5.61 Fall 2017
Problem Set #5 Solutions

1. Phase Ambiguity

When one uses a,a’ and N operators to generate all Harmonic Oscillator wavefunctions and
calculate all integrals, it is easy to forget what the explicit functional forms are for all of
the v, (z). In particular, is the innermost (near x_) or outermost (near x ) lobe of the 1),

always positive? Use af = 271/2 (ZL': — 25) to show that the outermost lobe of all ¥, (x) is
always positive, given that

bo(x) = [1]73(@1) ()
and that 1y(z) is a positive Gaussian. Apply & and —ip to the region of ¢y(z) near x(Ep)
to discover whether the region of v (x) near x, (F;) is positive or negative.

Solution:
We know that
o(x) = [0!] 72 (a") Yo () (1.1)
And plugging in for af gives us
o) = [l 72272 [F — ip) o (x) (1.2)
or, after putting the momentum operator into position space
Vy(z) = [0l 72 (2_1/2 {/x: — ﬁag}) Po(x). (1.3)
x

For large values of z, the 7 operator should give a large, positive value. The derivative of
a positive gaussian in this region should be negative and very small (and will contribute
positively due to the negative sign in the equation). And the )y itself is defined as a positive
gaussian and is therefore positive over all space. Therefore, because all terms are positive
for very large x values, the far right lobe should be positive.
A Note about Phase Ambiguity

When one uses a,a’ and N operators to generate all Harmonic Oscillator wavefunc-
tions and calculate all integrals, it is easy to forget what the explicit functional forms
are for all of the ¢, (z). In particular, is the innermost (near x_) or outermost (near

~ A~

z) lobe of the v, always positive? Use af = 271/2 (x — zp) to show that the outer-

most lobe of all ¢, (x) is always positive, given that

vo(w) = 0] 712 (a") ¢y ()

and that ¢y(x) is a positive Gaussian. Apply & and k —ip to the region of 1)y(z) near
x4 (Ep) to discover whether the region of 1 (x) near x,(E}) is positive or negative.




2. Anharmonic Oscillator

The potential energy curves for most stretching vibrations have a form similar to a Morse

potential
Viu(z) = D[1 — e’ﬂ‘”]2 = D[l — 2¢ 77 4 e’2ﬁx].

Expand in a power series
2,2 5.3, ( a4
Viu(z) = D |pa* — [z —1—5695 +... 0.
In contrast, most bending vibrations have an approximately quartic form

1
Vol(x) = §k:x2 + ba?.
Here is some useful information:
3 _ A~ Af\3
T <_2uw) (a+ah)
ﬁ 2
4 _ A L at\4
T <_2pw) (a+a")

w=(k/p)"? [radians/second|

_ (k/w)\?
w= k/w) [em™! if ¢ = 3.0 x 10" cm/second]
2mc
(a+a"?=a®+3(N +1)a+3Nal +af
(a+ah)! = a' + &[N — 2] + [6N2 + 6N + 3] + al?(4N +6) + al
N =a'a.

The power series expansion of the vibrational energy levels is

E, = he[@(v+1/2) — @(v+1/2)* + ©g(v + 1/2)*] .

Hint: The goal of this problem is to relate information about the potential surface (i.e. D

and /) to information about the energy level pattern we can obtain experimentally (i.e. @,
Wi, ete.). We make these connections via perturbation theory.

A. For a Morse potential, use perturbation theory to obtain the relationships between (D, 3)
and (@, W%, @g). Treat the (a + af)® term through second-order perturbation theory and
the (4 + af)* term only through first order perturbation theory.

[HINT: you will find that wy = 0.]

Solution:
We can interpret a Morse potential as a perturbation of a perfect harmonic oscillator. These
perturbations are the higher order terms in the power expansion of the potential. Considering

5.601 Fall 2017 Problem Set #5 Solutions Page 2



only the terms of order 4 or less and defining wy = 1/2D[%/m, we have

2 2
P mwy o

HO = TR R (2.1)
HY = —Dp3a® + %6%4. (2.2)

The zero-order energies are those for a harmonic oscillator with frequency wy
EO = hwo(v+1/2) (2.3)

To calculate the first-order corrections it’s necessary to rewrite the perturbation term H®
in terms of raising and lowering operators.

7D
HWY = —DB32? + EB%“ (2.4)
o\ 7D no\?
——D 3 A At)3 iyt A aty4 2.
64 <2mw0) (a+a')’ + 126 ST (a+a') (2.5)
ﬁ3/2D1/4ﬂ3/2 5 7ﬁ252
_ A1 A a1 Aat4

The first-order corrections are the integrals Hél) In the equation above, the cubic term
has selection rules Av = £3,£1, and so it will not contribute to the first-order corrections.
Expanding the quartic term and keeping only those parts that have a selection rule Av =0
(i.e. those terms which have two a’s and two a'’s), we arrive at

EW = H) = 7562 i : / dap[6N? + 6N + 3]u, (2.7)
— %(61}2 + 6v +3) (2.8)
= 7171625 (v* +v+1/2) (2.9)
_ 7171;5(1;“/2)%%. (2.10)

The second-order term is a bit more complicated. We will make the simplification of only
considering the second-order contributions from the cubic term in the potential (this is
reasonable because in real systems quartic terms are generally an order of magnitude smaller
than cubic terms). The second order correction to the energies is

