Chapter 9

The Boundary at Infinity

Although the wave phenomena we can see in the laboratory live in finite regions of space,
it is often convenient to analyze them as if the traveling waves come in from and go out
to infinity. We have described traveling waves in infinite translation invariant systems. But
traveling waves are more complicated and more interesting in systems in which there are
boundaries that break the translation symmetry.

Preview

In this chapter, we introduce a new kind of “boundary condition” in systems that lack a bound-
ary! It will enable us to discuss reflection and transmission, and in general, the phenomenon
of scattering.

i. We discuss forced oscillation problems in semi-infinite systems, that extend to infinity
in one direction. We show that we can impose a “boundary condition” even though
there is no boundary, by specifying the amplitude of a wave traveling in one direction.
We then discuss scattering problems in infinite systems, describing the amplitudes for
transmission and reflection. We study the motion of a general wave with definite fre-
quency.

ii. We discuss electromagnetic plane waves in a dielectric.

iii. We discuss reflection and transmission by a mass on a string and two masses on a
string, showing how to use a “transfer matrix” to simplify the solution to the scatter
ing problem. We analyze reflection from a boundary between regions with different
wave number and show how to eliminate the reflection with a suitable “nonreflective
coating.”
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202 CHAPTER 9. THE BOUNDARY AT INFINITY

9.1 Reflection and Transmission

9.1.1 Forced Oscillation

Consider the forced oscillation problem in a semiinfinite stretched string that runs fdin
to x = oo. Suppose that
¥(0,t) = Acoswt. (9.2)

Then what ig)(z,t)? This is not a well-posed problem, because we only have a boundary
condition on one side. Furthermorg(oo,t) does not have a definite value. We can only
talk about the value of a function at infinity if the function goes to a constant value. Here, we
expecty(z,t) to continue to oscillate as — oo, so we cannot specify it. Instead, we can
specify either the incoming (traveling toward the boundany -at0 in the —z direction) or

the outgoing (traveling away from= 0 in the+x direction) traveling waves in the system.
This is called &boundary condition at co.”

For example, we could take our boundary condition at infinity to be that no incoming
traveling waves appear on the string. Physically, this corresponds to the situtation in which
the motion of the string at = 0 is producing the waves. In general, we can write a solution
with angular frequency as a sum of four real traveling waves

P(z,t) = acos(kx — wt) + bsin(kz — wt)

(9.2)
+ccos(kx + wt) + dsin(kx + wt) .
Then (9.1) implies
at+c=A, b—d=0, (9.3)
and the boundary condition @&t implies
c=d=0. (9.4)
Thus
P(x,t) = Acos(kx — wt). (9.5)

9.1.2 Infinite Systems

Now consider two semi-infinite strings with the same tension but different densities that are
tied together at = 0, as shown in figure 9.1. Suppose that inath€ 0 region (Regior/),

there is an incoming traveling wave with amplitulend angular frequencay, and in the

x > 0 region (Region/I), there is no incoming traveling wave. This describes a physical
situation in which the incoming wave Iris scattered by the boundary so that the other waves
are a transmitted wave T and a reflected wave i) both outgoing.
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Region/ Regionl [

incoming wave— z=0 transmitted wave—

«— reflected wave

Figure 9.1: Two semi-infinite strings tied together. at 0.

The key to this problem is to think of it as a forced oscillation problem. The incoming
traveling wave in regior is what is “causing” all the oscillations. We have put the word in
quotes, because the harmonic forni?, for the oscillation implies that it has been going
on forever, so that a philosopher might question this use of cause and effect. Nevertheless,
it will help us to think of it this way. If the reflected and transmitted waves are produced by
the incoming wave, their amplitudes will also be proportionalte’. As in a conventional
forced oscillation problem, we could add on any free oscillations of the system. However, if
there is any friction at all, these will die away with time, and we will be left only with the
oscillation produced by the incoming traveling wave, proportionatte’. The important
thing is that the frequency is the same in both regions, because as in a forced oscillation
problem, the frequency is imposed on the system by an external agency, in this case, whatever
produced the incoming traveling wave.

In our complex exponential notation in which everything has the irreducible time depen-
denceg~*. Right moving waves are e’** ¢~ and left moving waves are e "% ¢ ~iwt,

In this case, the boundary conditionstab require that

P(x,t) = e Ae™! 4+ R AeT e (9.6)

for x < 0in RegionI, and ‘ ’
Y(x,t) =71 Aeth'® giwt (9.7)

for x > 0in Region/I. The kandk’ are

k=wy\/p1/T, K =w\/pi/T, (9.8)

and R andr are (in general) complex numbers that determine the reflected and transmitted
waves. They are sometimes called the “reflection coefficient” and “transmission coefficient,”
or the “amplitudes” for transmission and reflection. Notice that we have defined the reflection
and transmission coefficients by taking out a factor of the amplitddef the incoming
wave. The amplituded, then drops out of all the boundary conditions, and the dimensionless
coefficientsk andr are independent od. This must be so because of the linearity of the
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system. We know that once we have found the solutian,t), for an incoming amplitude,
A, we can find the solution for an incoming amplituée,by multiplying our solution by
B/A. We will keep the parametedt, in our expressions faf(x, t), mostly in order to keep
the units right. A has units of length in this example, but in general, the amplitude of the
incoming wave will have units of generalized displacement (as in (1.107) and (1.108)).

