
Chapter 11 

Two and Three Dimensions 

The concepts of space translation invariance and local interactions can be extended to sys-
tems with more than one space dimension in a straightforward way. But in two and three 
dimensions, these ideas alone are not enough to determine the normal modes of an arbitrary 
system. One needs extra tricks, or plain hard work. 

Preview 

Here, we will only be able to discuss the very simplest sort of tricks, but at least we will be 
able to understand why the problems are more difficult. 

i. We begin by explaining why the angular wave number, k, becomes a vector in two 
or three dimensions. We find the normal modes of systems with simple boundary 
conditions. 

ii. We then discuss scattering from planes in two- and three-dimensional space. We derive 
Snell’s law of refraction and discuss total internal reflection and tunneling. 

iii. We discuss the example of Chladni plates. 

iv. We give a two-dimensional example of a waveguide, in which the waves are con-
strained to propagate only in one direction. 

v. We study water waves (in a simplified version of water). 

vi. We introduce the more advanced topic of spherical waves. 
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Figure 11.1: A two-dimensional beaded mesh. 

11.1 The ~k Vector 

Consider the two-dimensional beaded mesh, a two-dimensional analog of the beaded string, 
shown in figure 11.1. All the beads have mass m. The tension of the horizontal (vertical) 
strings is TH (TV ) and the interbead distance is aH (aV ). There is no damping. We can 
label the beads by a pair of integers (j, k) indicating their horizontal and vertical positions as 
shown. Alternatively, we can label the beads by their positions in the x, y plane according to 

(x, y) = (jaH , kaV ) . (11.1) 

Thus, we can describe their small transverse (out of the plane of the paper, in the z direction) 
oscillations either by a matrix ψjk(t) or by a function 

ψ(x, y, t) ; 0 ≤ x ≤ 5aH , 0 ≤ y ≤ 4aV . (11.2) 

We will use (11.2) because we can then extend the discussion to continuous systems more 
easily. We are interested only in the transverse oscillations of this system, in which the blocks 
move up and down out of the plane of the paper, because these oscillations do not stretch the 
strings very much (only to second order in the small displacements). The other oscillations 
of such a system have much higher frequencies and are strongly damped, so they are not very 
interesting. 



255 11.1. THE ~k VECTOR 

As in the one-dimensional case, the first step is to remove the walls and consider the 
infinite system obtained by extending the interior in all directions. The oscillations of the 
resulting system can be described by a function ψ(x, y, t), where x and y are not constrained. 

This infinite system looks the same if it is translated by aV vertically, or by aH hori-
zontally. We can write down solutions for the infinite system by using our discussion of the 
one-dimensional case twice. Because the system has translation invariance in the x direction, 
we expect that we can find eigenstates of the M−1K matrix proportional to 

e ikxx (11.3) 

for any constant kx. Because the system has translation invariance in the y direction, we 
expect that we can find eigenstates of the M−1K matrix proportional to 

iky ye (11.4) 

for any constant ky. Putting (11.3) and (11.4) together, we expect that we can find eigenstates 
of the M−1K matrix that have the form 

iky y k·~rψ(x, y) = Aeikxx e = Aei~ (11.5) 

where ~k · ~r is the two-dimensional dot product 

~k · ~r = kxx + kyy . (11.6) 

In other words, the wave number has become a vector. 
As with the one-dimensional system, we can use (11.5) to determine the dispersion re-

lation of the infinite system. Putting in the t dependence, we have a displacement of the 
form 

k·~r −iωt ψ(x, y, t) = Aei~ e . (11.7) 

The analysis is precisely analogous to that for the one-dimensional beaded string, with the 
result that ω2 is simply a sum of vertical and horizontal contributions, each of which look 
like the dispersion relation for the one-dimensional case: 

4TH 4TV
ω2 = sin2 kxaH + sin2 kyaV 

. (11.8) 
maH 2 maV 2 

Equations (11.7) and (11.8) are the complete solution to the equations of motion for the 
infinite beaded mesh. 
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11.1.1 The Difference between One and Two Dimensions 

.............................
...............................................................................
........
............................................................................................................................................. ... . 11-1. ... . 

So far, our analysis has been essentially the same in two dimensions as it was in one. The 
next step, though, is very different. In the one-dimensional case, where the normal modes 
are e±ikx, there are only two modes with any given value of ω2 . Thus, no matter what the 
boundary conditions are, we only have to worry about superposing two modes at a time. But 
in the two-dimensional case, there are a continuously infinite number of solutions to (11.8) 
for any ω, because you can lower kx and compensate by raising ky. Thus a normal mode 
of the finite two-dimensional system with no damping (which is just some solution in which 
all the beads oscillate in phase with the same ω) may be a linear combination of an infinite 
number of the nice simple space translation invariant modes of the infinite system. 

Sure enough, in general, the two-dimensional case is infinitely harder. If figure 11.1 
were a system with a more complicated shape, we would not be able to find an analytic 
solution. But for the special case of a rectangular frame, aligned with the beads, the boundary 
conditions are not so bad, because both the modes, (11.5) and the boundary conditions can 
be simply expressed in terms of products of one-dimensional normal modes. 

The boundary conditions for the system in figure 11.1 are; 

ψ(0, y, t) = ψ(LH , y, t) = ψ(x, 0, t) = ψ(x, LV , t) = 0 , (11.9) 

where 
LH = 5aH , LV = 4aV . (11.10) 

In the corresponding infinite system, a piece of which is shown in figure 11.2, (11.9) implies 
that the beads along the dotted rectangle are all at rest. Comparing figure 11.1 and figure 11.2, 
you can see that this boundary condition captures the physics of the walls in figure 11.1. 

Now to find the normal modes of the finite system in figure 11.1, we must find linear 
combinations of modes of the infinite system that satisfy the boundary conditions, (11.9). We 
can satisfy (11.9) by forming linear combinations of just four modes of the infinite system:1 

Ae±ikxx ±iky ye (11.11) 

where 
kx = nπ/LH , ky = n 0π/LV . (11.12) 

Then we can take the solutions to be a product of sines, 

ψ(x, y) = A sin(nπx/LH ) sin(n 0πy/LV ) 
(11.13) 

for n = 1 to 4 and n 0 = 1 to 3 . 

1There is a symmetry at work here! The modes in which the ~k vector is lined up along the x or y axes are 
those that behave simply under reflections through the center of the rectangle. 
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Figure 11.2: A piece of an infinite two-dimensional beaded mesh. 

The frequency of each mode is given by the dispersion relation (11.8): 

4TH 4TV 
0πaVsin2 nπaH

ω2 = + sin2 n . (11.14) 
maH 2LH maV 2LV 

These modes are animated in program 11-1. 
The solution of this problem is an example of a technique called “separation of variables.” 

In the right variables, in this case, x and y, the problem falls apart into one-dimensional 
problems. This trick works equally well in the continuous case, so long as the boundary 
surface is rectangular. If we take the limit in which aV and aH are very small compared to 
the wavelengths of interest, we can express (11.8) in terms of quantities that make sense in 
the continuum limit, just as in the analysis of the continuous one-dimensional string as the 
limit of the beaded string, in chapter 6. Assume, for simplicity, that 

aV = aH = a and TV = TH = T (11.15) 

(so that the x and y directions have the same properties). The quantities that characterize the 
surface in this case are the surface mass density, 

m 
ρs = , (11.16)

2a
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and the surface tension, 
T 

Ts = . (11.17) 
a 

The surface tension is the pull per unit transverse distance exerted by the membrane. When 
these quantities remain finite as the separation, a, goes to zero, (11.8) becomes 

Ts Ts 2 
~ω2 = 

³ 
kx 

2 + ky 
2 ́

 
= 

¯̄
¯k 

¯̄
¯ . (11.18)

ρs ρs 

An argument that is precisely analogous to that for the one-dimensional case shows that in 
this limit, ψ(x, y, t) satisfies the two-dimensional wave equation, 

∂2 
Ã 

∂2 ∂2 
!

2 2 ~ψ(x, y, t) = v + ψ(x, y, t) = v r 2ψ(x, y, t) . (11.19)
∂t2 ∂x2 ∂y2 

Note that in this limit, the special properties of the x and y axes that were manifest 
in the finite system have completely disappeared from the equation of motion. The wave 
numbers kx and ky form a two-dimensional vector ~k. The infinite number of solutions to the 
dispersion relation (11.18) are just those obtained by rotating ~k in all possible ways without 
changing its length. This makes it possible to solve for the normal modes in circular regions, 
for example. But we will not discuss these more complicated boundary conditions now. It is 
clear, however, that (11.13) is the solution for the rectangular region in the continuous case, 
and that the corresponding frequency is 

Ts 

"µ 
nπ 

¶2 µ 
n0π 

¶2
# 

ω2 = + . (11.20)
ρs LH LV 

Now because the system is continuous, the integers n and n0 run from zero to infinity (though 
n = n0 is not interesting), or until the continuum approximation breaks down. 

11.1.2 Three Dimensions 

The beaded mesh cannot be extended to three dimensions because there is no transverse di-
rection. But a system of masses connected by elastic rods can be three-dimensional, and 
indeed, this sort of system is a good model of an elastic solid. This system is rather com-
plicated because each mass can move in all three directions. A two-dimensional version of 
this is illustrated in figure 11.3. This system is the same as figure 11.1 except that the strings 
have been replaced by light, elastic rods, so that system is in equilibrium even without the 
frame. Now we are interested in the oscillations of this system in the plane of the paper. 
Compared to figure 11.1, this system has twice as many degrees of freedom, because each 
block can move in both the x and y direction, while in figure 11.1, the blocks moved only 
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Figure 11.3: A two-dimensional solid, with masses connected by elastic rods. 

in the z direction. This means that we cannot use space translation invariance alone, even to 
determine the modes of the infinite system. 

For each value of ~k, there will be four modes rather than the usual two. We would have 
to do some matrix analysis to see which combinations of x and y motion were actually the 
normal modes. We will not do this in general, but will discuss it briefly in the continuum 
limit, to remind you of some physics that is important for fields like geology. 

Consider the continuous, infinite system obtained by taking the a’s very small in fig-
ure 11.3, with other quantities scaling appropriately. Consider a wave with wave number ~k. 
The normal modes will have the form 

~ k·~rAe±~
, (11.21) 

~ ~for some vector A (in the three-dimensional case, A is a 3-vector, in our two-dimensional 
example, it is a 2-vector). If the system is rotation invariant, then there is no direction picked 
out by the physics except the direction of ~k. Then the normal modes must be a longitudinal 
or “compressional” mode 

~A ∝ ~k , (11.22) 

and a transverse or “shear” mode 
~A ⊥ ~k . (11.23) 
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Each mode will have its own characteristic dispersion relation. In three dimensions, there 
will be two shear modes, because there are two perpendicular directions, and they will have 
the same dispersion relation, because one can be rotated into the other. 
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Figure 11.4: A two-dimensional system of beads and springs. 

11.1.3 Sound Waves 

In a liquid or a gas, there are no shear waves because there is no restoring force that keeps the 
system in a particular shape. The shear modes have zero frequency. If we replaced the rods in 
figure 11.3 with unstretched springs, we would get a system with the same property, shown in 
figure 11.4. Without the frame, this system would not be rigid. However, the compressional 
modes are still there. These are analogous to sound waves. For an approximately continuous 
system like air, we expect a dispersion relation of the form 

ω2 = v 2 ~k2 (11.24) 

where v is constant unless k is too large. We have already calculated v, in (7.43), by consid-
ering one-dimensional oscillations. It is called the speed of sound because it is the speed of 
sound waves in an infinite or semi-infinite system. 

We can describe the normal modes of a rectangular box full of air in terms of a function 
P (x, y, z) that describes the gas pressure at the point (x, y, z). The pressure or density of the 
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~compressional wave is related to the displacement ψ(x, y, z): 

~ ~ ~ ~ψ ∝ rP , P ∝ −r · ψ . (11.25) 

As in the two-dimensional system described above, we can use separation of variables and 
find a solution that is a product of functions of single variables. The only difference here is 
that the boundary conditions are different. Because of (11.25), which is the mathematical 
statement of the fact that gas is actually pushed from regions of high pressure to regions of 
low pressure, the pressure gradient perpendicular to the boundary must vanish. The gas at 
the boundary has nowhere to go. Thus the normal modes in a rectangular box, 0 ≤ x ≤ X, 
0 ≤ y ≤ Y , 0 ≤ z ≤ Z, have the form 

P (x, y, z) = A cos(nxπx/X) cos(nyπy/Y ) cos(nzπz/Z) (11.26) 

with frequency Ãµ 
nxπ 

¶2 µ 
nyπ 

¶2 µ 
nzπ 

¶2
!

2ω2 = v + + . (11.27)
X Y Z 

The trivial solution nx = ny = nz = 0 represents stationary air. If any of the n0s is nonzero, 
the mode is nontrivial. 

11.2 Plane Boundaries 

The easiest traveling waves to discuss in two and three dimensions are “plane waves,” solu-
tions in the infinite system of the form 

k·~r−ωt)ψ(r, t) = Aei(~ . (11.28) 

This describes a wave traveling the direction of the wave-number vector, ~k, with the phase 
velocity in the medium. The displacement (or whatever) is constant on planes of constant 
~k · ~r, which are perpendicular to the direction of motion, ~k. We will study more complicated 
traveling waves soon, when we discuss diffraction. Then we will learn how to describe 
“beams” of light or sound or other waves that are the traveling waves with which we usually 
work. We will see how to describe them as superpositions of plane waves. For now, you 
can think of a plane wave as being something like the traveling wave you would encounter 
inside a wide, coherent beam, or very far from a small source of nearly monochromatic light, 
light with a definite frequency. That should be enough to give you a physical picture of the 
phenomena we discuss in this section. 

