (1988). Numerical recipes in C: the art of scienti�c computing. Cambridge University Press: Cambridge.

Prestige, M.C. & Willshaw, D.J. (1975). On a role for competition in the formation of patterned neural connexions.

Proc. R. Soc. Lond. B, 190, 77-98.

Price, D.J. (1991). The development of visual cortical afferents. In: Development and plasticity of the visual system, ed. J.R. Cronly-Dillon, Macmillan, London.

Rakic, P. (1976). Prenatal genesis of connections subserving ocular dominance in the rhesus monkey. Nature, 261, 467-471.

Rankin, E.C.C & Cook, J.E. (1986). Topographic re�nement of the regenerating retinotectal projection of the gold�sh in standard laboratory conditions: a quantitative WGA-HRP study. Exp. Brain Res., 63, 409-420.

Rauschecker, J.P. (1991). Mechanisms of visual plasticity: Hebb synapses, NMDA receptors, and beyond.

Physiol. Rev., 71, 587-615.

Reh, T.A. & Constantine-Paton, M. (1985). Eye-speci�c segregation requires neural activity in three-eyed Rana pipiens. Jou. Neurosci., 5, 1132-1143.

Reiter, H.O. & Stryker, M.P. (1988). Neural plasticity without postsynaptic action potentials: less active inputs become dominant when kitten visual cortical cells are pharmacologically inhibited. Proc. Nat. Acad. Sci. USA, 85, 3623-3627.

Ritter, H., Obermayer, K., Schulten, K. & Rubner (1990). Self-organizing maps and adaptive �lters. In Physics of neural networks, Springer, New York.

↙▽↙ SUMMARY¬ PRINCIPAL CONTRIBUTIONS ∞∞∃

R⟩⊔⊔⌉∇⇔ H↙ ↘ S⌋⟨⊓↕⊔⌉\⇔ K↙ ⇐∞∃∀∀⇒↙ C≀\⊑⌉∇}⌉\⌋⌉ √∇≀√⌉∇⊔⟩⌉∫ ≀{ K≀⟨≀\⌉\≃∫ ⊔≀√≀↕≀}† ⌋≀\∫⌉∇⊑⟩\} ⇕⊣√∫¬ ⊙⊓⌋⊔⊓⊣⊔⟩≀\∫⇔ ∫⊔⊣⌊⟩↕⟩⊔† ⊣\⌈ ⌈⟩⇕⌉\∫⟩≀\ ∫⌉↕⌉⌋⊔⟩≀\↙ B⟩≀↕↙ C†⌊⌉∇\↙⇔ ′̸⇔ ▽∃↖∞↙ R≀⌉⇔ A↙W↙⇔ P⊣↕↕⊣∫⇔ S↙L↙⇔ H⊣⟨⇕⇔ J↙ ↘ S⊓∇⇔ M↙ ⇐∞∃∃′⇒↙ A ⇕⊣√ ≀{ ⊑⟩∫⊓⊣↕ ∫√⊣⌋⌉ ⟩\⌈⊓⌋⌉⌈ ⟩\ √∇⟩⇕⊣∇† ⊣⊓⌈⟩⊔≀∇† ⌋≀∇⊔⌉§↙ S⌋⟩⌉\⌋⌉⇔ ∈▽′⇔ ∀∞∀↖∀∈′↙ R⊓⇕⌉↕⟨⊣∇⊔⇔ D↙E↙ ↘ Z⟩√∫⌉∇⇔ D↙ ⇐∞∃∀⇏↙ F⌉⊣⊔⊓∇⌉ ⌈⟩∫⌋≀⊑⌉∇† ⌊† ⌋≀⇕√⌉⊔⟩⊔⟩⊑⌉ ↕⌉⊣∇\⟩\}↙ I\ P⊣∇⊣↕↕⌉↕ D⟩∫⊔∇⟩⌊⊓⊔⌉⌈ P∇≀⌋⌉∫∫⟩\}¬ E§√↕≀∇⊣⊔⟩≀\∫ ⟩\ ⊔⟨⌉ M⟩⌋∇≀∫⊔∇⊓⌋⊔⊓∇⌉ ≀{ C≀}\⟩⊔⟩≀\⇔ ⌉⌈∫↙ J↙L↙ M⌋C↕⌉↕↕⊣\⌈ ↘ D↙E↙ R⊓⇕⌉↕⟨⊣∇⊔⇔ ∞▽∞↖∞∃∋⇔ MIT P∇⌉∫∫⇔ C⊣⇕⌊∇⟩⌈}⌉⇔ M↙A↙ S⌋⟨⇕⟩⌈⊔⇔ J↙T↙ ⇐∞∃∀⇒↙ R⌉⊔⟩\⊣↕ ⊘⌊∇⌉∫ ⊣↕⊔⌉∇ ⊔⌉⌋⊔⊣↕ √≀∫⟩⊔⟩≀\ ⇕⊣∇‖⌉∇∫ ⌈⊓∇⟩\} ⊔⟨⌉ ⌉§√⊣\∫⟩≀\ ≀{ ⊔⟨⌉ ⟨⊣↕{ ∇⌉⊔⟩\⊣↕ √∇≀|⌉⌋⊔⟩≀\ ⟩\ }≀↕⌈⊘∫⟨↙ J≀⊓↙ C≀⇕√↙ N⌉⊓∇≀↕↙⇔ ∞⇔ ∈∃↖∋′′↙ S⌋⟨⇕⟩⌈⊔⇔ J↙T↙ ⇐∞∃∀▽⇒↙ F⊣⌋⊔≀∇∫ ⟩\⊑≀↕⊑⌉⌈ ⟩\ ∇⌉⊔⟩\≀⊔≀√⟩⌋ ⇕⊣√ {≀∇⇕⊣⊔⟩≀\¬ ⌋≀⇕√↕⌉⇕⌉\⊔⊣∇† ∇≀↕⌉∫ {≀∇ ⇕⌉⇕⌊∇⊣\⌉ ∇⌉⌋≀}\⟩⊔⟩≀\ ⊣\⌈ ⊣⌋⊔⟩⊑⟩⊔†↖⌈⌉√⌉\⌈⌉\⊔ ∫†\⊣√⊔⟩⌋ ∫⊔⊣⌊⟩↕⟩‡⊣⊔⟩≀\↙ M≀↕⌉⌋⊓↕⊣∇ B⊣∫⌉∫ ≀{ N⌉⊓∇⊣↕ D⌉⊑⌉↕≀√⇕⌉\⊔⇔ ⌉⌈∫↙ G↙M↙ E⌈⌉↕⇕⊣\⇔ W↙E↙ G⊣↕↕ ↘ W↙M↙ C≀⊒⊣\⇔ W⟩↕⌉†⇔ N⌉⊒ Y≀∇‖↙ S⌋⟨⇕⟩⌈⊔⇔ J↙T↙ ⇐∞∃∀∀⇒↙ A⌋⊔⟩⊑⟩⊔†↖⌈⌉√⌉\⌈⌉\⊔ ∫⟨⊣∇√⌉\⟩\} ≀{ ⊔⟨⌉ ∇⌉⊔⟩\≀⊔≀√⟩⌋ √∇≀⌉⌋⊔⟩≀\ ≀\ ⊔⟨⌉ ⊔⌉⌋⊔⊓⇕ ≀{ }≀↕⌈⊘∫⟨ ⟩\ ∇⌉}⌉\⌉∇⊣⊔⟩≀\ ⊣\⌈ ⌈⌉⊑⌉↕≀√⇕⌉\⊔↙ T⟨⌉ ⇕⊣‖⟩\} ≀{ ⊔⟨⌉ \⌉∇⊑≀⊓∫ ∫†∫⊔⌉⇕⇔ ⌉⌈∫↙ J↙G↙ P⊣∇\⊣⊑⌉↕⊣∫⇔ C↙D↙ S⊔⌉∇\ ⊣\⌈ R↙V↙ S⊔⟩∇↕⟩\}⇔ O§{≀∇⌈ ∞∃∀∀↙ S⌋⟨⇕⟩⌈⊔⇔ J↙T↙⇔ C⟩⌋⌉∇≀\⌉⇔ C↙M↙ ↘ E⊣∫⊔⌉∇⇔ S↙S↙ ⇐∞∃∀⇒↙ E§√⊣\∫⟩≀\ ≀{ ⊔⟨⌉ ⟨⊣↕{ ∇⌉⊔⟩\⊣↕ √∇≀|⌉⌋⊔⟩≀\ ⊔≀ ⊔⟨⌉ ⊔⌉⌋⊔⊓⇕ ⟩\ }≀↕⌈⊘∫⟨¬ ⊣\ ⌉↕⌉⌋⊔∇≀√⟨†∫⟩≀↕≀}⟩⌋⊣↕ ⊣\⌈ ⊣\⊣⊔≀⇕⟩⌋⊣↕ ∫⊔⊓⌈†↙ J≀⊓↙ C≀⇕√↙ N⌉⊓∇≀↕↙⇔ ∞⇔ ∈▽↖∈∀↙ S⌋⟨⇕⟩⌈⊔⇔ J↙T↙ ↘ E⌈⊒⊣∇⌈∫⇔ D↙L↙ ⇐∞∃∀∋⇒↙ A⌋⊔⟩⊑⟩⊔† ∫⟨⊣∇√⌉\∫ ⊔⟨⌉ ⇕⊣√ ⌈⊓∇⟩\} ⊔⟨⌉ ∇⌉}⌉\⌉∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∇⌉⊔⟩\≀⊔⌉⌋⊔⊣↕ √∇≀|⌉⌋⊔⟩≀\ ⟩\ }≀↕⌈⊘∫⟨↙ B∇⊣⟩\ R⌉∫⌉⊣∇⌋⟨⇔ ∈∄⇔ ∈∃↖∋∃↙ S⌋⟨⇕⟩⌈⊔⇔ J↙T↙ ↘ E⟩∫⌉↕⌉⇔ L↙E↙ ⇐∞∃∀▽⇒↙ S⊔∇≀⌊≀∫⌋≀√⟩⌋ ⟩↕↕⊓⇕⟩\⊣⊔⟩≀\ ⊣\⌈ ⌈⊣∇‖↖∇⌉⊣∇⟩\} ⌊↕≀⌋‖ ⊔⟨⌉ ∫⟨⊣∇√⌉\⟩\} ≀{ ⊔⟨⌉ ∇⌉}⌉\⌉∇⊣⊔⌉⌈ ∇⌉⊔⟩\≀⊔⌉⌋⊔⊣↕ ⇕⊣√ ⟩\ }≀↕⌈⊘∫⟨↙ N⌉⊓∇≀∫⌋⟩⌉\⌋⌉⇔ ∞△⇔ ▽∋▽↖▽△↙̸ S⌉|\≀⊒∫‖⟩⇔ T↙J↙⇔ K≀⌋⟨⇔ C↙ ↘ C⟨⊓∇⌋⟨↕⊣\⌈⇔ P↙S↙ ⇐∞∃∀∀⇒↙ C≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ N⌉⊓∇≀∫⌋⟩⌉\⌋⌉↙ S⌋⟩⌉\⌋⌉⇔ ∈△∞⇔ ∞∈∃∃↖∞∋′↙̸ S⌉|\≀⊒∫‖⟩⇔ T↙J↙ ↘ T⌉∫⊣⊓∇≀⇔ G↙ ⇐∞∃∀∃⇒↙ T⟨⌉ H⌉⌊⌊ ∇⊓↕⌉ {≀∇ ∫†\⊣√⊔⟩⌋ √↕⊣∫⊔⟩⌋⟩⊔†¬ ⊣↕}≀∇⟩⊔⟨⇕∫ ⊣\⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\∫↙ I\ N⌉⊓∇⊣↕ M≀⌈⌉↕∫ ≀{ P↕⊣∫⊔⟩⌋⟩⊔†¬ ⌉§√⌉∇⟩⇕⌉\⊔⊣↕ ⊣\⌈ ⊔⟨⌉≀∇⌉⊔⟩⌋⊣↕ ⊣√√∇≀⊣⌋⟨⌉∫⇔ ⌉⌈∫↙ J↙H↙B†∇\⌉ ↘ W↙O↙ B⌉∇∇†↙ A⌋⊣⌈⌉⇕⟩⌋ P∇⌉∫∫⇔ S⊣\ D⟩⌉}≀↙ S⟨⊣⊔‡⇔ C↙J↙ ↘ S⊔∇†‖⌉∇⇔ M↙P↙ ⇐∞∃∀⇒↙ O⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ⟩\ ↕⊣†⌉∇ IV ≀{ ⊔⟨⌉ ⌋⊣⊔≃∫ ⊑⟩∫⊓⊣↕ ⌋≀∇⊔⌉§ ⊣\⌈ ⊔⟨⌉ ⌉{{⌉⌋⊔∫ ≀{ ⇕≀\≀⌋⊓↕⊣∇ ⌈⌉√∇⟩⊑⊣⊔⟩≀\↙ J≀⊓↙ P⟨†∫⟩≀↕↙⇔ ∈∀∞⇔ ∈↖̸∈∀∋↙ S⟨⊣⊔‡⇔ C↙J↙ ↘ S⊔∇†‖⌉∇⇔ M↙P↙ ⇐∞∃∀∀⇒↙ P∇⌉\⊣⊔⊣↕ ⊔⌉⊔∇≀⌈≀⊔≀§⟩\ ⟩\{⊓∫⟩≀\ ⌊↕≀⌋‖∫ ∫⌉}∇⌉}⊣⊔⟩≀\ ≀{ ∇⌉⊔⟩\≀}⌉\⟩⌋⊓↕⊣⊔⌉ ⊣{{⌉∇⌉\⊔∫↙ S⌋⟩⌉\⌋⌉⇔ ∈△∈⇔ ∀↖∀∃↙ S⌋⟨⟩{{⇔ L↙I↙ ⇐∞∃∀̸⇒↙ Q⊓⊣\⊔⊓⇕ M⌉⌋⟨⊣\⟩⌋∫ ⇐T⟨⟩∇⌈ E⌈⟩⊔⟩≀\⇒↙ M⌋G∇⊣⊒↖H⟩↕↕⇔ S⟩⇕}⊣√≀∇⌉↙ S⟩⇕⟩⌋⇔ P↙D↙ ⇐∞∃∃′⇒↙ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⇕⌉⌋⟨⊣\⟩⌋∫ ⊣∫ ⊔⟨⌉ ⊓\⌈⌉∇↕†⟩\} ⊔⟨⌉≀∇† ≀{ ⊢⌉↕⊣∫⊔⟩⌋≃ ⊣\⌈ ⊢\⌉⊓∇⊣↕≃ ≀√⊔⟩⇕⟩∫⊣⊔⟩≀\∫↙ N⌉⊔⊒≀∇‖⇔ ∞⇔ ∀∃↖∞′∋↙ S⟩⇕⟩⌋⇔ P↙D↙ ⇐∞∃∃∞⇒↙ C≀\∫⊔∇⊣⟩\⌉⌈ \⌉⊔∫ {≀∇ }∇⊣√⟨ ⇕⊣⊔⌋⟨⟩\} ⊣\⌈ ≀⊔⟨⌉∇ ∐⊓⊣⌈∇⊣⊔⟩⌋ ⊣∫∫⟩}\⇕⌉\⊔ √∇≀⌊↕⌉⇕∫↙ N⌉⊓∇⊣↕ C≀⇕√⊓⊔⊣⊔⟩≀\⇔ ∈⇔ ∈∀̸↖∈∀∞↙ S⟩⇕⇕⌉\⇔ M↙W↙ ⇐∞∃∃∞⇒↙ P⊣∇⊣⇕⌉⊔⌉∇ ∫⌉\∫⟩⊔⟩⊑⟩⊔† ≀{ ⊔⟨⌉ ⌉↕⊣∫⊔⟩⌋ \⌉⊔ ⊣√√∇≀⊣⌋⟨ ⊔≀ ⊔⟨⌉ ⊔∇⊣⊑⌉↕↕⟩\} ∫⊣↕⌉∫⇕⊣\ √∇≀⌊↕⌉⇕↙ N⌉⊓∇⊣↕ C≀⇕√⊓⊔⊣⊔⟩≀\⇔ ∋⇔ ∋∌↖∋△↙ S⟩⇕⇕⌉\⇔ M↙W↙ ⇐∞∃∃∈⇒↙ P⟨D T⟨⌉∫⟩∫⇔ {≀∇⊔⟨⌋≀⇕⟩\}↙ S√⌉∇∇†⇔ R↙W↙ ⇐∞∃∌⇒↙ C⟨⌉⇕≀⊣{⊘\⟩⊔† ⟩\ ⊔⟨⌉ ≀∇⌈⌉∇↕† }∇≀⊒⊔⟨ ≀{ \⌉∇⊑⌉ ⊘⌊⌉∇ √⊣⊔⊔⌉∇\∫ ⊣\⌈ ⌋≀\\⌉⌋⊔⟩≀\∫↙ P∇≀⌋↙ N⊣⊔↙ A⌋⊣⌈↙ S⌋⟩↙⇔ U↙S↙A↙⇔ ▽′⇔ ′∋↖∞′↙ S⊔⊣\⊔≀\⇔ P↙K↙ ↘ S⌉|\≀⊒∫‖⟩⇔ T↙ ⇐∞∃∀∃⇒↙ A∫∫≀⌋⟩⊣⊔⟩⊑⌉ ↕≀\}↖⊔⌉∇⇕ ⌈⌉√∇⌉∫∫⟩≀\ ⟩\ ⊔⟨⌉ ⟨⟩√√≀⌋⊣⇕√⊓∫ ⟩\⌈⊓⌋⌉⌈ ⌊† ⟨⌉⌊⌊⟩⊣\ ⌋≀⊑⊣∇⟩⊣\⌋⌉↙ N⊣⊔⊓∇⌉⇔ ∋∋∃⇔ ∈∞▽↙ S⊔⌉\⊔⇔ G↙S↙ ⇐∞∃∋⇒↙ A √⟨†∫⟩≀↕≀}⟩⌋⊣↕ ⇕⌉⌋⟨⊣\⟩∫⇕ {≀∇ H⌉⌊⌊≃∫ √≀∫⊔⊓↕⊣⊔⌉ ≀{ ↕⌉⊣∇\⟩\}↙ P∇≀⌋↙ N⊣⊔↙ A⌋⊣⌈↙ S⌋⟩↙ USA⇔ ′⇔ ∃∃↖∞′′∞↙

∞∈′ CHAPTER ↙ CONCLUSIONS

S⊔∇⊣‡\⟩⌋‖†⇔ C↙ ↘ T⊣†⇔ D↙ ⇐∞∃∀∈⇒↙ R⌉⊔⟩\≀⊔⌉⌋⊔⊣↕ ⇕⊣√ {≀∇⇕⊣⊔⟩≀\ ⟩\ ⌈⊓⊣↕↕† ⟩\\⌉∇⊑⊣⊔⌉⌈ ⊔⌉⌋⊔⊣¬ ⊣ ∇⌉}⌉\⌉∇⊣⊔⟩≀\ ∫⊔⊓⌈† ⟩\ X⌉\≀√⊓∫ ⊒⟩⊔⟨ ≀\⌉ ⌋≀⇕√≀⊓\⌈ ⌉†⌉ {≀↕↕≀⊒⟩\} ⌊⟩↕⊣⊔⌉∇⊣↕ ≀√⊔⟩⌋ \⌉∇⊑⌉ ∫⌉⌋⊔⟩≀\↙ J≀⊓↙ C≀⇕√↙ N⌉⊓∇≀↕↙⇔ ∈′⇎ ∞∞∃↖∞∋′↙ S⊔∇†‖⌉∇⇔ M↙P↙ ↘ H⊣∇∇⟩∫⇔ W↙ ⇐∞∃∀⇏↙ B⟩\≀⌋⊓↕⊣∇ ⟩⇕√⊓↕∫⌉ ⌊↕≀⌋‖⊣⌈⌉ √∇⌉⊑⌉\⊔∫ ⊔⟨⌉ {≀∇⇕⊣⊔⟩≀\ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ⌋≀↕⊓⇕\∫ ⟩\ ⌋⊣⊔ ⊑⟩∫⊓⊣↕ ⌋≀∇⊔⌉§↙ J≀⊓↙ N⌉⊓∇≀∫⌋⟩↙⇔ ⇎ ∈∞∞↖∈∞∋∋↙ S⊓∇⇔ M↙⇔ M⌉∇‡⌉\⟩⌋⟨⇔ M↙M↙ ↘ K⊣⊣∫⇔ J↙H↙ ⇐∞∃∀′⇒↙ M⊣}\⟩⊘⌋⊣⊔⟩≀\⇔ ∇⌉⌋⌉√⊔⟩⊑⌉↖⊘⌉↕⌈ ⊣∇⌉⊣ ⊣\⌈ ⊖⟨†√⌉∇⌋≀↕⊓⇕\⪰ ∫⟩‡⌉ ⟩\ ⊣∇⌉⊣∫ ∋⌊ ⊣\⌈ ∞ ≀{ ∫≀⇕⊣⊔≀∫⌉\∫≀∇† ⌋≀∇⊔⌉§ ⟩\ ≀⊒↕ ⇕≀\‖⌉†∫↙ J≀⊓↙ N⌉∇≀√⟨†∫⟩≀↕↙⇔ △△⇔ ∈∃▽↖∋∞∞↙ S⊒⟩\⌈⊣↕⌉⇔ N↙V↙ ⇐∞∃∃⇒↙ H≀⊒ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ∫⊔∇⟩√⌉∫ ⇕⊣† ⌊⌉ {≀∇⇕⌉⌈↙ I\ D⌉⊑⌉↕≀√⇕⌉\⊔⊣↕ \⌉⊓∇≀⌊⟩≀↕≀}† ≀{ ⊑⟩∫⟩≀\⇔ ⌉⌈↙ R↙D↙ F∇⌉⌉⇕⊣\↙ NATO ⊣⌈⊑⊣\⌋⌉⌈ ∫⊔⊓⌈† ⟩\∫⊔⟩⊔⊓⊔⌉ ∫⌉∇⟩⌉∫↙ S⌉∇⟩⌉∫ A⇔ L⟩{⌉ ∫⌋⟩⌉\⌋⌉∫⇔ ∈⇔ ∈↖̸∈∋↙ N⌉⊒ Y≀∇‖¬ P↕⌉\⊓⇕ P∇⌉∫∫↙ S⊒⟩\⌈⊣↕⌉⇔ N↙V↙ ⇐∞∃∀′⇒↙ A ⇕≀⌈⌉↕ {≀∇ ⊔⟨⌉ {≀∇⇕⊣⊔⟩≀\ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ ∫⊔∇⟩√⌉∫↙ P∇≀⌋↙ R↙ S≀⌋↙ L≀\⌈↙ B⇔ ∈′∀⇔ ∈△∋↖∈△̸↙ S⊒⟩\⌈⊣↕⌉⇔ N↙V↙ ⇐∞∃∀∞⇒↙ A⌊∫⌉\⌋⌉ ≀{ ≀⌋⊓↕⊣∇ ⌈≀⇕⟩\⊣\⌋⌉ √⊣⊔⌋⟨⌉∫ ⟩\ ⌈⊣∇‖↖∇⌉⊣∇⌉⌈ ⌋⊣⊔∫↙ N⊣⊔⊓∇⌉⇔ ∈∃′⇔ ∋∋∈↖∋∋∋↙ S⊒⟩\⌈⊣↕⌉⇔ N↙V↙ ⇐∞∃∀∈⇒↙ A ⇕≀⌈⌉↕ {≀∇ ⊔⟨⌉ {≀∇⇕⊣⊔⟩≀\ ≀{ ≀∇⟩⌉\⊔⊣⊔⟩≀\ ⌋≀↕⊓⇕\∫↙ P∇≀⌋↙ R↙ S≀⌋↙ L≀\⌈↙ B⇔ ∈∞▽⇔ ∈∞∞↖∈∋′↙ S⊒⟩\⌈⊣↕⌉⇔ N↙V↙ ⇐∞∃∃∈⇒↙ A ⇕≀⌈⌉↕ {≀∇ ⊔⟨⌉ ⌋≀≀∇⌈⟩\⊣⊔⌉⌈ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ ⌋≀↕⊓⇕\⊣∇ ∫†∫⊔⌉⇕∫ ⟩\ √∇⟩⇕⊣⊔⌉ ∫⊔∇⟩⊣⊔⌉ ⌋≀∇⊔⌉§↙ B⟩≀↕↙ C†⌊⌉∇\↙⇔ ̸⇔ ∈∞↖∈∋′↙ S⊒⟩\⌈⊣↕⌉⇔ N↙V↙ ↘ C†\⊣⌈⌉∇⇔ M↙S↙ ⇐∞∃∀⇏↙ P⟨†∫⟩≀↕≀}⟩⌋⊣↕ ∫⌉}∇⌉}⊣⊔⟩≀\ ≀{ }⌉\⟩⌋⊓↕≀↖⌋≀∇⊔⟩⌋⊣↕ ⊣{{⌉∇⌉\⊔∫ ⟩\ ⊔⟨⌉ ⊑⟩∫⊓⊣↕ ⌋≀∇⊔⌉§ ≀{ ⌈⊣∇‖↖∇⌉⊣∇⌉⌈ ⌋⊣⊔∫↙ B∇⊣⟩\ R⌉∫↙⇔ ∋∉⇔ ∈∀∞↖∈∀↙̸ T⊣‖⌉⊓⌋⟨⟩⇔ A↙ ↘ A⇕⊣∇⟩⇔ S↙ ⇐∞∃∃⇒↙ F≀∇⇕⊣⊔⟩≀\ ≀{ ⊔≀√≀}∇⊣√⟨⟩⌋ ⇕⊣√∫ ⊣\⌈ ⌋≀↕⊓⇕\⊣∇ ⇕⟩⌋∇≀∫⊔∇⊓⌋⊔⊓∇⌉∫ ⟩\ \⌉∇⊑⌉ ⊘⌉↕⌈∫↙ B⟩≀↕↙ C†⌊⌉∇\↙⇔ ∋▽⇔ ∌↖∈↙ T⟨≀⇕√∫≀\⇔ I↙ ⇐∞∃∀▽⇒↙ S⊔⊣∇∫ ⊣\⌈ ∫⊔∇⟩√⌉∫ √∇⌉∫⌉\⊔ ⊔⟨⌉ ⌋≀↕≀⊓∇∫↙ N⊣⊔⊓∇⌉⇔ ∋∞▽⇔ ∈↖∈∀↙ T∇⟩∫↕⌉∇⇔ G↙D↙ ⇐∞∃∀∈⇒↙ A∇⌉ ⇕≀↕⌉⌋⊓↕⊣∇ ⇕⊣∇‖⌉∇∫ ≀{ ⌋⌉↕↕ √≀∫⟩⊔⟩≀\ ⟩\⊑≀↕⊑⌉⌈ ⟩\ ⊔⟨⌉ {≀∇⇕⊣⊔⟩≀\ ≀{ \⌉⊓∇⊣↕ ⌋⟩∇⌋⊓⟩⊔∫⊥ T∇⌉\⌈∫ N⌉⊓∇≀∫⌋⟩↙⇔ ▽⇔ ∋′↖̸∋∞′↙ T⊓∇⟩\}⇔ A↙M↙ ⇐∞∃▽∈⇒↙ T⟨⌉ ⌋⟨⌉⇕⟩⌋⊣↕ ⌊⊣∫⟩∫ ≀{ ⇕≀∇√⟨≀}⌉\⌉∫⟩∫↙ P⟨⟩↕↙ T∇⊣\∫↙ R≀†↙ S≀⌋↙ L≀\⌈↙ B⇔ ∈∋⇔ ∋↖∈↙ U⌈⟩\⇔ S↙B↙ ↘ F⊣⊒⌋⌉⊔⊔⇔ J↙W↙ ⇐∞∃∀∀⇒↙ F≀∇⇕⊣⊔⟩≀\ ≀{ ⊔≀√≀}∇⊣√⟨⟩⌋ ⇕⊣√∫↙ A\\↙ R⌉⊑↙ N⌉⊓∇≀∫⌋⟩↙⇔ ∞∞⇔ ∈∀∃↖∋∈↙ W⟨⟩⊔⌉↕⊣⊒⇔ V↙A↙ ↘ C≀⊒⊣\⇔ J↙D↙ ⇐∞∃∀∞⇒↙ S√⌉⌋⟩⊘⌋⟩⊔† ⊣\⌈ √↕⊣∫⊔⟩⌋⟩⊔† ≀{ ∇⌉⊔⟩\≀⊔⌉⌋⊔⊣↕ ⌋≀\\⌉⌋⊔⟩≀\∫¬ ⊣ ⌋≀⇕√⊓⊔⊣⊔⟩≀\⊣↕ ⇕≀⌈⌉↕↙ J≀⊓↙ N⌉⊓∇≀∫⌋⟩↙⇔ ∞⇔ ∞∋∄↖∞∋∀↙ W⟩↕↕∫⟨⊣⊒⇔ D↙J↙ ↘ D⊣†⊣\⇔ P↙S↙ ⇐∞∃∃′⇒↙ O√⊔⟩⇕⊣↕ √↕⊣∫⊔⟩⌋⟩⊔† {∇≀⇕ ⇕⊣⊔∇⟩§ ⇕⌉⇕≀∇⟩⌉∫¬ ⊒⟨⊣⊔ }≀⌉∫ ⊓√ ⇕⊓∫⊔ ⌋≀⇕⌉ ⌈≀⊒\↙ N⌉⊓∇⊣↕ C≀⇕√⊓⊔⊣⊔⟩≀\⇔ ∈⇔ ∀▽↖∃∋↙ W⟩↕↕∫⟨⊣⊒⇔ D↙J↙⇔ F⊣⊒⌋⌉⊔⊔⇔ J↙W↙ ↘ G⊣‡⌉⇔ R↙M↙ ⇐∞∃∀∋⇒↙ T⟨⌉ ⊑⟩∫⊓≀⊔⌉⌋⊔⊣↕ √∇≀|⌉⌋⊔⟩≀\∫ ⇕⊣⌈⌉ ⌊† X⌉\≀√⊓∫ ⊢√⟩⌉ ∫↕⟩⌋⌉≃ ⌋≀⇕√≀⊓\⌈ ⌉†⌉∫↙ J↙ E⇕⌊∇†≀↕↙ E§√↙ M≀∇√⟨≀↕↙⇔ ∃△⇔ ∞∈∞↖∞∋↙ W⟩↕↕∫⟨⊣⊒⇔ D↙J↙ ↘ M⊣↕∫⌊⊓∇}⇔ C↙ ⊑≀\ ⌈⌉∇ ⇐∞∃⇏↙ H≀⊒ √⊣⊔⊔⌉∇\⌉⌈ \⌉⊓∇⊣↕ ⌋≀\\⌉⌋⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ∫⌉⊔ ⊓√ ⌊† ∫⌉↕{↖ ≀∇}⊣\⟩‡⊣⊔⟩≀\↙ P∇≀⌋↙ R↙ S≀⌋↙ L≀\⌈↙ B⇔ ∞∃△⇔ △∋∞↖△△▽↙ W⟩↕↕∫⟨⊣⊒⇔ D↙J↙ ↘ M⊣↕∫⌊⊓∇}⇔ C↙ ⊑≀\ ⌈⌉∇ ⇐∞∃∃⇒↙ A ⇕⊣∇‖⌉∇ ⟩\⌈⊓⌋⊔⟩≀\ ⇕⌉⌋⟨⊣\⟩∫⇕ {≀∇ ⊔⟨⌉ ⌉∫⊔⊣⌊↕⟩∫⟨⇕⌉\⊔ ≀{ ≀∇⌈⌉∇⌉⌈ \⌉⊓∇⊣↕ ⇕⊣√√⟩\}∫¬ ⟩⊔∫ ⊣√√↕⟩⌋⊣⊔⟩≀\ ⊔≀ ⊔⟨⌉ ∇⌉⊔⟩\≀⊔⌉⌋⊔⊣↕ √∇≀⌊↕⌉⇕↙ P⟨⟩↕↙ T∇⊣\∫↙ R≀†↙ S≀⌋↙ B⇔ ∈∀⇔ ∈′∋↖∈△∋↙ W⟩↕∫≀\⇔ G↙V↙ ↘ P⊣⊒↕⌉†⇔ G↙S↙ ⇐∞∃∀∀⇒↙ O\ ⊔⟨⌉ ∫⊔⊣⌊⟩↕⟩⊔† ≀{ ⊔⟨⌉ ⊔∇⊣⊑⌉↕↕⟩\} ∫⊣↕⌉∫⇕⊣\ √∇≀⌊↕⌉⇕ ⊣↕}≀∇⟩⊔⟨⇕ ≀{ H≀√⊘⌉↕⌈ ⊣\⌈ T⊣\‖↙ B⟩≀↕↙ C†⌊⌉∇\↙⇔ ▽∀⇔ ∌↖′↙ Y≀≀\⇔ M↙ ⇐∞∃∞⇒↙ R⌉≀∇}⊣\⟩‡⊣⊔⟩≀\ ≀{ ∇⌉⊔⟩\≀⊔⌉⌋⊔⊣↕ √∇≀|⌉⌋⊔⟩≀\ {≀↕↕≀⊒⟩\} ∫⊓∇}⟩⌋⊣↕ ≀√⌉∇⊣⊔⟩≀\∫ ≀\ ⊔⟨⌉ ≀√⊔⟩⌋ ⊔⌉⌋⊔⊓⇕ ⟩\ }≀↕⌈⊘∫⟨↙ E§√↙ N⌉⊓∇≀↕↙⇔ ∋∋⇔ ∋∃▽↖△∞∞↙ Y⊓⟩↕↕⌉⇔ A↙L↙ ⇐∞∃∃′⇒↙ G⌉\⌉∇⊣↕⟩‡⌉⌈ ⌈⌉{≀∇⇕⊣⌊↕⌉ ⇕≀⌈⌉↕∫⇔ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ √⟨†∫⟩⌋∫⇔ ⊣\⌈ ⇕⊣⊔⌋⟨⟩\} √∇≀⌊↕⌉⇕∫↙ N⌉⊓∇⊣↕ C≀⇕√⊓↖ ⊔⊣⊔⟩≀\⇔ ∈⇔ ∞↖∈△↙ Y⊓⟩↕↕⌉⇔ A↙L↙⇔ K≀↕≀⌈\†⇔ J↙A↙ ↘ L⌉⌉⇔ C↙W↙ ⇐∞∃∃∞⇒↙ D⟩⇕⌉\∫⟩≀\ ∇⌉⌈⊓⌋⊔⟩≀\⇔ }⌉\⌉∇⊣↕⟩‡⌉⌈ ⌈⌉{≀∇⇕⊣⌊↕⌉ ⇕≀⌈⌉↕∫ ⊣\⌈ ⊔⟨⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ ≀⌋⊓↕⊣∇⟩⊔† ⊣\⌈ ≀∇⟩⌉\⊔⊣⊔⟩≀\↙ H⊣∇⊑⊣∇⌈ R≀⌊≀⊔⟩⌋∫ L⊣⌊≀∇⊣⊔≀∇† T⌉⌋⟨\⟩⌋⊣↕ R⌉√≀∇⊔ \≀↙ ∃∞↖∋↙ Y⊓⟩↕↕⌉⇔ A↙L↙⇔ K≀↕≀⌈\†⇔ J↙A↙ ↘ L⌉⌉⇔ C↙W↙ ⇐∞∃∃∞⇒↙ D⟩⇕⌉\∫⟩≀\ ∇⌉⌈⊓⌋⊔⟩≀\⇔ }⌉\⌉∇⊣↕⟩‡⌉⌈ ⌈⌉{≀∇⇕⊣⌊↕⌉ ⇕≀⌈⌉↕∫ ⊣\⌈ ⊔⟨⌉ ⌈⌉⊑⌉↕≀√⇕⌉\⊔ ≀{ ≀⌋⊓↕⊣∇⟩⊔† ⊣\⌈ ≀∇⟩⌉\⊔⊣⊔⟩≀\↙ I\⊔⌉∇\⊣⊔⟩≀\⊣↕ J≀⟩\⊔ C≀\{⌉∇⌉\⌋⌉ ≀\ N⌉⊓∇⊣↕ N⌉⊔⊒≀∇‖∫⇔ S⌉⊣⊔⊔↕⌉⇔ J⊓↕† ∞∃∃∞⇔ II⇔ ▽∃↖′̸∈↙