To determineR and 7, we need a boundary conditionzat= 0 where [(9.6) and (9.7)
meet. Clearly)(x,t) must be continuous at= 0, thus

1+R=r. (9.9)

We have canceled the common factordef ! from both sides. The derivative must also
be continuous (for a massless knot) because the vertical forces on the knot must balance, thus

ik(l1 — R) = ik'T. (9.10)
Solving for R and rgives
2 1-K/k
L =y R R ©-11)

9.1.3 Impedance Matching

Note that we could replace the string in Regldrby a dashpot with the same impedance,
Zrr. This must be true because of the local nature of the interactions. The only thing that the
string forz < 0 knows about the string far > 0 is that it exerts a force at= 0 equal to

0
- Zn (%7#(0775)- (9.12)

Thus we also learned what happens when an incoming wave encounters a dashpot with the
wrong impedance. The amplitude of the reflected wave is givéhiby9.11).

The reflected wave in (9.11) vanisheg i ¥'. If K = £/, thenp; = p;; (from (9.8)),
and the impedance in regidns the same as the impedance in redidn This is a simple
example of the important principle of “impedance matching.” There is no reflection if the
impedance of the system in regibhis the same as the impedance of the system in région
The argument is the same as for the dashpot in the previous paragraph. What matters in the
computation of the reflection coefficient are the forces that act on the string @t Those
forces are determined by the impedances in the two regions. Nothing else matters. Consider,
for example, the system shown in figure 9.2 of two semi-infinite strings conneated @t
to a massless ring which is free to slide in the vertical direction on a frictionless rod. The
rod can exert a horizontal force on the ring, so the tensions in the two strings need not be the
same. In such a system, we can change both the density and the tension in the string from
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regionl to region/I. There will be no reflection so long as the product of the linear mass
density and the tension (and thus the impedance, from (8.22)) is the same in both regions,

Zr =piTr = /piTi = Zir - (9.13)

Region/ =0 Regioni [

incoming wave— transmitted wave-

«— reflected wave

Figure 9.2: A system in which impedances can be matched.

It is instructive to solve the scattering problem completely for the more general case
shown in figure 9/2This will give us a feeling for the meaning of impedance. The form of
the solution,[(9.6) and (9.7) is unchanged, but now the angular wave numbers satisfy

k=wy\/pt/Tr, ¥ =w\/p11/Tir. (9.14)

The boundary condition at = 0 arising from the continuity of the string, (9.9), remains
unchanged. However, (9.10) arose from the fact that the forces on the massless knot must
sum to zero so the acceleration is not infinite. In this case, from (8.21), the contribution of
each component of the wave to the total force is proportional to plus or minus the impedance
in the relevant region depending on whether it is moving ia-ther the—z direction. Thus

the boundary condition is

Zi(1—=R) = Zr. (9.15)
Then the reflection and transmission coefficients are
271 ARSIAS;
_ 7 e 9.16
’ Zr+ Zgg Zr+ Zi1 ( )

We have already discussed the case where the impedances match and the reflection coef-
ficient vanishes. It is also interesting to look at the limits in wiiick +1. First consider
the limit in which the impedance in regidi goes to infinity,

lim R=—1. (9.17)

This is situation in which it takes an infinite force to produce a wave in régionhus the
string in region/ I does not move at all, and in particular, the poiat 0 might as well be a
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fixed end. The solutior{9.17)ensures that the string does not move at 0, and therefore
that the solution in regioh is ¢ (z,t) « sin kz. This solution is an infinite standing wave
with a fixed end boundary condition.
In the opposite limit, in which the impedance in regidnrs zero, we get
lim R=1. (9.18)
Zrr—0

This time, it takes no force at all to produce a wave in regioriThus the end of regioh
atz = 0 feels no transverse force. It acts like a free end. The sol@@di&) ensures that
Y(x,t) o cos kx in regionl, so the slope of the string vanishes at 0. This solution is an
infinite standing wave with a free end boundary condition.

9.1.4 Looking at Reflected Waves

Oo1
In this section, we discuss what the displacement in Rédawoks like. We will find a useful
diagnostic for the presence of reflection. We will also conclude that standing waves are very
special.