We are most interested in waves such as light and sound. However, it is much easier to 
discuss the transverse oscillations of a two-dimensional membrane, and many of our exam-
ples will be in that system. There are two reasons. One is that a two-dimensional membrane 
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is easier to picture on two-dimensional paper. The other reason is that the physics is very 
simple, so we can concentrate on the wave properties. We will try to point out where things 
get more complicated for other sorts of wave phenomena. 

Consider two two-dimensional membranes stretched in the z = 0 plane, as shown in 
figure 11.5. For x < 0, suppose that the surface mass density is ρs and surface tension Ts. 
For x > 0, suppose that the surface mass density is ρ0 and surface tension T 0 . This is as s

two-dimensional analog of the string system that we discussed at length in chapter 9. The 
boundary between the two membranes must supply a force (in this case, a constant force per 
unit length) in the x direction to support the difference between the tensions, as in the system 
of figure 9.2. However, we will assume that whatever the mechanism is that supplies this 
force, it is massless, frictionless and infinitely flexible. 
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Figure 11.5: A line of constant phase in a plane wave approaching a boundary. 

Now again, we can consider reflection of traveling waves. Thus, suppose that there is, in 
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this membrane, a plane wave with amplitude A and wave number ~k for x < 0, traveling in 
toward the boundary at x = 0. The condition that the wave is traveling toward the boundary 
can be written in terms of the components of ~k as 

kx > 0 . (11.29) 

We would like to know what waves are produced by this incoming wave because of reflection 
and transmission at the boundary, x = 0. On general grounds of space translation invariance, 
we expect the solution to have the form 

k·~r−ωt) + 
X 

kα·~r−ωt)ψ(r, t) = Aei(~ Rα Aei(~ for x ≤ 0 
α (11.30) 

kβ ·~r−ωt)ψ(r, t) = 
X 

τβ Aei(~ for x ≥ 0 
β 

= ω2 ρs ~ = ω2 ρ
0 
s~kα 

2 

Ts 
; kβ 

2 , (11.31)
T 0 s 

and 
kαx < 0 and kβx > 0 for all α and β. (11.32) 

The α and β in (11.30) run over all the transmitted and reflected waves. We will show shortly 
that only one of each contributes for a plane boundary condition at x = 0, but (11.30) is 
completely general, following just from space translation invariance. Note that we have put 
in boundary conditions at ±∞ by requiring (11.29) and (11.32). Except for the incoming 
wave with amplitude A, all the other waves are moving away from the boundary. But we 
have not yet put in the boundary condition at x = 0. 

11.2.1 Snell’s Law — the Translation Invariant Boundary 

.............................
...............................................................................
........
............................................................................................................................................. ... . 11-2. ... . 

As far as we know from considerations of the physics at ±∞, the reflected and transmitted 
waves could be a complicated superposition of an infinite number of plane waves going in 
various directions away from the boundary. In fact, if the boundary were irregularly shaped, 
that is exactly what we would expect. It is the fact that the boundary, x = 0, is itself invariant 
under space translations in the y directions that allows us to cut down the infinite number 
of parameters in (11.30) to only two. Because translations in the y direction leave the whole 
system invariant, including the boundary, we can find solutions in which all the components 
have the same irreducible y dependence. If the incoming wave is proportional to 

iky ye , (11.33) 
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then all the components of (11.30) must also be proportional to eiky y. Otherwise there is no 
way to satisfy the boundary condition at x = 0 for all y . That means that 

kαy = ky , kβy = ky . (11.34) 

But (11.34), together with (11.31) and (11.32), completely determines the wave vectors ~kα 

and ~kβ. Then (11.30) becomes2 

~̃
k·~ k·~ψ(r, t) = Aei~ r−iωt + R Aei r−iωt ≡ ψ−(r, t) for x ≤ 0 

(11.35) 
ψ(r, t) = τ Aei~k0·~r−iωt ≡ ψ+(r, t) for x ≥ 0 

where 
˜ k0ky = ky , = ky , (11.36)y 

and 
˜ k0kx = −

q
ω2/v2 − k2 = −kx , = 

q
ω2/v02 − ky 

2 , (11.37)y x 

with s 
Ts 

s 
T 0 0 s v = , v = . (11.38)
ρ0ρs s 

The entertaining thing about (11.35)-(11.37) is that we know everything about the direc-
tions of the reflected and transmitted waves, even though we have not even mentioned the 
details of the physics at the boundary. To get the directions, we needed only the invariance 
under translations in the y direction. The details of the physics of the boundary come in only 
when we want to calculate R and τ . The directions of the reflected and transmitted waves 
are the same for any system with a translation invariant boundary. Obviously, this argument 
works in three dimensions, as well. In fact, if we simply choose our coordinates so that the 
boundary is the x = 0 plane and the wave is traveling in the x-y plane, then nothing de-
pends on the z coordinate and the analysis is exactly the same as above. For example, we 
can apply these arguments directly to electromagnetic waves. For electromagnetic waves in 
a transparent medium, because the phase velocity is vφ = ω/k, the index of refraction, n, is 
proportional to k, 

c c 
n = = k . (11.39) 

vϕ ω 

(11.36)-(11.37) shows that the reflected wave comes off at the same angle as the incoming 
wave because the only difference between the k vectors of the incoming and reflected waves 
is a change of the sign of the x component. Thus the angle of incidence equals the angle 
of reflection. This is the rule of “specular reflection.” From (11.36), we can also derive 
Snell’s law of refraction for the angle of the refracted wave. If θ is the angle that the incident 

2We have defined ψ± here to make it easier to discuss the boundary conditions, below. 
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wave makes with the perpendicular to the boundary, and θ0 is the corresponding angle for the 
transmitted wave, then (11.36) implies 

k sin θ = k0 sin θ0 . (11.40) 

For electromagnetic waves, we can rewrite this as 

n sin θ = n 0 sin θ0 . (11.41) 

For example, when an electromagnetic wave in air encounters a flat glass surface at an angle 
0θ, n > n in (11.41). The wave is refracted toward the perpendicular to the surface. This is 

0illustrated in figure 11.6 for n > n. 
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Figure 11.6: Reflection and transmission from a boundary. 



266 CHAPTER 11. TWO AND THREE DIMENSIONS 

Let us now finish the solution for the membrane problem by solving for R and τ in 
(11.35). To do this, we must finally discuss the boundary conditions in more detail. One is 
that the membrane is continuous, which from the form, (11.35), implies 

ψ−(r, t)| = ψ+(r, t)| (11.42) x=0 x=0 , 

or 
1 + R = τ . (11.43) 

The other is that the vertical force on any small length of the membrane is zero. The force 
on a small length, d`, of the boundary at the point, (0, y, 0), from the membrane for x < 0 is 
given by 

∂ψ−(r, t)− Tsd` . (11.44)
∂x 

¯̄
¯̄
 
x=0 

This is analogous to the one-dimensional example illustrated in figure 8.6. The force of 
surface tension is perpendicular to the boundary, so for small displacements, only the slope of 
the displacement in the x direction matters. The slope in the y direction gives no contribution 
to the vertical force to first order in the displacement. Likewise, the force on a small length, 
d`, of the boundary at the point, (0, y, 0), from the membrane for x > 0 is given by 

∂ψ+(r, t)
T 0d` . (11.45)s ∂x 

¯̄
¯̄
 
x=0 

Thus the other boundary condition is 

∂ψ+(r, t) ∂ψ−(r, t)
T 0d` = Tsd` , (11.46)s ∂x ∂x 

¯̄
¯̄
 
x=0 

¯̄
¯̄
 
x=0 

or 
T 0k0 τ = Tskx(1 − R) . (11.47)s x

Thus the solution is 
2 1 − r 

τ = , R = , (11.48)
1 + r 1 + r 

where 
T 0k0 s x r = . (11.49)
Tskx 

You can see from (11.48) and (11.49) that we can adjust the surface tension to make the 
reflected wave go away even when there is a change in the length of the ~k vector from one 
side of the boundary to the other. It is useful to think about refraction in this limit, because it 
will allow us to visualize it in a simple way. If r = 1 in (11.48), then R = 0 and τ = 1. There 
is no reflected wave and the transmitted wave has the same amplitude as the incoming wave. 
Thus in each region, there is a single plane wave. Remember that a plane wave consists of 

http:t)|(11.42
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infinite lines of constant phase perpendicular to the ~k vector, moving in the direction of the k 
vector with the phase velocity, vϕ = ω/|~k|. In particular, suppose we look at lines on which 
the phase is zero, so that ψ = A. The perpendicular distance between two such lines is the 
wavelength, 2π/|~k|, because the phase difference between neighboring lines is 2π. But here 
is the point. The lines in the two regions must meet at the boundary, x = 0, to satisfy the 
boundary condition, (11.43). If the incoming wave amplitude is 1 at x = 0, the outgoing 
wave amplitude is also 1. The lines where ψ = A are continuous across the boundary, x = 0. 

~This situation is illustrated in figure 11.7. The k vectors in the two regions are shown. Notice 
that the angle of the lines must change when the distance between them changes in order to 
maintain continuity at the boundary. In program 11-2, the same system is shown in motion. 
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Figure 11.7: Lines of constant ψ = 1 for a system with refraction but no reflection. 

11.2.2 Prisms 

The nontrivial index of refraction of glass is the building block of many optical elements. Let 
us discuss the prism. In fact, to do the problem of the scattering of light waves by prisms 
entirely correctly would require much more sophisticated techniques than we have at our 
disposal at the moment. The reason is that the prism is not an infinite, flat surface with space 
translation invariance. In general, we would have to worry about the boundary. However, we 
can say interesting things even if we ignore this complication. The idea is to think not of an 
infinite plane wave, but of a wide beam of light incident on a face of the prism. A wide beam 
behaves very much like a plane wave, and we will ignore the difference in this chapter. We 
will see what the differences are in Chapter 13 when we discuss diffraction. 
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Figure 11.8: The geometry of a prism. 

Thus we consider the following situation, in which a wide beam of light enters one face 
of a prism with index of refraction n and exits the other face. The geometry is shown in 
figure 11.8 (the directions of the beams are indicated by the thick lines). The interesting 
quantity is δ. This describes how much the direction of the outgoing beam has been deflected 
from the direction of the incoming beam by the prism. We can calculate it using simple 
geometry and Snell’s law, (11.40). From Snell’s law 

sin θin = n sin θ1 (11.50) 

and 
sin θout = n sin θ2 . (11.51) 

Now for some geometry. 
θ2 + θ1 = φ0 (11.52) 

— because the complement of φ0 , π − φ0, along with θ1 and θ2 are the angles of a triangle, 
and thus add to π. 

φ = φ0 (11.53) 

— because φ and φ0 are corresponding angles of the two similar right triangles with other 
acute angle γ. Thus 

δ = ξ1 + ξ2 = θin + θout − θ1 − θ2 = θin + θout − φ (11.54) 
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where we have used (11.52) and (11.53). But for small angles, from (11.50) and (11.51), 

θin ≈ n θ1 , θout ≈ n θ2 . (11.55) 

Thus 
δ ≈ n (θ1 + θ2) − φ ≈ (n − 1) φ . (11.56) 

The result, (11.56), is certainly reasonable. It must vanish when n → 1, because there is 
no boundary for n = 1. If things are small and the answer is linear, it must be proportional 
to φ. 

One of the most familiar characteristics of a prism results from the dependence of the 
index of refraction, n, on frequency. This causes a beam of white light to break up into 
colors. For most materials, the index of refraction increases with frequency, so that blue light 
is deflected more than red light by the prism. The physics of the frequency dependence of n 
is that of forced oscillation. The index of refraction of a material is related to the dielectric 
constant (see (9.53)), that in turn is related to the distortion of the electronic structure of the 
material caused by the electric field. For a varying field, this depends on the amplitude of 
the motion of bound charges within the material in an electric field. Because these charges 
are bound, they respond to the oscillating fields in an electromagnetic wave like a mass on 
a spring subject to an oscillating force. We know from our studies of forced oscillation that 
this amplitude has the form 

CαX 
, (11.57)

ωα 
2 − ω2 

resonances 
α 

where ωα are the resonant frequencies of the system and the Cα are constants depending 
on the details of how the force acts on the degrees of freedom. We can estimate the order 
of magnitude of these resonant frequencies with dimensional analysis, if we remember that 
any material consists of electrons and nuclei held together by electrical forces (and quantum 
mechanics, of course, but h̄ will not enter into our estimate except implicitly, in the typical 
atomic distance). The relevant quantities are3 

The charge of the proton e ≈ 1.6 × 10−19 C 
The mass of the electron me ≈ 9.11 × 10−31 kg 

(11.58)
Typical atomic distance a ≈ 10−10 m = 1 A°
The speed of light c = 299, 792, 458 m/s 

In terms of these parameters, we would guess that the typical force inside the materials is of 
e eorder 
2

2 (from Coulomb’s law), and thus that the spring constant is of order 
2

3 (the
4π²0a 4π²0a

typical force over the typical distance). Thus we expect 
s 

2e
ωα 

2 ≈ (11.59)
4π²0a3me 

3Note that it is the mass of the electron rather than the mass of the proton that is relevant, because the electrons 
move much more in electric fields. 
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and 
2πc 

s 
4π²0a3me

λα ≈ ≈ 2πc ≈ 10−7 m = 1000 A° . (11.60)
ωα e2 

This is a wavelength in the ultraviolet region of the electromagnetic spectrum, shorter than 
that of visible light. That means that for visible light, ω < ωα, and thus the displacement, 
(11.57), increases as ω increases for visible light. The distortion of the electronic structure 
of the material caused by a varying electric field increases as the frequency increases in the 
visible spectrum. Thus the dielectric constant of the material increases with frequency. Thus 
blue light is deflected more. 

Incidentally, this is the same reason that the sky is blue. Blue light is scattered more than 
red light because its frequency is closer to the important resonances of the air molecules. 

