8.03 Lecture 5

We consider the highly idealized system:
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Where neither block is initially moving, but the second block is displaced at a small angle at ¢t = 0.
There is no drag force, the springs are ideal. We want to predict the motion at arbitrary times.
Define the coordinate system where 77 and Z5 are measured from the equilibrium position. The &
direction is to the right and the ¢ direction is up.
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S myl = T1 COS 91 —mg
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Z direction:
— N\ mi’l = —T1 sin 91 + k(xg — xl)
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Implementing the small angle approximation: = cosf; ~ 1 sinf; = 60
From the ¢ direction we get T = mg
m:'n'l = —T191 + kI(ZEQ - 131)

= —mgﬁkz(:cg — 1)
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Similarly m&oe = kx1 — <k‘ + Tr;g) To
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Convert everything to matrix form (recall MX = —K X)

[z [k +mg/l —k _[(m 0
X_<:L‘;> K_< —k:g k—l—mg/l) M_<0 m)
1, [k/m+g/l  —k/m
M 1K‘< —k/m k/m—i—g/l)

Our equation of motion is X = —M 'K X. We need to solve the eigenvalue problem. This is
casiest if we switch to complex notation, define: X =Re[Z] and Z = €!“9) A, The equation of
motion becomes

VA=MT1KA

and we need to solve
det(M 'K —w?I)A =0

g 2p [0/l E/m = w? —k/m
M=K wj_( —k/m g/l +k/m — w?

(g/l+k/m —w?)? = (k/m)>=0
(g/l+ k/m — w?) = x£(k/m)
g g 2k
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Where we define w% as the first and w% as the second solution.
First examine 1: w? = %

_ k/m —k/m\ [A 1
(M7'K —w?I)A = (_k/m k/m> (A;> =0 = AW = <1>

Next examine 2: w? = % +

art—apa= (G ) () =0 = 4= ()

Co back to X: X =Re[Z]=Re[e!“!+?) 4]
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XM = cos (wit + ¢1) AWM
X = cos (wat 4 ¢2) AP
Where w; = /g/l and wa = /g/l 4+ 2k/m as above. The full solution is then:

x1 = acos(wit+ ¢1) + [cos(wat + ¢2)
xe = acos(wit+¢1) — Bcos(wat + Pa)

Where the initial conditions can be used to determine «, 3, ¢1, ¢2. Implementing our initial condi-
tions from above we find:

a=1x9/2 f=—-x0/2 ¢p1=¢2=0



Rewriting our full solution:
T
T = ?O(cos w1t — coswat)
T
To = ?O(cos w1t + coswat)

Or if we implement some trig identities:

. (w1 Fwe . W1 —wa
Tr1 = —Zgsin t ) sin t
2 2
w1 + wo w1 — w2
T9 = T COS 5 t ) cos 5 t

If w ~ ws (e.g. w1 = 0.9w2)

w1 + wo w1 — W2
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We get two distinct waves: a carrier (high frequency) and the “beat” (low frequency) with the
periods as shown.

We can define a “normal coordinate:” U = <U1> = <5E1 + 172)
U2 Tr1 — T2

Uy = 2Acos (wat + ¢1)
Us = 2B cos (wpt + ¢2)

m(&1 + d2) = — (”;g) (@1 + 22)
m(iy — ig) = — (";g + 2k:> (21 — 22)



We’ve successfully decoupled the equations of motion!

:>mU1 = — (Wng> U1

mUQ = — <TTng +2k> U,

Where U; (and Us) are oscillating harmonically at w; (and wa)!!!!
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