Look at a wave of the form

Acos(kr — wt) + R Acos(kx + wt) . (9.19)

This describes an incoming traveling wave with some reflected wave of amgiitGde
could put in an arbitrary phase for the reflected wave but it would complicate the algebra
without changing the physics).

For R = +1, this is a standing wave. F& = 0, it is a traveling wave. To see how
the system interpolates between these two extremes, consider the motion of the crest of the
wave, a maximum of (9.19).

To find the maximum, we differentiate with respect tand set the result to zero. Elimi-
nating the irrelevant factor of, we get

sin(kz — wt) + Rsin(kx + wt) =0, (9.20)
or
(14 R)sinkz coswt = (1 — R) cos kx sinwt , (9.21)
or
tan ko = — i tan wt (9.22)
1+R ' '

(9.22)describes (implicitly — we could solve foras a function of if we felt like it) the
motion of the maximum as a function of time. We can differentiate it to get the velocity:
or 1—-R w

E(1+tan’ky) — = — " —— 9.23
( +tan x) ot 1+ R cos? wt ( )
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We have left(1 + tan? kz) in (9.23) so that we can eliminate it by using (9.22). Thus

Oz 1-Rw 1
ot 1+ Rk (1+tan?kz) cos? wt
_1-Rw 1
T1Y Rk (9.24)

2
1+ (%) tan? wt | cos? wt

) (1+R)(1 - R)
(1+ R)2cos?wt + (1 — R)?sin® wt

wherev = w/k is the phase velocity. Wheim wt vanishes, the speed of the maximum is
smaller than the phase velocity by a factor of

1-R

— 9.25
1+ R’ (9.25)
while whencos wt vanishes, the speed is larger thanthy the inverse factor,
1+ R
) 2
T R (9.26)

The wave thus appears to move in fits and starts. You can easily see this effect if you stare at
a system with a lot of reflection. The effect is illustrated in program 9-1.

We can draw a more general moral from this discussion. The general case of wave motion
is much more like a traveling wave than like a standing wave. Generically, excéptfor
+1, the wave crests move with time. As we approBck +1, one of the two velocities
in (9.25 and (9.26) goes to zero and the other goes to infinity. What happens when you are
close toR = +1 is then that the wave stays nearly still most of the time, and then moves
very quickly to the next nearly stationary position. A standing wave is thus a degenerate
special case of a traveling wave in which this motion is unobservable because, in a sense, it
is infinitely fast.

9.1.5 Power and Reflection

It is instructive to consider the power required to produce a traveling wave that is partially
reflected. That is, we consider the power required by a transverse force aatirg(ato
produce a wave in the regian> 0 that is a linear combination of an outgoing wave moving

in the +x direction and an incoming wave moving in the direction, such as might be
produced by a reflection at some large value.ofLet us imagine the most general one-
dimensional case, in a medium with impedafice

) =TRe (A i(kx—wt) + A i(—kz—wt)
b 1) =Re (Ase ¢ ) 0.27)
= Ry cos(kx — wt + ¢4) + R cos(—kx — wt + ¢_)
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whereR and ¢y are the absolute value and phase of the amplitudeThe velocity is

%@b(x, t) = wRysin(kxr —wt + ¢4) + wR_sin(—kx —wt + ¢_). (9.28)
Now because (9.27) involves waves traveling both initheand in the—z direction, we
cannot find the force required to produce the wave at thegpbinsimply multiplying [(9.28)
by the impedance/. However, we can use linearity. We can wiiter, t) = 4 (z,t) +
Y_(z,t), wherey (x,t) is the wave moving in thex direction. Then from (8.21), the force

required to producé, is
Fit) = Z 9 (0.1) (9.29)
while the force required to produge is
F_(t)= —Z%w,(o,t). (9.30)
Then the total force required to produtces

F(t) = F(t) + F_(t)

(9.31)
= ZwRy sin(—wt + ¢4) — ZwR_sin(—wt + ¢_).
Thus the power required is
0
P(t) = F(t) 24(.1)
=0 (9.32)
= Zw?R% sin®(—wt + ¢4) — Zw?R? sin®(—wt + ¢_).
The average power is then given by
1 1
Paverage = §ZM2(R3 - R%) = §ZM2 (’A+’2 - ’A—|2> : (933)

The result,[(9.32), has an obvious and important physical interpretation. Positive power is
required to produce the outgoing traveling wave, while the incoming wave gives energy back
to the system, and thus requires negative polies.power required to produce a general
traveling wave is thus proportional to the difference of the squares of the absolute values
of the amplitudes of the outgoing and incoming waves.

Note also that we can apply this discussion to the example of reflection at a boundary,
discussed above. We can check that energy is conserved in this scattering. The average power
required to produce the wave in regibis, from (9.33)

Ziw? — Zw? R?. (9.34)
The average power required to produce the wave in rddia)
Zrwir?. (9.35)

Using (9.16), you can check that these are equal.
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9.1.6 Mass on a String

bo-2

1— T —

— R

Figure 9.3: A mass on a string.