11.2.3 Total Internal Reflection 

The situation in which the wave comes from a region of large |~k| into a region of smaller |~k|
has another feature that is surprising and very useful. This situation is depicted in figure 11.9 
for a system with no reflection. For small, θ, as shown in figure 11.9, this looks rather 
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0Figure 11.9: Lines of constant ψ = 1 for n < n. 

like figure 11.7, except that the wave is refracted away from the perpendicular to the surface 
instead of toward it. But suppose that the angle θ is large, satisfying 

n sin θ/n0 > 1 . (11.61) 
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Then there is no solution for real θ0 in (11.41). Thus there can be no transmitted traveling 
wave. The incoming wave must be totally reflected by the boundary. This is total internal 
reflection. It happens when a plane wave tries to escape from a region of high |~k| to a region 
of lower |~k| at a grazing angle. It is extensively used in optical equipment and many other 
things. Let us investigate this peculiar phenomenon in more detail. 

Suppose we start from θ = 0 and increase θ. As θ increases, ky increases and kx de-
creases. This continues until we get to the boundary of total internal reflection, called the 
critical angle, 

0n
sin θ = sin θc ≡ . (11.62) 

n 
The amplitudes for both the reflected and transmitted waves in (11.48) also increase. At the 
critical angle, kx vanishes. The amplitude for the reflected wave is 1 and the amplitude for 
the transmitted wave is 2. However, even though the transmitted wave is nonzero, no energy 
is carried away from the boundary because the ~k vector points in the y direction. 

As θ increases beyond the critical angle, ky continues to increase. To satisfy the disper-
sion relation, 

ω2 = v 02 
³ 
k2 + k2 ́

 
, (11.63)x y 

kx must be pure imaginary! The x dependence is then proportional to 

−κx e where κ = Im kx . (11.64) 

Now the nature of the boundary condition at infinity changes. We can no longer require 
simply that kx > 0. Instead, we must require 

Im kx > 0 . (11.65) 

The sign is important. If Im kx were negative, the amplitude of the wave for x > 0 would 
increase with x, going exponentially to infinity as x →∞. This doesn’t make much physical 
sense because it corresponds to a finite cause (the incoming wave for x < 0) producing an 
infinite effect. As we will see below, we can also come to this conclusion by going to this 
infinite system as a limit of a finite system. 

We actually have three different boundary conditions at infinity for this situation: 

Re kx > 0 for θ < θc , 

kx = 0 for θ = θc , (11.66) 

Im kx > 0 for θ > θc . 

These three can be combined into a compound condition that is valid in all regions: 

Re kx ≥ 0 , Im kx ≥ 0 . (11.67) 
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The condition, (11.67), is actually the most general statement of the outgoing traveling wave 
boundary condition at infinity. It is also correct in situations in which there is damping and 
both the real and imaginary parts of kx are nonzero. This is the mathematical statement of 
the physical fact that the wave for x > 0, whatever its form, is produced at the boundary by 
the incoming wave. 

From (11.48) and (11.49), you see that for θ > θc, the amplitude of the reflected wave 
becomes complex. However, its absolute value is still 1. All the energy of the incoming wave 
is reflected. 

We have seen that in total internal reflections, the wave does penetrate into the forbidden 
region, but the x dependence is in the form of an exponential standing wave, not a traveling 
wave. The y dependence is that of a traveling wave. This is one of many situations in 
which the physics forces the nature of the two- or three-dimensional solution to have different 
properties in different directions. 

It is easy to see total internal reflection in a fish-tank, a glass block, or some other rect-
angular transparent object with an index of refraction significantly greater than 1. You can 
look through one face of the rectangle and see the silvery reflection from an adjacent face, as 
illustrated in figure 11.10. 
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Figure 11.10: Total internal reflection in glass with index of refraction 2. 

11.2.4 Tunneling 

Consider the scattering of a plane wave in the system illustrated in figure 11.11. This 
is the same setup as in figure 11.10, except that another block of glass has been added a 
small distance, d, below the boundary from which there was total internal reflection. We 
have defined the positive x direction to be downwards for consistency with the discussion of 
Snell’s law, above. Now does any of the light get through to the observer below, or is the 
light still totally reflected at the boundary, as in figure 11.10? The answer is that some light 
gets through. As we will see in detail in an example below, the presence of the other block of 
glass means that instead of a boundary condition at infinity, we have a boundary condition at 
the finite distance, d. 

The details of this phenomenon for electromagnetic waves are somewhat complicated by 
polarization, which we will discuss in detail in the next chapter. However, there is a precisely 
analogous process in the transverse oscillation of membranes that we can analyze easily. 
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Figure 11.11: A simple experiment to demonstrate tunneling. 

In fact, we will find that we have already analyzed it in chapter 9. Consider the scattering 
problem illustrated in figure 11.12. The unshaded region is a membrane with lower density. 
The arrows indicate the directions of the ~k vectors of the plane waves. The shaded regions 

x = 0 
x = d 

Figure 11.12: Tunneling in an infinite membrane. 

have surface mass density ρs and surface tension Ts. The unshaded region, which extends 
from x = 0 to x = d, has the same surface tension but surface mass density ρs/4. Thus the 
ratio of phase velocities in the two regions is two, the same as the ratio from air to glass in 
figure 11.11. The dashed lines are massless boundaries between the different membranes. 

We can now ask what are the coefficients, R and τ , for reflection and transmission. We 
have done this problem for a single boundary earlier in this chapter in (11.42)-(11.49). We 
could solve this one by putting two of these solutions together using the transfer matrix 
techniques of chapter 9. In fact, we do not even have to do that, because we can read off the 
result from (9.97) and (9.98) in the discussion of thin films in chapter 9. The point is that all 
the terms in our solution must have the same irreducible y dependence, eiky y, because of the 
space translation invariance of the whole system including the boundary in the y direction. 
This common factor plays no role in the boundary conditions. If we factor it out, what is 
left looks like a one-dimensional scattering problem. Comparing (11.47) for Ts = T 0 withs 

x 
↓
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(9.10), you can see that the analyses become the same if we make the replacements 

k1 → kx 

k2 → k0 (11.68)
x 

L → d 

where kx is the x component of the ~k vector of the incoming wave in the shaded region and 
k0 is the x component of the ~k vector of the transmitted wave in the unshaded region. The x 
result is Ã 

k2 + k0 2 
!−1 

x x −ikxdτ = cos k0 d − i sin k0 d e (11.69)x x2kxk0 x 

and Ã 
k2 − k0 2 

! Ã 
k2 + k0 2 

!−1 
x x x xR = i sin k0 d cos k0 d − i sin k0 d . (11.70)x x x2kxk0 2kxk0 x x 

It may be a little easier to look at the intensity of the transmitted wave, which is proportional 
to 

2k2k0 2 
x x|τ |2 = . (11.71)

2
³ 
k4 + k0 4 ́

 
sin2 k0 d + 2k2k0 x x x x x 

Note that we have not mentioned the critical angle or total internal reflection or anything like 
that. The reason is that our analysis in chapter 9 was perfectly general. It remains correct 
even if the angular wave number in the middle region becomes imaginary. All that happens 
for θ larger than the critical angle, θc, is that k0 becomes imaginary. But this has a spectacular x 
effect in (11.71). If k0 → iκ, where κ is real, then it follows from the Euler identity, (1.57) x 
and (1.62), that 

sin k0 d → i sinh κd , (11.72)x

where sinh is the “hyperbolic sine”, defined by 

−xex − e
sinh x ≡ . (11.73)

2 

Thus for angles above the critical angle, the denominator of (11.71) is an exponentially in-
κdcreasing function of d (the e term in (11.73) dominates for large κd). The intensity of 

the transmitted wave therefore decreases exponentially with d. In the limit of large d, we 
quickly recover total internal reflection. 

We can get some insight about what is happening by looking at the boundary conditions 
at x = d for angles above the critical angle. For x > d, the wave has the form (suppressing 
the common factors of eiky y and Ae−iωt) 

τeikxx . (11.74) 
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For 0 ≤ x ≤ d, the wave has the form 

κxTII e −κx + RII e , (11.75) 

where I have called the coefficients TII and RII by analogy with transmitted and reflected 
waves, even though these are not traveling waves. The boundary conditions at x = d are 

κdτeikxd = TII e −κd + RII e , 
(11.76) 

ikxτeikxd = κ 
³ 
−TII e

−κd + RII e
κd ́

 
. 

This looks more complicated than it really is. If we solve for TII e
−κd and RII e

κd in terms 
of τeikxd, the result is 

TII e −κd = 
2κ 

κ − ikx 
τ eikxd , RII e κd = 

2κ 
κ + ikx 

τeikxd . (11.77) 

The important point is that the values of the two components of the wave, (11.75), at x = d, 
TII e

−κd and RII e
κd, are more or less the same size. These two quantities do not have any 

exponential dependence on d. This qualitative fact does not depend on the details of 
(11.76). It will be true for any reasonable boundary condition at x = d. 

Thus the coefficient, RII of the “reflected” wave (in quotes because it is a real exponential 
wave, not a traveling wave) must be smaller than the “transmitted” wave by a factor of roughly 
2κde . Notice that this justifies the statement, (11.67), of the boundary condition at infinity. 

As d →∞, for any reasonable physics at d, the wave becomes a pure negative exponential. 
At x = 0, for large κd, the RII term in wave will be completely negligible, and TII 

term will be produced with some coefficient of order 1, just as in the limit of total internal 
reflection. 

Thus what is happening in the boundary conditions for tunneling can be described qual-
itatively as follows. The incoming wave for x < 0 produces the e−κx term in the region 
0 ≤ x ≤ d, with an exponentially small admixture of eκx. But at x = d, the two parts of the 
exponential wave are of the same size (both exponentially small), and they can produce the 
transmitted wave. 

The rapid exponential dependence of the transmitted wave on d has some interesting 
consequences. It implies, for example, that the reflected wave is also very sensitive to the 
value of d, for small d (energy conservation implies |R|2 + |τ |2 = 1). You can see this rapid 
dependence in the example of (11.10) by putting your finger on the bottom surface of the 
glass block or fish tank, where the wave is being reflected. You will see a ghostly fingerprint! 
The reason is that the tiny indentations on your finger are far enough away from the glass that 
κd is large and the wave is almost entirely reflected. But where the flesh is pressed tightly 
against the glass, the wave is absorbed. This is a simple version of a tunneling microscope. 
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Finally, before leaving the subject of tunneling, let us consider what happens when we 
turn down the intensity of the light wave in figure 11.11 so that we see the scattering of 
individual photons. The first thing to note is that each photon is either transmitted or reflected. 
The meaning of R and τ in this case is that the |R|2 and |τ |2 are the probabilities of reflection 
and transmission. You cannot predict whether any particular photon will get through. In the 
quantum mechanical world, you can predict only the probabilities. 

The second thing to note is that in the particle description, the whole phenomenon of 
tunneling is very peculiar. A classical photon, coming at the boundary of the glass plate at 
more than the critical angle could not enter at all into the air. It would be forbidden to do so 
by conservation of energy and conservation of the y component of momentum.4 How can the 
particle get through to the x > d side if it cannot exist for 0 < x < d? Obviously, in classical 
physics, it cannot. Tunneling is, therefore, a truly quantum mechanical phenomenon. The 
wave manages to penetrate into the forbidden region, but only in the form of a real exponential 
wave, not a traveling wave. It is only for x < 0 and x > d, where the waves are traveling, 
that they can be interpreted as particles in anything like the classical sense. 

11.3 Chladni Plates 

q 

Figure 11.13: A Chladni plate. 

4The boundary does not change py of the photon, because of the translation invariance in the y direction. 
However, there is no reason why the boundary cannot exert a force in the x direction and change px of the 
photon. 
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Chladni plates are a very pretty and instructive example of a two-dimensional oscillating 
system. A Chladni plate is simply a square metal plate that is driven transversely at its center. 
It is illustrated in figure 11.13. The dot in the center shows where the plate is driven in the 
transverse direction (out of the plane of the paper). The center, which we will take to have 
equilibrium position ~r = 0, moves up and down out of the plane of the paper at a frequency 
ω. Let us assume that the square sits in the x-y plane and has side 2L, and call the transverse 
displacement (in the z direction) 

ψ(x, y, t) for |x|, |y| ≤ L . (11.78) 

In principle this is a forced oscillation problem. We could take the boundary condition at the 
origin to be 

ψ(0, 0, t) = A cos ωt (11.79) 

and try to find ψ everywhere else. 
To find ψ, we must know the boundary condition at the edges of the plate. This depends 

on the details of the physics of the plate, because there are several ways that the plate can 
deform in response to the driving force. Just for simplicity, we will assume that the dominant 
deformation is shear, illustrated in figure 11.14. For this kind of displacement, to avoid an 
infinite acceleration, the slope of the plate must go to zero on the boundary in the direction 
perpendicular to the boundary, or in mathematics, 

n̂ · ~ (11.80)rψ = 0 

on the edge, where n̂ is a unit vector in the plane perpendicular to the edge. In this case, 

∂ ∂ 
ψ(x, y, t)|x=|L| = ψ(x, y, t)|y=|L| = 0 . (11.81)

∂x ∂y 

While the general case is more complicated than this, we will use (11.81) for illustration. The 
instructive thing about Chladni plates, as we will see, is not what is happening at the edges, 
but what is happening in the middle! 

The general solution to this forced oscillation problem is not easy to write down. How-
ever, we are primarily interested in the resonances. Those are the modes of free oscillation of 

( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( 

( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( ( 

Figure 11.14: Shear. 
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the plate (subject to the boundary condition (11.81)) that can be excited by the driving force. 
These will be those modes that have nonzero values of the displacement at the origin. 

The relevant free oscillation modes of the plate have the form5 

nxπx nyπy 
ψ(nx,ny )(x, y, t) = A cos cos cos ωt (11.82)

L L 

with 
2 2ω2 = ω0

2(~k2) ⇒ ω2 = f(nx + ny) . (11.83) 

If the frequencies of these modes were unique, (11.82) would be the whole story. But the 
interesting thing about this system is that the symmetry guarantees that there is degeneracy 
— that is that if nx 6= ny, there are two modes with the same frequency. We can get a 
physically equivalent mode by interchanging nx ↔ ny, because this just corresponds to a 
90◦ rotation of the plate, which doesn’t change the physics at all. When we have degenerate 
modes, then linear combinations of them are also modes, as shown in (3.117). Thus we have 
to ask which linear combinations are excited by the driving force? Another way of saying 

2 2this is summarized in (11.83). Rotation invariance ensures that ω2 depends only on n + n .x y

In particular, it is clear that the difference 
µ

nxπx nyπy nyπx nxπy 
¶

ψ− (x, y, t) = A cos cos − cos cos cos ωt (11.84)(nx,ny ) L L L L 

vanishes at the origin. Only the sum couples to the driving force! 
µ

nxπx nyπy nyπx nxπy 
¶

ψ+ (x, y, t) = A cos cos + cos cos cos ωt (11.85)(nx,ny ) L L L L 

These are the resonant modes of a Chladni plate. 
One reason that this is amusing is that it is easy to see. If you excite the plate, and 

sprinkle sand on it, the sand builds up in the regions where the plate is not moving — along 
the displacement nodes where ψ = 0. Thus we can get a visual picture of the zeros of ψ. 
Let’s look at some of these modes (in order of increasing frequency) to see what to expect. 

The mode ψ+ is not interesting. It corresponds to the whole plate going up and down (0,0) 
as a block. Obviously, the corresponding frequency is 0, because there is no restoring force. 
The first interesting mode is 

µ
πx πy 

¶
ψ+ (x, y, t) = A cos + cos cos ωt . (11.86)(1,0) L L 

This vanishes for 
y = ±L ± x (11.87) 

so the Chladni sand pattern looks like the diagram in figure 11.15. 

5There are also modes proportional to sin (nx + 1/2)πx/L and/or sin (ny + 1/2)πy/L, but these vanish at 
the origin and are not excited by the driving force. 
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Figure 11.15: The Chladni pattern for the mode (nx, ny) = (1, 0). 

The next mode is 
πx πy 

ψ+ (x, y, t) = 2A cos cos cos ωt . (11.88)(1,1) L L 
Because this mode is not degenerate, it does not give rise to a very interesting pattern. It 
vanishes at 

L L 
x = ± or y = ± , (11.89)

2 2 
which gives the pattern shown in figure 11.16. We won’t consider any more of these boring 
modes with nx = ny. 

The next mode is 

ψ+ 
µ

2πx 2πy 
¶

(x, y, t) = A cos + cos cos ωt , (11.90)(2,0) L L 

which vanishes for 
L 3L 

y = ± ± x or y = ± ± x (11.91)
2 2 

so the pattern looks like figure 11.17. 
Next comes µ

πx 2πy 2πx πy 
¶

ψ+ (x, y, t) = A cos cos + cos cos cos ωt . (11.92)(2,1) L L L L 

This vanishes for 
2 2 cx (2 c − 1) + cy (2 c − 1) = 0 y x 

(11.93) 
= (cx + cy) (2 cx cy − 1) = 0 
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Figure 11.16: The Chladni pattern for the mode (1,1). 
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Figure 11.17: The Chladni pattern for the mode (2,0). 

with cx ≡ cos(πx/L) and cy ≡ cos(πy/L). The pattern is shown in figure 11.18. 
We could go on, but you should have the idea by now. Let us look at one last mode: 

µ
πx 3πy 3πx πy 

¶
ψ+ (x, y, t) = A cos cos + cos cos cos ωt , (11.94)(3,1) L L L L 
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Figure 11.18: The Chladni pattern for the mode (2,1). 

vanishing for 
3 3(4 c − 3 cy) + cy (4 c − cx) = 0 cx y x 

(11.95) 
2 2(4 c + 4 c − 6) = 0 = cx cy x y 

with pattern shown in figure 11.19. 
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Figure 11.19: The Chladni pattern for the mode (3,1). 
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Moral: When there is more than one mode with the same frequency, look at linear 
combinations to determine which are excited! 

11.4 Waveguides 

Generically, a “waveguide” is a device that forces a traveling wave to propagate only where 
you want it to go. Typically, a waveguide is some kind of tube that allows the wave distur-
bance to propagate in one direction while confining it in the other directions. In this section, 
we will discuss the case of straight wave guides with simple uniform cross sections. The 
really interesting physics occurs when the width of the waveguide is not much larger than the 
wavelength of the wave. Then, as we will see, the physics of the waveguide has a dramatic 
effect on the propagation of the wave. 

The simplest situation to discuss is the case of transverse oscillations of a membrane in 
the form of an infinite strip, as shown in figure 11.20. Consider a membrane with surface 

y = ` 
x −→ 

y = 0 

Figure 11.20: A section of an infinite strip of stretched membrane that acts as a waveguide. 

mass density ρs and surface tension Ts, stretched in an infinite strip in the x-y plane between 
y = 0 and y = ` and from x = −∞ to ∞. The edges, at y = 0 and y = ` are held fixed in 
the plane. We are interested in the oscillations of the interior of the strip up and down out of 
the plane. 

This is a job for separation of variables. We can look for modes of this system which are 
products of a function of x and a function of y. In particular, we can satisfy the boundary 
conditions at y = 0 by combining two modes of the infinite system, 

ikxx iky y ikxx −iky ye e , and e e (11.96) 

into 
ikxxsin(kyy) e . (11.97) 

Now this satisfies the boundary condition at y = ` if 

ky = 
nπ 

for n = 1 to ∞ . (11.98)
` 

Thus the modes look like this: 

nπy i(kxx−ωt)ψn+(x, y, t) = A sin e , (11.99)
` 
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and 
nπy i(−kxx−ωt)ψn−(x, y, t) = A sin e . (11.100)
` 

For each value of n, these look like waves traveling in the ±x direction! 
The dispersion relation for the membrane is given by (11.18). But the modes, ψn±, have 

nπ|ky| = . Thus the dispersion relation for the traveling waves, (11.99) and (11.100) is` 

2k2ω2 = v + ω2 , (11.101)x n 

where s 
Ts 

v = (11.102)
ρs 

and 
nπv 

ωn = . (11.103)
` 

One interesting thing about (11.101) is that the dispersion relation has a low frequency 
cut-off that depends on n. For any given ω, the only modes that actually propagate are the 
finite number of modes with 

ω` 
n < . (11.104)

πv 

For example, for ω ≤ πv/`, there are no traveling waves. For πv/` < ω ≤ 2πv/`, there is 
only one, corresponding to n = 1, etc. 

The modes satisfying (11.104) have a simple physical interpretation. They can be thought 
of as the plane waves, (11.96), of the infinite system, bouncing back and forth between the 
fixed edges, y = 0 and y = `. The requirement, (11.98), on the allowed values of ky 

arises because for other values of ky, the reflected waves get out of phase, giving destructive 
interference. You might expect a zig-zag wave of this kind to propagate in the x direction 
with a speed less than the phase velocity, v, of the waves in the infinite system by a factor of 

kx kx = , (11.105)q
k2 + k2 

p
k2 + (ωn/v)2 

x y x 

because it has to go that much farther as it bounces back and forth to move a given distance 
in x, as illustrated in figure 11.21. In fact, the phase velocity of the zig-zag waves for fixed 

y = a 
­­ ­­JJ ­­JJ ­­JJ ­­JJ ­­JJ ­­JJ JJĴ Ĵ Ĵ Ĵ Ĵ Ĵ Ĵ­ J ­ J ­ J ­ J ­ J ­ J ­ J­Á ­Á ­Á Á­ ­Á Á­ ­Á ­Á­­ ­­JJ ­­JJ ­­JJ ­­JJ ­­JJ ­­JJ JJ­ y = 0 

Figure 11.21: A zig-zag wave in the waveguide. 
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n, ω/kx, is actually larger than v by the factor, (11.105), rather than smaller, 

ω 
p

k2 + (ωn/v)2 
x vnφ = = v . (11.106)

kx kx 

However, the group velocity, ∂ω/∂kx, of the zig-zag waves, the velocity with which you can 
actually send signals, is smaller by just the expected factor, 

∂ω kx 
vgn = = v . (11.107)

∂kx 
p

k2 + (ωn/v)2 
x 

For light waves, we can make a wave guide by making a tube of some conducting mate-
rial, so that the electric field is nonzero only inside the tube. However, in this case, the details 
of the boundary conditions at the edges depend on the direction of the electic field. We will 
return to a related question in the next chapter. 

11.5 Water 

Water is pretty complicated stuff. It wets things. It has viscosity. It forms whirlpools and 
eddies and has nonlinear turbulent motions that we cannot hope to understand using the 
techniques that we have at our disposal. In this section, we consider a somewhat idealized 
fluid, that we will call “dry water” (after Feynman) that has none of this complicated structure. 
It has three features that we will keep in common with the real thing. It has mass density. It 
has surface tension, and it is nearly incompressible. Let’s see how it waves. 

Imagine an infinite universe full of an incompressible, frictionless liquid. This will allow 
us to see the consequences of the incompressibility in a simple, qualitative way. Consider the 
analog of a plane sound wave in such a system. That is, for example, a plane wave traveling 
in the x direction (with ky = kz = 0) with longitudinal displacements in the x direction. If 
the liquid is truly incompressible, the kx must be zero for this wave, because any longitudinal 
displacement must be accompanied by compressions and rarefactions of the medium. Thus, 
for such a plane wave, ~k = 0. There are no nontrivial plane waves in the infinite system! 
In general, we do not expect that all the components of the k vector must vanish, because even 
in an incompressible liquid, displacement in one direction is allowed if it is accompanied by 
appropriate motion in other directions. But what we have seen is that we cannot have a mode 
that has a real ~k vector. That would be a plane wave, which we have seen is not compatible 
with incompressibility. Instead, we expect that the constraint kx = 0 will be replaced by 
a constraint on the rotation invariant length of the k vector, that ~k · ~k = 0. If some of the 
components of the ~k vector are imaginary, this can be satisfied for nonzero ~k. 

Note that the condition ~k · ~k = 0 is not exactly a dispersion relation, because it makes 
no reference to frequency. But it is the whole story for an infinite system of incompressible 
fluid. In fact, it is clear that there are no harmonic waves in the infinite system, because there 



11.5. WATER 285 

is nothing to produce a restoring force. Even if there is a gravitational field, the pressure in 
the liquid just adjusts itself to cancel the effect of gravity. We can get a nontrivial dispersion 
relation only when there is a surface. The dispersion relation then depends on the physics of 
the surface. This would seem to violate our general principle that the dispersion relation is a 

~property of the infinite system. What is happening is this. The relation, ~k · k = 0 is really the 
only dispersion relation that makes any sense for the three-dimensional infinite system. When 
we introduce a surface, we have broken the translation invariance in the direction normal to 
the surface. This allows us to get a nontrivial dispersion relation for the two-dimensional 
system parallel to the surface. 

11.5.1 Mathematics of Water Waves 

Now let us try to make these considerations quantitative. As usual, we will label our fluid in 
terms of the equilibrium positions of its parts. Then call the displacement from equilibrium 
of the fluid that is at the point ~r at equilibrium 

² ~ψ(~r, t) (11.108) 

for some small ². This means that the actual position of the water is6 

~R(~r, t) = ~r + ² ~ψ(~r, t) . (11.109) 

⎞
⎟

We can regard (11.109) as a kind of change of coordinates. It maps us from the equilib-
rium coordinates (a rather arbitrary label because the water is free to flow) to the physical 
coordinates that tell us where the water actually is. If the water is incompressible, which is 
a pretty good approximation, then a small volume element should have the same volume in 
equilibrium and in the physical coordinates. 

dRx dRy dRz = dx dy dz . (11.110) 

This will be the case if the determinant of the Jacobian matrix equals 1: 

⎠ = 1 . 

⎛ 

⎜⎝ 

∂Rx ∂Rx ∂Rx 
∂x ∂y ∂z 

∂Ry ∂Ry ∂Rydet (11.111)
∂x ∂y ∂z 

∂Rz ∂Rz ∂Rz 
∂x ∂y ∂z 

Because ² is small, we can expand (11.111) to lowest order in ², 

= det 

⎛ 

⎜⎝ 

² ∂ ψx ² ∂ ψx1 + ² ∂ ψx 
∂x ∂y ∂z 

∂ ψy ∂ ψy ∂ ψy² 1 + ² ² 

⎞ 

⎟⎠∂x ∂y ∂z 
(11.112)

² ∂ ψz ² ∂ ψz 1 + ² ∂ ψz 
∂x ∂y ∂z 

~= 1 + ² ~ ψ + O(²2) .r · 
6Here we can take ψ to be dimensionless and let the parameter, ², be a small displacement. 
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Thus 
~ ~r · ψ = 0 . (11.113) 

(11.113) is very reasonable. It is the statement that the flux of displacement into or out of any 
region vanishes.7 This is what we expected from our qualitative discussion. 

To see what this means for waves, let us also assume that there are no eddies. The 
mathematical statement of this is 

~ ~r× ψ = 0 . (11.114) 

If we do not assume (11.114), angular momentum conservation becomes important and life 
becomes very complicated. You will have to wait for courses on fluid dynamics to learn more 
about it. With the simplifying assumption, (11.114), the displacement can be written as the 
gradient of a scalar function, χ, 

~²ψ = ²rχ . (11.115) 

This simplifies our life enormously, because we can now deal with the scalar quantity, χ. 
Space translation invariance tells us that we can find modes of the form 

i~k·~r−iωtχ = e , (11.116) 

which gives a displacement of the form 

~ ~ k·~r−iωt²ψ = i ² k ei~ . (11.117) 

The condition, (11.113) then becomes 

~ ~k · k = 0 , (11.118) 

as anticipated in our qualitative discussion at the beginning of the section. 

11.5.2 Depth 

..................................
........
.............................................................................................................................................