Consider the transmission and reflection of waves from a masg,z = 0 on a string
with linear mass density and tensiorl’, stretched fromx = —oo to x = oo, shown in
figure9.3. Before we calculate the coefficients for reflection and transmission, let us guess
the result in two extreme limits.

m small — Here we expect that the reflection to be small and the transmission close to one,
because in the limit
m—0=7—1landR — 0. (9.36)

m large — Here we expect the transmission to be small and the reflection clede be-
cause in the limit
m—oo=7—0andR — —1. (9.37)

“Large or small compared to what?” you ask! That we can answer by dimensional analysis.
The relevant dimensional parameters @arew, k, p andT. However, one of these is not
independent, because of the dispersion relat@B). If we use(6.5)to eliminatel’, thenw

cannot be relevant to the question, because it is the only thing left that involves the unit of
time. The only dimensionless quantity we can build is

mk  muw?
€= — =

p kT

(9.38)

Now that we have guessed, we can do the calculation. It follows from translation invari-
ance and the boundary conditionrat oo that

Y(x,t) = AehT 7t L R Aem T o7l for 1 < 0 (9.39)

Y(z,t) = 7 Aet*® et for 2 > 0 (9.40)

where, as usualR and r are “amplitudes” for the reflected and transmitted waves. The
boundary conditions are
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continuity — The fact that the string doesn’t break implies that it is continuous, so that
¥(0,t) can be computed with either (9.39) lor (9.40). This implies

1+R=r1. (9.41)

F'=ma— The horizontal component of the tension in the string must be equal on the two
sides. Both are about equalTofor small displacements. However, if there is a kink
in the string, the vertical components do not match, as shown in [figure 9.4 (see also
(8.16)-(8.1%). The force on the mass is then the tension times the slopeXof
minus the tension times the slope fox 0, thus F'= ma becomes

o 0
T <6m P(x,t)] ot — 9z ¢($at)xo)

5?2 (942)
= m = (0, t
or
ikT (R—147) = —mw’T. (9.43)
Thus
l1+R=7, 1-R=(1—1ieT, (9.44)
so that 5 ]
i€
— = . 4
TT 9 e i 2 — e (9:49)

Clearly, this is in accord with our guess.

A

Figure 9.4: The force on the mass.

Note that these amplitudes, unlike those in (9.11), are complex numbers. The transmitted
and reflected waves do not have the same phase as the incoming wave at the boundary. The
phase difference between the transmitted (or reflected) wave is called a “phase shift.” One
interesting feature of the solution, (9.45), that we did not guess is that fo,ldngesmall
transmitted wave i80° out of phase with the incoming wave.
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This scattering is animated in program 9-2. The solution is also decomposed into incom-
ing, transmitted and reflected waves. Stare at the mass and see if you can understand how the
kink in the string is related to its acceleration. You can also make the mass larger and smaller
to approach the limits (9.36) and (S.37).

9.2 Index of Refraction

Matter is composed of electric charges. This is something of a miracle. We cannot understand
it without quantum mechanics. In a purely classical world, there would be no stable atoms or
molecules. Because of quantum mechanics, the world does not collapse and we can build sta-
ble chunks of matter composed of equal numbers of positive and negative charges. In a chunk
of matter in equilibrium, the charge and current are very close to zero when averaged over any
large smooth region. However, in the presence of external electric and magnetic fields, such
as those produced by an electromagnetic wave, the charges out of which the matter is built
can move. This gives rise to what are called “bound” charges and currents, distinguishable
from the “free” charges that are not part of the matter itself. These bound charges-and cur
rents affect the relation between electric and magnetic fields. In a homogeneous and isotropic
material, which is a fancy way of describing a material that does not have any preferred axis,
the effects of the matter (averaged over large regions) can be incorporated by replacing the
constantsg andyg by the permittivity and permeability,andu. Then Maxwell's equations

for electromagnetic waves, (8.35)-(8.37), are modifiéd to

0E, OE, 0B, 0E. 0E, OB,

Ox oy ot 0 0z ot ’
" om, “om. " o8, (9.46)
0z oxr ot
0B, 0B, 0F, 0B, 0By OFE,
- = HE ) - = HE ’
Oz ay ot 83/ 0z ot (9.47)

OB, 0B, _ €8Ey
0z or Mot
OE, OE, OF. 0B, 0B, OB.
6$+6y+02 0, 3x+8y+02 0 (9.48)