.............................
................................................. ... .. 11-3 

Let us now consider waves in an “ocean” of depth L, ignoring frictional forces, eddies and 
nonlinearities. We will further restrict our attention to a two-dimensional situation. Let y be 
the vertical direction, and consider water waves in the x direction. That is, we will take kx 

real, because we are interested in wave propagation in the x direction, and ky pure imaginary 
with the same magnitude, so that (11.118) is satisfied. Then we assume that nothing depends 
on the other coordinate, z. Having simplified things this far, we may as well assume that our 
ocean is a rectangular box. Then the modes of interest of the infinite system look like 

±ikx±ky−iωtχ∞(x, y, t) = e . (11.119) 

7Note, however, that for large ², incompressibility is the nonlinear constraint, (11.111). 
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If the ocean has a bottom at y = 0, then the vertical displacement must vanish at y = 0. 
Then (11.115) implies that we must combine modes of the infinite system to get a χ whose y 
derivative vanishes at y = 0, to get 

χ(x, y, t) ∝ e ±ikx−iωt cosh ky . (11.120) 

where cosh is the “hyperbolic cosine.” defined by 

−xex + e
cosh x ≡ . (11.121)

2 

Then from (11.115), we get 

ψx(x, y, t) = 
∂

χ(x, y, t) = ±i e±ikx−iωt cosh ky , 
∂x (11.122)

∂ 
ψy(x, y, t) = χ(x, y, t) = e ±ikx−iωt sinh ky . 

∂y 

Before going further, note that we could extend these considerations by adding a z coor-
dinate. Then (11.120) would become 

χ(x, y, t) ∝ e(±ikxx±ikz z)−iωt cosh ky (11.123) 

where q
k2k = + k2 . (11.124)x z 

These are the two-dimensional wave modes of the infinite ocean of depth L. The y depen-
~dence is completely fixed by the boundary condition at the bottom and the condition k · ~k = 0. 

The only interesting dependence, from the point of view of space translation invariance, is 
the dependence on x and z. 

Now, let us return to the rectangular ocean, and the z-independent modes, (11.122). If 
our ocean has sides at x = 0 and x = X, we must choose linear combinations of the modes, 
(11.122), such that the x displacement vanishes at the sides. We can do this for x = 0 by 
forming the combinations 

ψx(x, y, t) = − sin kx cosh ky cos ωt , 
(11.125) 

ψy(x, y, t) = cos kx sinh ky cos ωt . 

Then if 
nπ 

k = , (11.126)
X 

the boundary condition at x = X is satisfied as well. 
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Figure 11.22: The motion of an incompressible fluid in a wave. 

Now we know the mathematics of the displacement of the dry water. Before we go 
on to discuss the dispersion relation, let us pause to consider what this actually looks like. 
Imagine that we put a regular rectangular grid of points in the water in equilibrium. Then in 
figure 11.22, we show what the grid looks like in the mode, (11.125) with n = 1. 

Each of the little rectangles in (11.22) was a square in equilibrium position (when ψ = 0). 
Note the way incompressibility works. When the water is squeezed in one direction, it is 
stretched in the other. You can see this in motion in program 11-3. 

q q q q q q q q q q q q q q q q q q q q q q q q q 

π π 
x = 0 x = 2k x = X = k 

Figure 11.23: The surface of a water wave, with horizontal displacement suppressed. 

Having stared at this, we can now forget about it for a while, and concentrate just on the 
surface. That is what matters for the dispersion relation. For ease of presentation in the dia-
grams below, we will exaggerate the displacement in the vertical y direction and forget about 
the displacement of the surface in the x direction (which won’t matter anyway). Then the 
wave looks like the picture in figure 11.23. We will use energy arguments to get the disper-
sion relation. There are three contributions to the total energy of the standing wave, (11.125) 
— gravitational potential energy, energy stored in surface tension, and kinetic energy. Let us 
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consider them in turn. 

q q q q q q q q q q q q q q q q q q q q q q q q q
x X − x 

x = 0 x = π x = X = π 
2k k 

Figure 11.24: Water is removed from the rectangle in X − x and raised to the rectangle at x. 

Gravitational Potential 

In the diagram in figure 11.24, you can see that the overall effect of the displacements in 
the mode (11.125) is to take a chunk of the water from X − x, raise it by ²ψy(x, L, t) (the 
vertical displacement of the surface), and move it over to x. The volume of this chunk is 
W dx ²ψy(x, L, t) where dx is the length of chunk and W is the width in the z direction (into 
the paper). Thus the total gravitational potential is 

Z Z π 

Vgrav = ρ g dV ¢h = ρ g W 
2k 

dx |² ψy(x, L, t)|2 + O(²3) 
0Z π 

= ρ g W 
2k 

dx ²2 cos2 kx sinh2 kL cos2 ωt + · · · (11.127) 
0 

= 
π 

ρ g W ²2 sinh2 kL cos2 ωt + · · · .
4k 

Surface Tension 

The energy stored in surface tension is W times the difference between the length of the 
surface and the equilibrium length (X). This requires that we be a little careful about the 
position of the surface, going back to (11.109). The position of the surface is 

Rx(x, t) = x + ²ψx(x, L, t) , Ry(x, t) = ²ψy(x, L, t) . (11.128) 

The length is then 
2 2Z X 

s 
∂Rx ∂Ry

dx + . (11.129) 
0 ∂x ∂x 
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But 
∂Rx ∂ ∂Ry ∂

= 1 + ² ψx , = ² ψy . (11.130)
∂x ∂x ∂x ∂x 

Thus 

Vsurface = T × (Area − Area0) ¶Z

k
π 

k
π µq

(1 + ²∂ψx/∂x)2 + (²∂ψy/∂x)2 − 1= T W dx (11.131) 
0 ¶Z µ

= T W dx ²∂ψx/∂x + 
1
(²∂ψy/∂x)2 + O(²3) .

20 

The order ² term in (11.131) cancels when integrated of x, so 

= T W ²2 
Z

k
π 1 

dx k2 sin2 kx sinh2 kL cos2 ωt + · · · 
2 (11.132)0 

π 
T W ²2 k2 sinh2 kL cos2 ωt + ·= · · .

4k 

Kinetic Energy 

The kinetic energy is obtained by integrating 1 mv2 over the whole volume of the liquid: 2 

1 
Z 

2KE = ρ dV ~v
2 (11.133)Z Z L

k
π1 

dy 
³ 
(²∂ψx/∂t)2 + (²∂ψy/∂t)2 ́

 
ρW dx= 

2 0 0 

1 
= 

2 
ρ W ²2 

Z Z L
k
π 

dy ω2 sin2 ωt dx 
(11.134)0 0 

2 kx sinh2 ky + sin2 kx cosh2 ky 
´³ 

cos· 
π 

= ρW ²2 
Z L 

dy ω2 sin2 ωt 
³ 
sinh2 ky + cosh2 ky 

´ 

4k 0 
π (11.135)= ρW ²2 

Z L 
dy ω2 sin2 ωt cosh 2ky 

4k 0 
π 

= ρ W ²2 ω2 sinh 2kL sin2 ωt . 
8k2 

Dispersion Relation 

The total of (11.127)-(11.135) is 

π 
Vgrav + Vsurface + KE = ρ g W ²2 sinh2 kL cos2 ωt 

4k 
π π (11.136) 

+ T W ²2 k2 sinh2 kL cos2 ωt + ρ W ω2 ²2 sinh 2kL sin2 ωt + · · · .
4k 8k2 
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This must be constant in time, which implies 

ω2 
2 sinh2 kL 

³ 
gk + T k3

´ 

ρ = 
sinh 2kL (11.137) 

= 
µ

gk + 
T

k3
¶ 

tanh kL 
ρ 

where tanh is the “hyperbolic tangent,” defined by 

sinh x ex − e−x 

tanh x ≡ = . (11.138)
cosh x ex + e−x 

Note that in the twin limit of long wavelength and shallow water, the water waves become 
nondispersive — for kL ¿ 1, and ρgk À T k3 — tanh kL → kL 

ω2 ≈ gL k2 . (11.139) 

Gravity versus Surface Tension 

The dispersion relation, (11.139), involves a competition between gravity and surface ten-
sion. For long wavelengths gravity dominates and the gk term is most important. For short 
wavelengths, surface tension dominates and the Tk3 

term is more important. The cross-over ρ 
occurs for wave numbers of order 

r 
ρ g 

k ≈ k0 = . (11.140)
T 

The cross-over wavelength is actually a familiar distance. There is a much more familiar 
process that involves a similar competition between gravity and surface tension. Consider a 
water drop on a low friction surface, such as a teflon frying pan. A very tiny drop is nearly 
spherical. But as the size of the drop increases, it begins to flatten out. Then when the drop 
increases above a critical size, the height of the drop does not increase. It spreads out with a 
fixed height, h, as shown in cross-section in figure 11.25. 

' $ 

h 

Figure 11.25: The cross-section of a water droplet on a frictionless surface. 

As with the dispersion relation, we can understand what is going on by considering the 
energy. The total energy of the drop is a sum of the gravitational potential energy and the 
energy due to surface tension. 

1 
Vgrav ≈ ρ g h v , (11.141)

2 
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where v is the volume of the drop and 

T v 
Vsurface ≈ . (11.142)

h 

The volume is fixed, so the equilibrium value of h minimizes the sum 

1 T v 
Vgrav + Vsurface ≈ ρ g h v + . (11.143)

2 h 

The minimum occurs for 
1 

T = ρ g h2 . (11.144)
2 

The measured surface tension of water is T ≈ 72 dynes/cm. This gives the familiar height of 
a water drop, h ≈ 0.4 cm. This height is related to k0 by 

√ r 
ρ g 2 

k0 = ≈ . (11.145)
T h 

11.6 Lenses and Geometrical Optics 

Geometrical Optics 

The idea of geometrical optics is to understand the effects of refraction and reflection on 
beams of light, ignoring the effects of diffraction. This is really only Snell’s law and geome-
try. One application of these ideas will be in the discussion of the rainbow in the next section. 
There we use what is called “ray tracing” which as the name suggests is simply keeping track 
of what each ray of light does as it passes through the drop. A spherical drop is a “thick lens.” 
Obviously, there is no sense in which a sphere could be regarded as “thin.” In this section we 
are going to see how to give a simpler approximate description of what a “thin lens” does. In 
fact, if we were designing a very precise optical instrument, we would still use ray tracing to 
get the fine details right. But the thin lens analysis is a good approximate starting point and 
will help us understand what is happening in some important situations. 

Tecnically, what “thin” means in this context is that if a narrow beam of light approxi-
mately perpendicular to the plane of the lens comes into the lens at some point on one side, it 
comes out at about the same point on the other side. If we ignore the small change in position, 
this simplifies the analysis and gives us the thin lens formula. 

Thin Spherical Lenses 

In Chapter 11, we derive the formula for the angular change in a narrow (we are ignoring 
diffraction) beam of light due to a prism. The analysis is uses the geometrical construction 
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Figure 11.26: 

shown in figure 11.26 and gives 

δ = θin + θout − θ1 − θ2 
(11.146) 

≈ n (θ1 + θ2) − φ ≈ (n − 1) φ 

where the first is exact and the second follows in the limit in which the θ angles are small. In 
this limit, the angular deflection is independent of the incoming angle. 

Thin lenses and small angles 

We can use this result to understand how a lens focuses light. A lens is a device in which 
the angular change given to the beam is proportional to the distance from the axis for small 
angles and distances — 

δ ≈ h/f (11.147) 

where f is length. This is approximately true for a piece of glass with surfaces that are parts 
of spheres. In figure 11.27 is a diagram showing how this works for a lens which is flat on 
one side and a partial sphere with radius r1 on the other. In the diagram, θ1 is the angle of the 
“effective prism” seen by the part of a beam at distance h from the axis. It should be clear 
from the figure that if θ1 is small, it is proportional to h. 

h 
θ1 ≈ sin θ1 = (11.148) 

r1 
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Figure 11.27: 

More often, the lens is curved on both sides. If the radii are r1 and r2, the result looks like 
figure 11.28. Figure 11.28 shows the beam at the very tip of the lens for convenience, but as 
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Figure 11.28: 

the previous diagram should make clear, θ1 + θ2 is the “effective prism” angle for any h. The 
figure also exaggerates the curvature of the two sides, so that the lens pictured is not really 
“thin.” A thin lens looks more like figure 11.29. This is important because if the lens is fat, 
the height h is not very well-defined because if the light inside the lens is not horizontal, we 
might have one h where the light enters the lens and a very different h where it come out. But 
if the lens is thin and if the light rays are not too far from the perpendicular, this ambiguity in 
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Figure 11.29: 

h can be ignored just like other corrections to small angle relations (like sin θ ≈ θ). 
Putting together the geometry from figure 11.28 with the formula for δ in a prism, we get 

the constant f for a thin spherical lens: 

δ = (n − 1)(θ1 + θ2) 
(11.149)h h ≈ (n − 1) 

µ 
h 

+ 
¶ 

= 
r1 r2 f 

and thus 
1 

= (n − 1) 
µ 

1
+

1 
¶ 

(11.150)
f r1 r2 

This is called the “lens-maker’s formula” 
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Figure 11.30: 

A lens of this kind focuses parallel rays of light, as shown in figure 11.30. This works 
because δ ≈ h/f as shown in figure 11.31. Parallel rays at any angle are focused onto 
a “focal plane” a distance f from the lens as shown in figure 11.32. The analytical way of 
explaining how this works is to note that the difference in the slopes of the rays on the two 
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Figure 11.31: 

sides of the lens is proportional to the height. Thus the in this case, because the slopes on one 
side are the same, the difference in slopes on the other side is proportional to the difference 
in height, and that means that they all come together at the same x. 
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Figure 11.32: 

Another way to see that this focusing must work is illustrated in figures 11.33 and 11.34. 
Note that if the parallel rays are coming in at an angle δi, the ray a distance hi = δf above 
the center of the lens is bent to the horizontal, as shown in figure 11.33 with the solid line. 
Then for the rays on either side of that ray (shown as dashed lines), because the dependence 
of the bending on the height in the lens is linear, the total angular bend, δi +δo is f multiplied 
by the total distance from the center, hi + ho, but then ho = δof , which is the condition for 
focusing. This is illustrated in figure 11.34. 