Now (8.41)-(8.47 are satisfied with the appropriate substitutions,

€0 — €, Ho— [L- (9.49)
In particular, the dispersion relation, (8.47), becomes

1
W= = 2 = OO 242 (9.50)
e L€

'See Purcell, chapter 10.
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so electromagnetic waves propagate with velocity

w Ho€o

v=—=c , (9.51)
k €
and (8.48) becomes
Bf = +/neer, By = T\/eey - (9.52)
The factor
n= |t (9.53)
Ho€o

is called the index of refraction of the materiafn is the ratio of the speed of light in the
material to the speed of light in vacuum. In terms,ofve can write (9.52) as

n mn
By = izaf, G = $Z€;t. (9.54)

Note also that we can rewrite (9.50) in the following useful form:

k=n". (9.55)
C
For fixed frequency, the wave number is proportional to the index of refraction. For most
transparent materialg, is very close to 1, and can be ignored. Buan be very different
from 1, and is often quite important. For example, the index of refraction of ordinary glass
is about 1.5 (it varies slightly with frequency, but we will discuss the interesting and familiar
consequences of this later, when we treat waves in three dimensions).

9.2.1 Reflection from a Dielectric Boundary

Let us now consider a plane wave in the direction in a universe that is filled with a
dielectric material with index of refraction = +/¢/¢g, for z < 0 and filled with another
dielectric material with index of refractiorf = /€/¢q, for z > 0. The boundary between
the two dielectrics, the plane= 0, is analogous to the boundary between two regions of the
rope in figure 9.1. We would, therefore, expect some reflection from this surface.

Because the electric field in a plane electromagnetic wave is perpendicular to its direction
of motion, we know that in this case that it is in the plane. It doesn't matter in what
direction the electric field of our incoming plane wave is pointing incteplane. That is
clear by symmetry. The system looks the same if we rotate it around#ie thus we can
always rotate until our; vector is pointing in some convenient direction, sayctbgection.

It is then pretty obvious that the reflected and transmitted waves will also have their electric
fields in thetx direction. Actually, we can turn this into a symmetry argument too. If we
reflect the system in thez plane, both the incoming wave and the dielectric are unchanged,
but anyy component of the transmitted or reflected waves would change sign. Thus these
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components must vanish, by symmetry. Magnetic fields work the other way, because of the
cross product of vectors in their definition. Thus we can write

E.(z,t) = Aeikz—wt) 4 p goi(—kz—wt)
n n forz <0, (9.56)
By(z,t) = — Aeilkz—wt) ' p g i(—kz—wt)

c c

and
Ey(z,t) = 7 Acilk=—0)

n forz >0, (9.57)
By(zvt) = ?7’ Aei(kz_""t)

where we have continued our convention of calling the amplitude of the incomingdwave
Here, A has units of electric field. 1n (9.56) and (9.57), we have used (9.54) to dgefitid
from theF field.

To computeR andr, we need the boundary conditionsat 0. For this we go back to
Maxwell. The only way to get a discontinuity in the electric field is to have a sheet of charge.
In a dielectric, charge builds up on the boundary only if there is a polarization perpendicular
to the boundary. In this case, the electric fields, and therefore the polarizations, are parallel to
the boundary, and thus tl&field is continuous at = 0. The only way to get a discontinuity
of the magnetic fieldB, is to have a sheet of current.ulfvere not equal to 1 in one of the
materials, then we would have a nonzero magnetization, and we would have to worry about
current sheets at the boundary. However, because these are only dielectrics; dnith
both, there is no magnetization and fdield is continuous at = 0 as well. Thus we can
immediately read off the boundary conditions:

1+R=7, n(l—-R)=n'T. (9.58)
Because of (9.55), the boundary condition (9.58) is equivalent to
1+R=7, k(1-R)=Fkr, (9.59)
which looks exactly like (919) and (9/10). We can simply take over the results of (9.11),
2 1-K/k
- = /- 9.60
T Kk 1+ k' /k (9.60)

9.3 * Transfer Matrices

9.3.1 Two Masses on a String

Next consider the reflection and transmission from two masses on a string, as in figure 9.5.
Now translation invariance and the boundary conditian-atoo imply that

Y(x,t) = AeFT 7t L R Aem T o7l for 1 < 0, (9.61)
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z=0 =1L
1— Tr — T —

— R — R;

Figure 9.5: Two masses on a string.

Y(x,t) =1Tr AT et L R Aem el for0 <z < L, (9.62)
Y(x,t) =71 A e @forz > L. (9.63)
x=/
T — Tip —
.
— Ry — Rys

Figure 9.6: The general scattering problem from a mass on a string.

We could solve this problem in the same way, simply imposing boundary conditions
twice, atz = 0 and atx = L, but there is a systematic way of doing this that is very useful.
Consider first the general scattering problem from a single mass &t with both incoming
and outgoing waves on both sides, as shown in figure 9.6. This is the most general possible
thing that can happen in scattering from a single mass, and we will be able to use the result
to do much more complicated problems without any additional work. The general solution
has the form

Y(x,t) = Ty Aetk® 7 4 Ry Ae™ k% o=t for oo < ¢ (9.64)

w(x, t) =Tyg Aethr o=t L R Ae” T e~ for > 4 (9.65)

The boundary conditions are continuity —

TI eik:@ + RI e—i/{:€ _ TII eikf + RII 6—ik€ (966)
and F'= ma — 5 5
T (5 vt — 5 V@0l )
z 52 x (9.67)
=Mos p(L,t)
or
ikT ((Tyr — T7) e + (R; — Ryp) e ™
(( 1 —17) (Rr 1) ) (9.68)

= —mw? (Trr e + Ry e_”“g) )
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Solving forT; and Ry gives
1 ,
T[ = 5 [(2 — ie) T]] — 1€ R[[ 6_2”%} y

1
2

(9.69)

Ry = o [(2+i€) Ryy +ie Ty ¥ .

The important point is that because of linearity, the result/(9.69) can be written in matrix

form: T o
<RI) = () (RII> (3.70)

2 —ie) —iee 2kt
dil) = - (. ; .

() 2 < ie et (2 + i) >
The matrix,d(¢), is a “transfer matrix.” It allows us to get from the amplitudes in one
region to those in the next by just doing a matrix multiplication. We can use this to solve the
two mass problem without any further calculation except a matrix multiplication. Comparing

the general result, (9.70), with the two mass problem, figure 9.5, we see immediately that

where the matrixi(¢)
(9.71)

@) — d(0) (?,) , 9.72)

and
(g) = d(L) (g) . (9.73)

Thus
@) — d(0) d(L) (g) | (9.74)

Doing the matrix multiplication,

1
a0)d(z) = ;

(9.75)

(2 — i€)? + e2e2ikL —je ((2 —ie)e kL 4 (2 4 ie))
i€ ((2 —ie) + (2 + ie)e%kL) (2 4 i€)? + 22k )
So
. 4
T (2 — i€)? 4 2ekL (9.76)

R =ie((2—ie) + (2 + ie)e?) % .
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Note that the reflection and transmission shows interesting resonance structure. For ex-
ample, the reflection vanishes for

4 2 — 1€
eszL —

) 9.77
2+ 1€ ( )

In figure9.7, |71 and|R| are plotted versusfor kL = 0.5.

1

Figure 9.7:|7| and |R plotted versus for two masses on a string.

9.3.2 k Changes

Region/ Regionl [
T — r=1{ T —
— Ryy — Ry

Figure 9.8: The general scattering problem for a change of

Let us return to the simple example at the beginning of the chapter of a boundary between
two regions of string with different values fof This is a very important example because its
general features are characteristic of many important physical systems. For example, when a
light-wave encounters a transparent mediumktredue changes. That situation is somewhat
more complicated because of the three-dimensional nature of light waves and because of
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polarization. However the analogy between (9.59) and (9.9) and (9.10) means that we can
take over the discussion of of the string directly to electromagnetic waves reflecting from
a dielectric boundary perpendicular to the direction of the wave. In this section, we apply
the general method of transfer matrices discussed in the previous section to this important
example. Thus we consider the situation shown in figure 9.8. where the waves have the form

W(z,t) = et (TI e | R, e—“ﬂx) in T, (9.78)

Y(x,t) = Ae™ ™! (TH e™2® L Ryp e—i’m) inIT. (9.79)

Then as in (9/9) and (9.10), the boundary conditions arestisatontinuous at = ¢, which
implies ‘ ' ' ‘

Tr 6lk1€ + R; G_Zkle =Tir 6”624 + Ryr 6’_2]@K , (980)

and that the slopéy/Jx is continuous at = ¢, which implies
ikl (T[ €ik1£ — R] €_ik1£) = ikz (T][ €ik2£ — R[] €_ik2£) . (981)

Solving the simultaneous linear equations, (9.80) and|(9.81); fand R; and express-
ing the result in matrix form, we find

7\ Tty
(3) - s (B2).
where
1 (1+@) pikal—ikit (1_ @) o—ikat—ikil
dlk ke, 0) =5 | 0 o i , o e | - (983)
(1-%) e (1+8) e

(9.82)is a very general result becaugek, and/ can be anything. Note that the relation

is symmetrical:
Ty ) < Ty )
= d(kg, k1, . 9.84
(RH (ks 1, ) Ry (9.84)

In matrix language, that implies that
d(ka, k1,€) d(k1, k2, 0) = 1. (9.85)

It is also useful to use the properties of matrix multiplication to rewrite [(9.83) in the
following form:
d(ky, k2, €) = b(ky, )" 7(ka, ko) b(ka, ) , (9.86)

where A
ezkﬁ 0
k0 = () e ) (9.87)
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and

k1, k) = d(ky, ko, 0) = = ( (L) (1-8) ) . (9.88)

\(-8) ()

You will see the utility of this in the computer problem, (9.6).