For a bundle of parallel rays at any angle, you can determine where they hit the focal 
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Figure 11.34: 

plane by tracing any ray, the easiest being the one through the center of the lens, which is not 
bent at all, as shown in figure 11.35. The parallel rays (a part of a plane wave — we know 
this is impossible, but we are ignoring diffraction) can be thought of as coming from a point 
source at infinity. If there is a point source closer to the lens, it focuses farther away. Now 
play with the animation LENS.EXE. 

To find the relation between d1 and d2, consider the diagram in figure 11.37 — the sum 
of the angles of deflection on the two sides equals δ: 

δ1 + δ2 = δ (11.151) 
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which for small angles is equivalent to 

h 
d1 

+ 
h 
d2 

= 
h 
f 

(11.152) 

or 
1 
d1 

+ 
1 
d2 

= 
1 
f 

(11.153) 

This is called the “thin lens formula.” 
So far, we have discussed “converging” or “convex” lenses for which f is positive, but 

there are also “diverging” or “concave” lenses, for which f is negative. In this case, parallel 
rays are not focuses, but defocused, and appear to diverge from a plane a distance −f (which 
is a positive number) beyond the lens, as shown in figure 11.38: The point from which the 
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Figure 11.38: 

outgoing rays diverge is called a “virtual image.” In this case it is a virtual image of the point 
at infinity. Shown in figure 11.39 is the effect of a concave lens on a point source. Again 
there is a virtual image. Here the thin lens formula is still satisfied, but both f and d2 are 
negative. 
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Images 

The focusing property of a lens can be used to project an image of an object on a surface, 
as shown in figure 11.40. What is happening is that light fanning out from each point on 
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the object is focused back to a single point on the screen. As in figures 11.36 and 11.37, the 
distances satisfy the thin lens formula, 

1 1 1 
+ = (11.153)

d1 d2 f 

This tell you where to put the screen. Note also that it is easy to see where on the screen 
the image of a particular point on the object appears because a ray of light that goes right 
through the center of the lens is not deflected at all (we also used this for parallel rays above 
figure 11.35). This plus simple geometry then implies that the ratio of the size of the image 
to the size of the object is d2/d1. 

size of image d2 = (11.154)
size of object d1 

If the screen in figure 11.40 is removed, you can see that the light to the right of where the 
screen was is a copy of the light coming from the object, but upside down, and changed in 
size by d2/d1. If you have played with lenses, you know this. 
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Figure 11.41: 

Notice that (11.153) implies that neither d1 nor d2 can be less that f . If you bring the 
object too close to the lens, you do not get a real image on the other side. Instead, d2 becomes 
negative and you get a “virtual image” on the same side of the lens as the object, and the light 
to the right of the lens is diverging as if it came from the virtual image. This situation is 
illustrated in figure 11.41. As we will discuss further below, this is how a magnifying glass 
works. 
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The image formation illustrated in figure 11.40 is what happens in a camera, and in your 
own eyeball. The lens focuses light from outside points onto points on the film, or your 
retina. Of course, the retina is not actually a plane. For the same reason, your eye lens is not 
a spherical lens, but some more complicated shape instead. The ray tracing has been done by 
evolution, however, so that objects in a plane get focused properly onto the retina. 

Because the distance from your eye lens to your retina is fixed by the geometry of your 
eye, you must be able to adjust the shape of your lens. By doing so, you can change the focal 
length of your lens and thus change the distance at which points are perfectly in focus (this is 
called “accommodation”). 

The formation of an image on your retina is illustrated in the diagram in figure 11.42. 
Again as in figure 11.40 the image is upside down. You cannot focus on objects that are too 
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Figure 11.42: 

close to your eye lens because the amount of accommodation you can do is limited. If you 
bring the object too closer than the smallest focal length your eye lens can produce, the real 
image is beyond your retina, the object will look fuzzy, as shown in figure 11.43. 

A magnifying glass works by allowing you to produce a larger image of the object on your 
retina. It does this in two ways, both of which are illustrated in the diagram in figure 11.44 
(with fewer light rays shown now because the diagrams are getting too busy). 

Obviously, the image is larger. But note also that the magnifying glass changes the 
amount of accommodation required by your eye lens. Your eye is actually focusing on the 
virtual image which is much farther away, and that is easier. Thus when you look at an object 
in a magnifying glass, you can bring it much closer to your eye then you could without the 
glass. This further increases the magnifying effect, because closer objects look bigger. In this 
diagram you can also see a third salutary effect of the magnifying glass — more of the light 
from the object reaches your eye. 

One of the magnifying effects of a lens can be obtained without a lens in a very simple 
way — with a pinhole. If you look at a nearby object through a pinhole, you can bring it 
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Figure 11.43: 
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Figure 11.44: 

much closer to your eye. The reason is that only a narrow beam of light get through the 
pinhole from each point on the object you are looking at, so not much focusing is required. 
The size of the image on your retina is not increased when you look at the object through a 
pinhole at the same same distance as without the pinhole, but with the pinhole, you can bring 
it much closer to your eye without fuzziness, and therefore you make it appear bigger. 

You may also have played with pinhole cameras, in which you form an image on a screen 
in a dark box without a lens, as shown in figure 11.45. 

One disadvantage to a pinhole camera is that you need a very bright object. You throw 
away most of the light coming from the object. You can get more light by making the pinhole 
larger, but that makes the image fuzzier. Actually, however, you cannot make the pinhole too 
small anyway. Ultimately, as we will see in chapter 13, diffraction limits the resolution of a 
pinhole camera. If you try to make the image very sharp by making the pinhole very tiny, the 
beam you get inside the camera will be spread by diffraction. The best you can do is choose 
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Figure 11.45: 

the size of your pinhole so that the spreading at the screen due to diffraction just matches the 
size of the pinhole. 

While we are on the subject, note that diffraction and the finite size of your pupil limits the 
angular resolution of your eye. As we will understand in detail in chapter 13, the finite size, 
s of your pupil introduces an angular spread of order d/λ for light of wavelength λ. Unless 
you have huge eyes, s is less than .25 cm, so for green light with wavelength 500 nanometers 
(550 is about the middle of the visible spectrum), the angular resolution is greater than about 
2 × 10−4. At a distance of 10 meters, for example, even if your eyes are perfect, you will not 
be able to resolve two objects less than a few millimeters apart. 

You can use a pinhole to study your eyes in rather interesting ways. Put the pinhole close 
to your eye and look at a bright diffuse source of light. We will do this in lecture, but you 
can make your own pinhole by punching a small hole in a piece of aluminum foil with a pin 
and try this out. If you wear glasses, take them off. You won’t need them. You should see 
a circular spot of light. This is the image of your pupil on your retina, as shown below: 
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Figure 11.46: 
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You can watch the size of your pupil change with this arrangement. Just cover or close your 
other eye. Because you are now getting less light, both pupils will expand. Uncover the other 
eye and look at the bright light again and the pupils will contracts. Can you notice a short 
time-lag? 

Now carefully bring a pen or pencil point up from below in between the pinhole and 
your eye, until it just begins to obscure your view. What do you see? This should convince 
you, if you were not sure before, that the image on your retina is upside down, as shown in 
figure 11.47. The bottom half of the image on your retina is missing. Your brain, being used 
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Figure 11.47: 

to seeing images on the retina upside down, interprets this as an object coming down from 
above! 

Magnification, telescopes, microscopes, and all that 

By combining lenses in various ways, you can construct all sorts of interesting optical instru-
ments. The simplest way to think about magnification is just to consider the angular size of 
the observed image, compared to the angular size you would see without the instrument. 

A simple telescope is illustrated in figure 11.48. The distances are somwhat distorted. 
In a real telescope the object would be much farther way and the sizes of the lenses much 
smaller. When you look at a distant object (large L) with your telescope, the light arrives 
at the first (“objective”) lens as a nearly parallel bundle of rays. We know from the thin lens 
formula 

1 1 1 
+ = (11.153)

d1 d2 f 

with d1 = L À f that a real image forms at a distance from the objective d2 just slightly 
larger than its focal length f1. The “eyepiece” is then placed a distance just beyond its focal 
length, f2, from the real image, to make the light from the image into a nearly parallel bundle 
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Figure 11.48: 

again. Essentially what you are doing with the eyepiece is looking at the light from the real 
image with a magnifying glass. 

We can understand how (and how much) a telescope magnifies distant objects by looking 
at the angles involved. If the object has size ho, its angular size without the telescope is 

ho ho≈ (11.155)
L + f1 + f2 L 

By similar triangles, the size of the real image is 

ho · f1 (11.156)
L 

and thus the angular size of the real image at the eyepiece (and your eye) is 

ho f1 · (11.157)
L f2 

Thus the magnification is approximately 

f1 (11.158)
f2 

Note that the telescope image appears upside down because what you are actually seeing 
is the real image. 

A microscope looks something like what is shown in figure 11.49 (with even fewer light 
rays drawn because you should be getting used to them by this time. 

The sample is placed just a little more than the focal length, f1, away from the objective 
so that a real image forms that is much bigger than the sample. Then you look at the real 
image with the eyepiece as a magnifying glass, again positioned a little more than its focal 
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Figure 11.49: 

length, f2, away, to be able to view the image comfortably with your eyes relaxed. If the 
sample has size ho, the size of the real image is 

L 
f1 
· ho (11.159) 

and the angular size of the image at the eyepiece (and your eye) is 

L ho 

f1f2 
(11.160) 

This should be compared with the angular size of the object at some reference length, L0 ≈ 
25 cm, at which you can view the object comfortably with your unaided eye, which is 

ho (11.161)
L0 

Thus the magnification is 
LL0 (11.162)
f1f2 

11.7 Rainbows 

Most elementary physics books either do not explain the rainbow at all, or explain it incor-
rectly (sometimes embarrassingly so). Obviously, it has something to do with the refraction 
of light by raindrops. We ought to be able to explain it just using Snell’s law and geometrical 
optics — ray tracing. But it is a little subtle, as you will see. 

To begin with, consider the refraction of a narrow ray of light from a spherical drop of 
water, illustrated in figure 11.50. The index of refraction of water, n, varies from about 1.332 
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for red light to about 1.343 for violet light. The ray enters somewhere on the drop, which 
can parameterize by the angle θ between the direction of the incoming light and the radius 
from the center of the drop to the point where the light enters. The angle θ is also the angle 
between the light ray and the perpendicular to the surface of the drop, so it is the appropriate 
to use in Snell’s law. Thus the angle φ of the refracted ray inside the drop is given by 

1
sin φ = sin θ (11.163) 

n 

or 

φ = sin−1 
µ 

sin θ 
¶ 

(11.164) 
n 
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Figure 11.50: 

Some of the light is also reflected from the drop. Note that the reflected light is reflected 
specularly. For θ = 0, the light is reflected directly backwards. As θ increases from 0 the 
reflected ray is rotated counter-clockwise with respect to the incoming ray by an angle π −2θ 
until at θ = π/2 it just kisses the sphere and is not rotated at all. 

The important geometrical fact that makes the problem fairly simple is that the angle 
between the ray and the perpendicular to the surface is the same when it comes out of the 
drop as when it comes in. Snell’s law works in reverse, and the ray coming out of the drop 
makes an angle θ with the perpendicular. As you can see from figure 11.51, this means 



309 11.7. RAINBOWS 

.........
.... 

.........
.... 

.........
.... 

θ 
θ .........

.... 

..................................................................................................................................... ............ ............................... .................................................................................................. 

.........
.... 

.........
.... 

.........
.... φ 

.........
.... . 

............. 

................................................................................................................................................................................................ 
.........
.... ............. 

....................................................... ............. 

.........
.... ............. 

..............................................φ 

........

........

........

........

........

........
........
........
........
........
.........
.........
.........
.........
.........
.........
.........
..........
..........
..........

...........
...........

...........
............

.............
..............

...............
................

...................
.......................

.................................
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

..........................
....................

.................
...............

..............
.............
............
............
...........
...........
..........
..........
..........
..........
.........
.........
.........
.........
.........
.........
...

....

.........................................................................................

...................................................................................................................................

.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.........
.......................
..............

....................................................................................................................................... ..........
....

.........
....

.............
............. 

............. 

............. 
.........
.... θ 

............. .........
.... π−2φ .............

............. 

.........
.... ............. 

............. .... .............
.........
....
............. 

........
........
........
........
........
........
........
........
........
...... 

Figure 11.51: 

that the refracted ray coming out of the drop This is just a version of the reflected ray in 
figure 11.50 rotated by π − 2φ. This means that is it rotated by 

θ1 = (π − 2φ) − (π − 2θ) = 2θ − 2φ (11.165) 

from the original direction of the incoming light. 
The trouble with this is that it has nothing to do with the rainbow. The problem is that the 

direction of the refracted ray is basically forward and it depends on θ, so that no particular 
value of θ is picked out. There are three mysterious things about the rainbow that this effect 
cannot explain. 

i. The primary rainbow occurs at a definite angle, and 

ii. the angle is in the backwards direction — at an angle of about 41◦ (about .7 radians) 
from the incoming light ray — that is rotated by about 2.4 radians from the original 
direction, and 

iii. there is a second rainbow outside the first in which the colors go in the opposite direc-
tion! 
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Figure 11.52: Plot of θ1 versus θ for red light and blue light. 

So what does this refraction do? The answer is almost nothing! The refracted ray is spread 
over a large range of angles, as shown in the graph in figure 11.52. At any particular outgoing 
angle, the light from this effect is very faint and hardly noticeable. Not only are the colors 
not separated very much, but all of them are spread more or less evenly over outgoing angle, 
so you don’t see any rainbow from this refraction. 

So where does the rainbow come from? The answer is that in addition to being refracted 
from the inside surface of the drop, the ray can also be reflected, and then come out at a still 
larger angle. The result looks like the picture in figure 11.53. 

Comparing figure 11.51, figure 11.53 and equation (11.165), it is clear that for this path 
the light is rotated by 

θ2 = 2(π − 2φ) − (π − 2θ) = 2θ + π − 4φ (11.166) 

And now here is the critical point. If we plot this θ2 versus θ, the graph has a minimum! This 
is shown in figure 11.54. 

Now the outgoing angle has a minimum for θ ≈ 1.05 (which is the value of θ illustrated 
in the diagrams). The outgoing angle θ2 ≡ θout corresponding to this θ gives the angular 
position of the rainbow. Here, because θ2 does not change much for a small change in θ, you 
see the sum of the refracted light from a range of θs around the minimum. The angle is about 
what we expect, θout ≈ π − .7, where .7 radians≈ 41◦ is the angle between a vector from the 
water drop to the sun and the same drop to your eye, as shown in figure 11.55. The negative 
sign in π − .7 means that the light has not rotated by a full 180◦, so the light reaching your 
eye entered the refracting water drop on the side farther away from you. 
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Figure 11.53: 

You can also see from the graph in figure 11.54 that the colors are spread out. The red 
light is on the outside (farther away from 2π) and the blue light on the inside. 

Mathematically, why does the light pile up at the edge? The energy from sunlight falling 
on a small part of the surface of the water drop between θ and θ + dθ is proportional to I dθ 
(there are other factors, like cos θ, but they vary slowly, so let’s forget them). The angle of the 
outgoing ray, θout is a function of θ, and the energy ∝ Ii dθ is spread over an angular region 
between θout and θout + dθout. Thus the outgoing intensity is proportional to 

incoming 
∝ Ii dθ (11.167)energy between 

θ and θ + dθ 

outgoing 
= ∝ Io (11.168)energy between dθout 

θout and θout + dθout 

Ii dθ Ii
Io ∝ = (11.169)

dθoutdθout dθ 
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Figure 11.54: Plot of θ2 versus θ for red light and blue light. 
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Figure 11.55: 
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When dθout/dθ = 0, the intensity goes to infinity! The edge is infinitely more bright than 
the interior. That is why we see it! 
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Figure 11.56: 

We can now check this picture by seeing how it explains the second rainbow. As you 
might guess, this comes from yet another reflection, as shown in figure 11.56. 

Now the light ray is rotated by 

θ3 = 3(π − 2φ) − (π − 2θ) = 2θ + 2π − 6φ (11.170) 

This is shown, along with θ2, in the plot in figure 11.57. The minimum of θ3 is the 
position of the second rainbow. But now because the angle is greater than π, the light is 
reaching your eye from the side of the drop that is closer to you, and it is bending completely 
around. 

This is why the colors are reversed. Again the blue is refracted more, but this time that 
means that the blue is on the outside, while the red in on the inside. 

By accident, the minima for θ2 and θ3 are almost equally (within about .13 radians) 
displaced from π, though on opposite sides. This is why the two rainbows are fairly close 
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Figure 11.57: Plot of θ2 and θ3 versus θ for red light and blue light. 

together in the sky. 
Another prediction of this picture that can often be seen is “Alexander’s dark band” that 

appears between the rainbows. The light that is not concentrated at the minimum value of 
θ is spread inside the first rainbow but outside the second rainbow, thus the region between 
the two rainbows (or outside the first if the second cannot be seen) is darker. If we plot the 
angular distance away from π as a function of the angle at the which the incoming sunlight 
enters the water drop, the first and second rainbows look like figure 11.58 (as usual, I have 
exagerated the difference in index of refraction between red and blue. Here you clearly see 
that the angle of first rainbow is smaller, and the dark band between the two. 

11.8 Spherical Waves 

Consider sound waves in a very large room with absorbing walls. In the middle of the room 
(we will take the middle of the room to be the origin of our coordinate system, ~r = 0) is a 
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Figure 11.58: Both rainbows. 

spherical loudspeaker, a sphere that produces an oscillating pressure at its surface (at radius 
R) of the form p0 cos ωt. What sort of sound waves are produced? It seems rather silly to 
use our plane wave solutions with space translation invariance for this problem, because this 
system has a symmetry under rotations about the origin. Instead, let us look directly at the 
wave equation and make use of the spherical nature of the problem. That is, assume that 
the solution has the form ψ(~r, t) = χ(|~r|, t). Putting this into the wave equation gives (with 
r ≡ |~r|)8 

1 ∂2 
~ ~χ(r, t) = r 2 χ(r, t) = r · ~ r χ(r, t)

2v ∂t2 
∂ ∂ (11.171) 

~ ~ ~ = r · (rr) χ(r, t) = r · (~r/r) χ(r, t)
∂r ∂r 

~ ~8If you have seen spherical coordinates, you may remember that you cannot compute the Laplacian, r · r, 
2∂simply as 

∂r2 . You don’t need to remember the details here because we compute it from scratch for the function, 
χ(|~r|, t). 
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~ ~= (r · ~r/r) 
∂

χ(r, t) + (rr) · (~r/r) 
∂2 

χ(r, t)
∂r ∂r2 

∂ ∂2 
~ r)/r + ~ r(1/r)]= [(r · ~ r · ~ χ(r, t) + (~r/r) · (~r/r) χ(r, t) (11.172) 

∂r ∂r2 

2 ∂ ∂2 

= χ(r, t) + χ(r, t) . 
r ∂r ∂r2 

We can rewrite this in the following useful form: 

1 ∂2 1 ∂2 

χ(r, t) = rχ(r, t) . (11.173) 
v2 ∂t2 r ∂r2 

Thus rχ(r, t) satisfies the one-dimensional wave equation. 
We can now solve the problem that we posed above. The solutions for rχ have the 

form sin(kr ± ωt) and cos(kr ± ωt), where k = ω/v. Because the pressure at r = R is 
p0 cos ωt, we are interested in the combinations cos(kr − kR − ωt) and cos(kr − kR + ωt). 
These describe waves going outward from and inward toward the origin respectively. The 
appropriate boundary condition at infinity is to take the outgoing wave, so that the disturbance 
is produced entirely by the speaker. Thus 

p0R 
χ(r, t) = cos(kr − kR − ωt) . (11.174) 

r 

The general features of the solution, (11.174), are easy to understand. The wave-fronts, along 
which the phase of oscillation is constant, are spheres centered about the origin, as they must 
be because of the rotational symmetry. The waves move out from the origin at speed v. As 
they move outward, their local intensity must decrease, because the same amount of energy 
is being spread over a larger area. This is the reason for the 1/r in (11.174). If the amplitude 
falls as 1/r, the intensity of the wave falls as 1/r2, as it must. Though the physics is clear, 
the precise form of this solution is deceptively simple. In two dimensions, for example, it 
is not possible to find a solution to an analogous problem using the functions that you know 
from high school. In two dimensions, the amplitude of the wave must decrease roughly as √
1/ r. The solutions to the two-dimensional wave equation with this property are called 
Bessel functions. You will learn about them in more advanced courses. 

11.9 Chapter Checklist 

You should now be able to: 

i. Interpret plane waves in two- and three-dimensional space in terms of a ~k vector, an-
gular wave number; 

ii. Analyze the scattering of a plane wave from a plane boundary between regions with 
different dispersion relations; 
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iii. Derive and use Snell’s law; 

iv. Understand the phenomenon of total internal reflection, along with the general state-
ment of the boundary condition at infinity for complex ~k; 

v. Understand the physics and mathematics of tunneling phenomena; 

vi. Understand how degeneracy of the frequencies of the normal modes affects the forced 
oscillation problem and find the sand patterns on square Chladni plates; 

vii. Understand the propagation of waves in waveguides, using separation of variables to 
construct the modes and interpret the result in terms of zig-zag waves; 

viii. Be able to analyze water waves, ignoring viscosity and angular momentum. 

ix. Solve problems involving spherical waves where the displacement involves only r and 
t; 

Problems 

11.1. Consider the free transverse oscillations of the two-dimensional beaded string 
shown in figure 11.59. All the horizontal strings have tension Th, all the vertical strings have 
tension Tv, all the solid circles are beads with mass m. The square frame is fixed in the z = 0 
plane. 

a. Find the normal modes and their corresponding frequencies. 

b. Suppose that Tv = 100Th. Draw nine diagrams, one for each normal mode, in order 
of increasing frequency indicating which beads are moving up (by a + sign), which are 
moving down (by a − sign), and which are not moving (by a 0). You can interchange + and 
− and still have the right answer by changing the setting of your clock, or multiplying your 
normal mode vector by −1. For example, the lowest frequency mode looks like 

+ + + 
+ + + 
+ + + 

while the mode with the fifth highest (and also the fifth lowest — in other words the one in 
the middle) looks like 

− 0 + 
0 0 0 
+ 0 − 
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Figure 11.59: A two-dimensional beaded string. 

Do the rest and get the order right. You should be able to do this even if you got confused 
by the details of part a. 

11.2. Consider the forced transverse oscillations of the two-dimensional beaded string 
shown in figure 11.60. All the strings have tension T , all the solid circles are beads with mass 
m. The frame is held fixed in the z = 0 plane. The open circles are moved up and down out 
of the plane of the paper with the same transverse displacement, 

z1(t) = z2(t) = z3(t) = d cos ωt 

where s 
T 

ω = 2 . 
ma 

Find the displacement for each of the beads. You can do this by solving for the displacement, 
zjk(t), of the bead whose horizontal position is 

kL jL 
x = , y = 

4 4 
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Figure 11.60: A two-dimensional beaded string. 

for all relevant j and k. All displacements will be proportional to d cos ωt, so write your 
answer in the form of a table of the coefficients of d cos ωt for each j and k: 

@ k 
@ 

j @ 
@ 

1 

2 

3 

1 2 3 4 

? ? ? ? 

? ? ? ? 

? ? ? ? 

11.3. Consider the forced transverse oscillations of the semi-infinite two-dimensional 
beaded string shown in figure 11.61. All the strings have tension T , all the solid circles are 
beads with mass m. The equilibrium separations of the blocks are all a. The frame at y = 0 
and y = 4a is held fixed in the z = 0 plane. The open circles at x = 0 are moved up and 
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Figure 11.61: A semi-infinite two-dimensional beaded string. 

down out of the plane of the paper with transverse displacement, 

d 
z1(t) = z3(t) = √ cos ωt , z2(t) = −d cos ωt , 

2 

for the values of ω given below. For each ω find the displacement for each of the beads as 
a function of its equilibrium position. That is, determine ψ(x, y, t). Assume that the entire 
system is oscillating with frequency ω and that the displacement is well-behaved at x = +∞. 

a. Find ψ(x, y, t) for √ 
ω2 = 

T 
(2 + 2 − ²2) 

am 
In both a and b, assume that ² is a small real number, small enough so that you can approxi-
mate 

² ² 
sinh ≈ .

2 2 

b. Find ψ(x, y, t) for √ 
ω2 = 

T 
(6 + 2 + ²2) . 

am 
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11.4. A flexible membrane with surface tension τS and surface mass density ρS is 
stretched so that its equilibrium position is the z = 0 plane. Attached to the surface of the 
membrane at x = 0 is a string with tension τL and linear mass density ρL. Consider a 
traveling wave on the membrane with transverse displacement 

ψ(x, y, t) = ψ−(x, y, t) = Ae−iωt+ikxx+iky y + R Ae−iωt−ikxx+iky y 

for x ≤ 0, and 
ψ(x, y, t) = ψ+(x, y, t) = T Ae−iωt+ikxx+iky y 

for x ≥ 0. 
In what direction is the reflected wave (for x < 0) traveling? Easy! 
Newton’s law for a small element of the string of length dy with equilibrium position 

(0, y, 0) is 

· 
∂ ∂ ∂2 

τS dy ψ+(0, y, t) − ψ−(0, y, t)
¸ 

+ τL dy ψ±(0, y, t)
∂x ∂x ∂y2 

∂2 

= ρL dy ψ±(0, y, t) . 
∂t2 

Explain the physical significance of the term above, proportional to τS . What is pulling on 
what? Why does it have the form shown above? 

11.5. Consider the transverse oscillations of an infinite flexible membrane stretched in 
the z = 0 plane with surface tension Ts and surface mass density Ds. Along the z = 0, 
x = 0 line, a string with linear mass density DL but no tension of its own is attached to the 
membrane. 

Consider a wave of the form: 

Aei(kx cos θ+ky sin θ−ωt) + R Aei(−kx cos θ+ky sin θ−ωt) for x < 0 

x cos θ0+k0y sin θ0−ωt)T Aei(k0 for x > 0 

where cos θ > 0 and cos θ0 > 0. 
Find sin θ0 in terms of sin θ (TRIVIAL!). 
Find R and T . 
Hint: Consider F = ma for an infinitesimal piece of the weighted string, remembering 

that it has no tension of its own. 

11.6. Two semi-infinite flexible membranes are stretched in the z = 0 plane. The first 
has surface tension 1 dyne/cm and mass density 169 gr/cm2 . It is fixed along the z = 0, 
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y = 0 axis and the z = 0, y = a axis and extends from x = 0 to ∞ in the +x direction. 
The second has the same surface tension but mass density 180 gr/cm2. It is also fixed along 
the z = 0, y = 0 axis and the z = 0, y = a axis and extends from x = 0 to −∞ in the −x 
direction. The two membranes are joined together with massless tape at x = 0. Consider the 
transverse oscillations of this system of the following form: 

ψ(x, y, t) = A sin(kyy)(e −i(ωt−kxx) + R e−i(ωt+kxx)) for x ≤ 0; 

x)xψ(x, y, t) = A sin(kyy)T e−i(ωt−k0 for x ≥ 0 

−1where ky = 12π cm−1 and ω = π s . 
Find kx and k0 .x

Find R and T . 

fixed rod 

y = a 

elastic membrane 

y = 0 

x = 0 fixed rod 

Figure 11.62: A forced oscillation problem in an elastic membrane. 