9.3.3 Reflection from a Thin Film

Region/ Region/I Region/I1
1— z=0 T — =1L T —
— R — Ry

Figure 9.9: Reflection from a thin film.

Consider the situation shown in figure/9v8here the wave numbers arefor x < 0,
ko for 0 < z < L andks for x > L. As usual, translation invariance plus the boundary
condition at infinity (that the incoming wave irhas amplitude4, and that there is only an
outgoing wave in /1) implies
Y(x,t) = Ae™ ™! (eiklx + Re*ik”’”) forz <0,
Y(x,t) = Ae~wt (TH 2T 4 Ry e*ik”) forO0<z<L, (9.89)
Y(x,t) = 7 Ae Wttt for [ < .

Then we know from the results of the previous section that

(;) = d(ky, k2, 0) (gf;]) (9.90)

e (gyj) = d(ks, k3, L) (8) (9.91)
and therefore

(11%) — Ak, ks, 0) d(ks, ks, L) <g> . (9.92)

d(klv k27 O) d(k27 k37 L)

(9.93)
= b(k1,0) " 7(ky, ko) b(ko, 0) b(ka, L)™' 7(ka, k3) b(ks, L)



9.3. * TRANSFER MATRICES 219

Often we are interested in the situatign= &1, that describes a film (in one-dimension,
a film is just a region i) in an otherwise homogeneous medium. This is then a one-
dimensional analog of the reflection of light from a soap bubble. Then the transfer matrix

looks like
1((1+’£i) (1—’23)) ()
4 _ ke k2 0 etk
(1-%) (1+8) (9.94)
((HZ;) (1—22)) ()
k k —ik1 L
(k) (eg)) N0 o™
Thus ) ,
1= (cos kol — 1 kéljka sin k2L> el (9.95)
1h2
and
R=-— zk%_kg sinkoL | 1 7 (9.96)
k1 ko 2 '
or .
k2 + k2 a )
T = <cos koL — i 21 ]jk 2 gin k2L> e ikl (9.97)
1h2
and .
K-k K2+ k3 -
= — L L — L . .
R (z STy sin ko cos ko ) STy sin ko (9.98)

Here we see the phenomenonegonant transmission The wave does not get reflected at
all if the thickness of the film is an integral or half-integral number of wavelengths. Note,
also, that whelk, — k1, 7 — 1 andR — 0 as they should, because in this limit there is no
boundary.

The reflection in[(9.98) varies rapidly with, as shown figure 9.10, where we plot the
intensity of the reflected wave vergysfor fixed ratiok; /ke2 = 3. It is this rapid variation of
the intensity of reflected light as a function of wavelength that is responsible for the familiar
color patterns on thin films like soap bubbles and oil slicks.

9.3.4 Nonreflective Coating

We will not work out the general case laf # k3, simply because the algebra is a mess.
However, one important special case is worth noting. Suppose that you have a boundary
between media in which the wave number of your traveling wave,aadks. Normally,

you find reflection at the boundary. The question is, can you add an intermediate film layer
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0.5 7

|RJ?

0 10/L
ko —

Figure 9.10: Graph df?|? versusk, for ki /ks = 3.

with wave numbeks, that eliminates all reflection? The answer is yes. First you must adjust
the wave number in the film to be the geometric mean ahdks, so that

k k
kf = I?z (9.99)
Then the transfer matrix becomes
(08 foB)) ()
4 _ ko k 0 eik2L
(1-%) (1+8) (9.100)

k
((”’fi?) ( —’éi)) ()
k k —iksL .
(k) (k)N 0 ™
It is easy to check that the reflection vanishes when there are a half-odd-integral number of
wavelengths in the intermediate region,
koL = (2n + 1)% . (9.101)

In qualitative terms, the reflection vanishes because of a destructive interference between the
reflected waves from the two boundaries. This has practical applications to nonreflective
coatings for optical components.

Chapter Checklist

You should now be able to:



PROBLEMS 221
i. Analyze scattering problems by imposing boundary conditions and computing reflec-
tion and transmission coefficients;

ii. ldentify a wave with some reflection, and differentiate it from a pure traveling or stand-
ing wave;

iii. Check energy conservation in scattering problems;

iv. Analyze electromagnetic plane waves in a dielectric, and the reflection from a dielectric
boundary;

v. * Use transfer matrices to simplify the analysis of scattering from more than one bound-
ary.
Problems

9.1

K K K K K K K
QQOIm QQQm QQQImIQQOMIQQAMIQQAMIQQQ

L -

Region | =0 r=a Region I

Shown above is the boundary between two semi-infinite systems. To the left, there are identi-
cal blocks of mass:. To the right, there are identical blocks of m&ssThey are connected

as shown by identical massless springs with spring constasiuch that the equilibrium sep-
aration between neighboring blockszisConsider the reflection of a traveling longitudinal
wave from the boundary between these two regions. That is, assume that in region | there is
an incident wave of amplitudé traveling to the right and a reflected wave traveling to the
left. In a complex notation, the displacement of the mass with equilibrium paosison