11.7. A uniform membrane is stretched in the z = 0 plane, as shown in figure 11.62. It 
is attached to fixed rods along y = 0, z = 0 and y = a, z = 0 from x = 0 to ∞. ψ(x, y, t) 
is the z displacement of the point on the membrane with equilibrium position (x, y, 0). For 
small oscillations, ψ satisfies the two-dimensional wave equation, 

Ã 
∂2 ∂2 

! 
∂2 

2 v + ψ = ψ . 
∂x2 ∂y2 ∂t2 

If this system is extended to an infinite system by continuing it to negative x, show that 
the normal modes of the infinite system take the form: 

ikx ψ(x, y) = A sin(nk0y) e . 
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Find k0. Suppose that the end of the membrane at x = 0 is driven as follows: 

ψ(0, y, t) = cos(5vk0t)[B sin(3k0y) + C sin(13k0y)] 

The boundary condition at ∞ is such that there is no wave traveling in the −x direction 
along the membrane. Find ψ(x, y, t). 

Explain the following statement: For ω < 2vk0, the system acts like a one-dimensional 
wave carrier with the dispersion relation ω2 = v2k2 + ω2 . What is ω0?0 

11.8. Consider a rigid spherical shell of inner radius L filled with gas in which the speed 
of sound is v. In this sphere there are standing wave normal modes of many kinds. We will 
be interested in those in which the pressure depends only on the distance, r, from the center 
of the sphere. Suppose that ψ(~r, t) = χ(r, t) is the difference between the pressure of the gas 
in such a mode and the equilibrium pressure. We know from (11.173) that ξ(r, t) ≡ r χ(r, t) 
satisfies the one-dimensional wave equation: 

∂2 ∂2 
2ξ(r, t) = v ξ(r, t) . 

∂t2 ∂r2 

Explain the physics of the boundary condition at r = 0. 
In terms of an unknown wave number, k, find a form for χ(r, t) that satisfies the boundary 

condition at r = 0 . 
Explain the physics of the boundary condition at r = L. 
Write down the mathematical statement of the boundary condition at r = L, the solutions 

of which give the allowed values of k for the normal modes. 

Hints: . Remember that it is χ and not ξ that is the physical pressure difference. The 
lowest nontrivial mode has a k value which satisfies k L ≈ 4.4934. The amplitude of the 
pressure oscillations in this mode as a function of r is shown in the graph in figure 11.63. 

↑ 
χ 

0 
r → 

.................................................................................................................................................................................................................................................................................................................................................................. 

r = 0 r = L 

Figure 11.63: Amplitude of pressure oscillation versus r. 

11.9. Consider a boundary between two semi-infinite membranes stretched in the x-y 
plane. The membrane for x < 0 has surface tension τs and surface mass density ρs. The 
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membrane for x > 0 has the same surface tension τs but a different surface mass density 
ρ0 . Along the boundary there is a device (I don’t know exactly how it works) that producess

a vertical frictional force, proportional to minus the vertical velocity of the membrane at the 
boundary. In other words, if ψ(x, y, t) is the z displacement of the membrane as a function 
of (x, y), then the force (in the z direction) on a small chunk of the boundary stretching from 
the point (0, y) to (0, y + dy) is 

∂ 
dF = −dy γ ψ(0, y, t) . 

∂t 

On the membrane there is a plane wave of the form shown below, with displacement: 

ψ(x, y, t) = Aei(kx cos θ+ky sin θ−ωt) 

for x < 0, and 
x cos θ0+k0y sin θ0−ωt)ψ(x, y, t) = Aei(k0

for x > 0. The setup is shown in figure 11.64. The dispersion relation for x < 0 is 

τs
ω2 ~k2= . 

ρs 

Find k0 . 
Find θ0 

Find γ. You should find γ → 0 for ρs → ρ0 . Explain why.s

11.10 ...................................................................................................................
........
.........................................................................
........
...................................................... ... ..... 11-4. Instead of an open ocean, consider a system with a bottom at y = 0 

and a fixed top at y = 2L, half full of water and half full of paint-thinner, another nearly 
incompressible fluid which is lighter than water and floats in the top half without mixing with 
the water. 

Show that waves in this system have the form of (11.122) for y ≤ L (in the water) and 

ψx(x, y, t) = ¨ie±ikx−iωt cosh[k(2L − y)] , 
(11.175) 

ψy(x, y, t) = e ±ikx−iωt sinh[k(2L − y)] , 

for L ≤ y ≤ 2L (in the paint-thinner), by arguing that (11.175) and (11.122) satisfy the 
appropriate boundary conditions at y = 0 and y = 2L and (for small displacements) at 

~ y = L, and show that (11.175), like (11.125), is consistent with incompressibility (r·ψ~ = 0). 
Show that ψx is discontinuous at y = L and explain physically what is happening at this 

boundary and why. When you have done this, take a look at program 11-4, in which this 
system is animated. If you look carefully, you will notice the effect of the breakdown of 
linearity for large displacements. 
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Figure 11.64: Scattering from a boundary in an elastic membrane. 

Now suppose that the liquids are contained within vertical walls at x = 0 and x = X. 
What boundary conditions are satisfied at the vertical boundaries, x = 0 and x = X? 
Find the form of the displacements for the normal modes in this system. You may want 

~ ~to check that they satisfy r · ψ = 0. 
Show that the dispersion relation for this system is 

" 
ρW − ρP k3τS 

# 

ω2 = gk + tanh kL , (11.176)
ρW + ρP ρW + ρP 

where ρP is the density of the paint-thinner, ρW is the density of the water, and τS is the 
surface tension of the boundary between the water and the paint-thinner. Hint: You use an 
energy argument analogous to (11.127)-(11.137), and just discuss how the various contribu-
tions change when you go from (11.137) to (11.176). 
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11.11. Consider the reflection of sound waves from a massless, infinitely flexible mem-
brane that separates two gases with the same equilibrium pressure, p0, but different densities. 
The membrane is in the x = 0 plane. The gas in region 1, for x < 0 has equilibrium density 
ρ1, ratio of specific heat at constant pressure to specific heat at constant volume γ1, and sound 
speed 

p
γ1p0/ρ1 while the gas in region 2, for x > 0 has density ρ2, specific heat ratio γ2 

and sound speed 
p

γ2p0/ρ2. A pressure wave in the system has the following form: 

k1·~ kR ·~r−iωt P (r, t)/δp = Aei~ r−iωt + R Aei~

in region 1, for x < 0, and 
k2·~r−iωt P (r, t)/δp = T Aei~

in region 2, for x > 0, where P (r, t) + p0 is the pressure of the gas whose equilibrium 
position is ~r. The small pressure, δp, describes the amplitude of the pressure wave. R and T 
are the reflection and transmission coefficients. 

The k vectors are 
~k1 = (k cos θ, k sin θ, 0) 

~kR = (−kR cos θR, kR sin θR, 0) 

~k2 = (k2 cos θ2, k2 sin θ2, 0) 

where k, kR, k2, cos θ, cos θR, and cos θ2 are all positive. 
Find kR and cos θR in terms of k and θ. 
Find k2 and cos θ2 in terms of k and θ. 
Show that if ρ1/γ1 > ρ2/γ2, there is a critical value of θ above which the wave is totally 

reflected, and find the critical angle. 
To find R and T , we need the boundary conditions at x = 0. One condition follows from 

the fact that the membrane is massless and infinitely flexible. That implies that there can be 
no force on it transverse to its surface. 

Find this boundary condition. Hint: Where does the force transverse to the surface come 
from? 

The other condition involves the transverse displacement of the membrane. The displace-
ment can be obtained from the pressure: 

1 ~ ~ψ(r, t) = rP (r, t) ,
ρj ω2 

~where ψ(r, t) is the displacement of the gas whose equilibrium position is ~r and j is the 
region label. 

Thus 
~ iA ³

~ i~k1·~r−iωt + R~ i~kR ·~r−iωt ́
 

ψ(r, t)/δp = k1 e kR e 
ρ1ω2 
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in region 1, for x < 0, and 

~ i~k2·~r−iωt ψ(r, t)/δp = 
iA 

T ~k2 e 
ρ2ω2 

in region 2, for x > 0. 
Find the other boundary condition. Hint: Assume that the amplitude δp is small. 
Find R and T . 

11.12. Consider a universe filled with material that has a nonzero conductivity, σ. That 
is, in this material, there is a current proportional to the electric field (Ohm’s law), 

~ ~J(~r, t) = σ E(~r, t) . (11.177) 

We will assume that the material has no other electrical properties, in particular that there 
is no polarization or magnetization, and that no charge builds up anywhere, so that ρ = 0. 
Consider the propagation of a plane electromagnetic wave in this universe. Because this 
universe is perfectly space translation invariant and rotation invariant, and because (11.177) 
is linear, we would expect that there will be plane wave solutions in which the electric and 
magnetic fields are proportional to 

i(~k·~r−ωt)e 

~for k2 and ω related by some dispersion relation. In particular, consider propagation in the +z 
direction with the electric field in the x direction and the magnetic field in the y directions: 

Ex(~r, t) = E ei(kz−ωt) , Ey(~r, t) = Ez(~r, t) = 0 

By(~r, t) = B ei(kz−ωt) , Bx(~r, t) = Bz(~r, t) = 0 . 

a. Show from the relevant Maxwell’s equations, 

∂ ∂ ∂By
Ex − Ez = − 

∂z ∂x ∂t 

∂ ∂ ∂Ex
Bz − By = µ0²0 + µ0Jx

∂y ∂z ∂t 

that such a plane wave can exist if 

k2 = µ0²0ω
2 + iµ0σω . 
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Figure 11.65: A spherical sound damper. 

b. Assume that ω is real and positive and that the real part of k is positive. Find the sign 
of the imaginary part of k, and interpret your result physically. That is, explain why the sign 
had to come out the way it did. 

11.13. Consider a spherical sound wave coming in from far away and being completely 
absorbed by a spherical sound damper at a radius r = `, as shown in figure 11.65. The 
pressure in is this system is described by the real part of the complex traveling wave below, 
depending only on the radius and time: 

² −i(kr+ωt)p(r, t) − p0 = e 
r 

where 
γp0

ω2 ~k2= 
ρ 

with p0, the equilibrium pressure and ρ the equilibrium mass density of the gas. The typical 
displacement of the air from its equilibrium position in this wave is in the radial direction, 

1 ∂p 
ψr(r, t) = . 

ρω2 ∂r 

a. Find the time-averaged power absorbed by the spherical damper at r = `. 

b. Explain (qualitatively) the factor of 1/r in the pressure. 

Now suppose that there is a massless, flexible spherical boundary between two different 
gases at radius r = rb, shown as the dashed circle in the diagram in figure 11.66. The 
equilibrium pressure, p0, is the same on both sides of the boundary. Also, assume that γ is 
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Figure 11.66: A spherical sound damper with a reflecting boundary. 

the same for both gases and that the only difference is the densities. Inside the density is ρ, 
and outside the density is ρ0. Now for ̀ < r < rb, the pressure is still given as above, but in 
the region outside the dashed circle, there is a reflected wave as well as the incoming wave, 

A −i(k0r+ωt) + 
B i(k0r−ωt)p(r, t) − p0 = e e 

r r 

where 
γp0 2 

ω2 k~0= . 
ρ0 

c. What are the boundary conditions at r = rb and why? 

d. Find B/A and ²/A in the limit, 

1 
k, k0 À 

rb 

in which you can drop terms proportional to 1/rb compared to k or k0 . 

11.14. One of the problems with glass lenses is that the index of refraction of glass 
depends on frequency. Thus, according to the lens maker’s formula, the focal length of a 
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glass lens will depend of frequency, and that is not good, because if one color is focused 
sharply, the others will be fuzzy. This is called “chromatic aberration.” Fortunately, different 
kinds of glass have different behavior in this respect, and this makes it possible to eliminate 
chromatic aberration. Suppose that you make a lens that looks like this by gluing together 
lenses made of two different types of glass. 

glass 1 glass 2 
...........................................................................................

........
.. 

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........

........
........
........
........
........
........
.......

........................................................ .........
..... 

..............................

............................................... .............. 

............................................................................................................................ 

...................................
...................................

.......... 

...........................................................................................................................................................................................................................................................................................................................................................................
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
........
.....

................................................................................................................................................................................................................................................................................................................................................................................................................................................

...........................................

........................................................
...................................

...................................
............... 

radius r1 radius r2 

Suppose that the indices of refraction of the two glasses are 

0 0 n1(λ) = n1 + α1λ , n2(λ) = n2 + α2λ . (11.178) 

What relation must be satisfied if the compound lens is to have a focal length that is indepen-
dent of λ? 

11.15. You can also make a telescope with one converging lens (the objective) and one 
diverging lens (the eyepiece). 

objective eyepiece 
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. 

The focal length of the convex lens is f1 and the focal length of the concave lens is −f2. 

a. If the ray tracing works as shown, that is that parallel rays entering the objective 
are focused down to parallel rays leaving the eyepiece, find the distance, d, between the two 
lenses. 
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b. Compute the magnification by assuming that you are looking at a distance object 
which subtends an angular size θ. Then consider a ray at angle θ that passes through the 
center of the convex lens. By calculating where it passes through the concave lens, you should 
be able to determine its angle, θo, when it reaches the observers eye. The magnification is 
then θo/θ. What is it in terms of the focal lengths? 

c. The image in this case is right-side-up. Draw a careful diagram to explain why. 

11.16. The appearance of the rainbows depends dramatically on the index of refraction 
of water. Describe in detail what the rainbows look like if n were decreased by 0.03 for each 
frequency of light? Discuss the first and second rainbows and Alexander’s dark band. 
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