QIZ)({L',t) = Ae_i(Wt_kr) + RAe—i(wt—i-k:L')

for z < a. What is the relation betweenandk?
In region I, there is only a transmitted wave:

Y(x,t) = T Aei(wt=H'z)
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for z > 0. What is the relation betweenand%’? Find the appropriate boundary conditions
that allow you to relate(x, t) in the two regions and solve f& (do not bother to simplify
the complex number). Check your result by taking the limit,of» and M going to zero
with m/a and M /a fixed and comparing with an appropriate continuous system.

9.2 An infinite line of coupled pendulums supports traveling waves, but it has no stand-
ing wave normal modes in which the displacement of the pendulums goes to zero at infinity.
Consider, however, the system shown below:

-31QQQ-210QQ-11QQQ 01QQQ11QQQ 21009 3

Here blocko is free to slide longitudinally with no gravitational restoring force, only the
coupling due to the springs. If the blocks have messthe springs’ spring constaf,

the separation between neighboring blocks, iand the pendulums have lendtHfind the
frequency of the standing wave normal mode of the system in which the displacements are
Ae " for x > 0 and A e"* for x < 0. Hint: Consider the subsystema < = < q, as

part of an infinite system with appropriate boundary conditions. Then you can get the answer
directly from the dispersion relation.

9.3

z=0

Consider a string with linear mass dengitgplit into two pieces. The two halves are attached
to a massless ring which slides vertically without friction on a rad-at0. One of the two
halves is stretched in the negativelirection with tensiori’. The other is stretched in the
positive z direction with tensior?”. Note that the vertical rod is necessary to balance the
horizontal forces on the massless ring from the two strings with different tensions.

Suppose that a traveling wave comes in from the negatiirection. Then the displace-
ment of the strings in the two regions is

Yz, t) = AeF® e= ™t 4 R Ae™ T =" for 1 < 0

Wz, t) =7 AeF T e or 2 > 0.
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a. Findk, ¥/, J/, ¥/ andw” in terms ofw, T, T" and p.Hint — this is easy!
b. Write down the two boundary conditionsmat 0 and findR andr.
9.4 Consider traveling waves in an infinite system, part of which is shown below, for

longitudinal (horizontal) motion of the blocks.

QOI-31QQ-21Q9 -11QQ 0100 11QQ 290 31QQ

All the blocks have mass, except for block @vhich is masslessThe springs are massless
and have spring constafit. The separation between neighboring blocks i$o the left of
block 0, which we will take to be at= 0, there is an incoming and a reflected wave, so that
the longitudinal displacement of the blocks oK 0 has the form

Aezkr—zwt + RAe—zkx—zwt )

To the right of the massless block, there is a transmitted wave, so that the longitudinal dis-
placement of the blocks far > 0 has the form

T Aeikw—iwt

w andk are related by the dispersion relation

a. Explain the physics of the boundary conditions at 0.
b. Find Rand T

9.5 Consider a semi-infinite system of two kinds of massive string with different densi-
ties, shown below:

! region/ ! regionl/
x=—L z=0

The density of the string in regidnis pand in region/ I is p’. The tension in both strings is
T. Suppose that the endmat — L is oscillated in the transverse direction with displacement
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x sinwt. This produces an outgoing wave (moving to the right) in refiovith no incoming

wave. Suppose that = %\/? Find the displacement at the paint= 0 as a function of
time.

9.6. If you are doing a reflection and transmission problem involving several different
regions, and thus requiring several boundary conditions, the transfer matrix is very helpful.
You saw this in the analysis of scattering from a thin film.

Your computer assignment is to extend this analysis to incorpdraseich boundary
conditions wheren is some large integer. In particular, consider a continuous string with
wave numbeks for L < x < 2L,3L <z < 4L, ---,and (2—1)L < x < 2nL, andk,

elsewhere.
1 '\/\/\ o

0 1 2 3
Figure 9.11:n = 3.

Takek; = k andk, = 2k. Compute the amplitude for transmission of an incoming
wave in this system as a functionloby doing the appropriate multiplication f matrices.

To do this, you must program your computer to multiply complex matrices. Organize your
program in an iterative way, so that you can changasily. This will allow you to start out
with smalln and go to largen only when you are sure that the program is working.

If possible, you should present the results in the form of a graph of the absolute value of
the transmission coefficient versus, for0 < L < 7 /2k. As you go to higher, something
interesting happens. The transmission coefficient drops nearly to zero in a regialuds.

Even if you cannot produce a graph, you should be able to find the rahderofhich the
transmission goes to zeromagets large.

Hint: Forn = 3, the result should look like the graph in figQré&1.
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