2

N
EY =) —5——w (2.11)
; EY — B
where
ﬁ3/2D1/463/2 X X
Hi,l)v T T 99/4,,3/4 /dxwv’(fH‘ a')’y, (2.12)
K3/2 D1/433/2 R N
= ——29/4m3€4 / drip,[a® + 3(N + 1)a + 3Nal + aP)y,. (2.13)
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The selection rules for this integral are Av = +1,£3. Evaluating it in the second-order
correction sum yields 4 terms:

RO _ RPDY233 1 [(v® — 302 + 20) N 30 N 3(v3 — 3v? +3v+1) N (v3 + 6v% 4 11v + 6)
v 29/2m3/2 i, 3 1 —1 -3

(2.14)

—ﬁ2 2
=3 5 [—120% — 120 — 5] (2.15)

m

h2 2
:?’S—mﬁ[ 2 4y +5/12) (2.16)

3ﬁ2ﬁ2 ﬁ252

= 1/2)* + ——. 2.17
o (012 (2.17)

Okay! Now we’ve done the hard work, let’s make the final connections. First let’s add up
all of the perturbation corrections to the energy levels:

E,=E + E + EY (2.18)
7ﬁ262 752ﬁ2 3ﬁ2B2 ﬁQBQ
= 1/2 1/2)% + —— 1/2)% + —— 2.1
(o 172+ | Too v 1224 G (B w1 B2 ag
53 h2 B 13 h23? )
= — 1/2) + — 1/2 2.2
195 g, T wo(v+1/2)+ se——(v+1/2) (2.20)

Compare this to the “dumb” (i.e. a priori un-insightful) power series expansion of the energy
levels (which we would measure experimentally),

E, = helo(v +1/2) — @7 (v + 1/2)* + @g(v + 1/2)> + ... (2.21)

Matching powers of (v 4 1/2), we can determine the following relations between the exper-
imentally determined molecular constants (@, @Z...) and the potential curve parameters
(the information we actually care about).

hei = huwg (2.22)

13 723
—he@F = — 2.23
CWIT 16 m ( )
hedf = (2.24)

B. Optional Problem
For a quartic potential, find the relationship between (W, wZ, wy) and (k,b) by treating
(a+ af)* through second-order perturbation theory.

Solution:
We approach the quartic bending potential in the same manner as above. First we find the
perturbation theory expressions for the energy levels and manipulate them to be a power
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series in (v 4 1/2), and then compare this to the experimental power series expansion of the
vibrational energy levels.

Our Hamiltonian H = H® + HY | where
2 2

O = L T 2 2.2
om T 2 " (225)
ﬁ 2

with w = \/k/m.

Our zero order energies are those of H(®) (a harmonic oscillator)

EY = hw(v+1/2). (2.27)

v

The first order corrections will use the same expression as part 2.A.

2
EM =1b (%) (6v* + 6v + 3) (2.28)
b [ h\? b [ h\°

The second order correction will require a sum over states. The selection rules for the terms
in this sum are (excluding Av = 0) Av = £2, £4, leading to four non-—zero terms

5o - (5 ) REEBIELIE MO 230

v 2mw 4hw 2hw
(v+2)(v+1)dv+6) (v+4)(v+3)(v+2)(v+1)
2.31
" —2hw + —Ahw (2.31)
b*h3 s 9,5, 13

T dmtwd {” ot o 3} (2.32)

VR 3 o 11 3
=—17s l(v +1/2)° +3(v +1/2)" + Z(v +1/2) + Z] (2.33)

Summing our zero-order energies with the first- and second-order corrections yields
1 bh? 3 v 11 b*m3

E=|—m—————— hw — — 1/2 2.34
{16 m2w? 16 m4w5} [ 16 m4w5} (v+1/2) (2.34)

1 b?h? 3 b2h3
24 m2w3 4 miwd

[1ﬁ] (v+1/2)* (2.36)

] (v+1/2) (2.35)

4 mAwd

As before, the molecular constants from the empirical energy level power series in (v + 1/2)
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are related to the potential parameters by matching powers:

. 11 b*h3
hew = hw — 16 i (2.37)
.1 om? 3 b3
—hcox = ﬁm%,uz — Zm4w5 (238)
10w
hewy = i (2.39)

Note that when we treat the quartic term up through second-order perturbation theory it
contributes to the linear, quadratic, and cubic terms in the (v+1/2) power series. The first-
order correction only contributes to the quadratic term (and all contribute to the constant
offset).

3. Perturbation Theory for Harmonic Oscillator Tun-
neling Through a )—function Barrier

V(z) = (k/2)2* + C(z) (3.1)

where C' > 0 for a barrier. §(x) is a special, infinitely narrow, infinitely tall function centered
at z = 0. It has the convenient property that

/ T 5 (a)da = 14,(0) (3.2)

where 1,(0) is the value at z = 0 of the v eigenfunction for the harmonic oscillator. Note
that, for all v = odd,

/_OO d(2)oqa(x)dr =0 (3.3)

o0

A.
(i) The {¢,} are normalized in the sense

/_ 0, |* de =1 (3.4)

o0

What are the units of ¢ (x)?

Solution:
The normalization for the zero-order wavefunctions is given as

/oo |ty [Pdz = 1. (3.5)

The right-hand side is dimensionless, so |,|?dx must be dimensionless as well, implying that
4,2 has units of reciprocal length [(~1], so 1, has units of [¢~1/2].
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(ii) From Eq. (3.2), what are the units of §(z)?

Solution:
The ¢ function is defined by
| stz = .00, (3.6)

Therefore, d(x)Y,(z)dr must have the same dimensions as 1, (x) itself. That means that
d(x)dz is dimensionless, so §(z) has dimensions of £~1.

(iii) V() has units of energy. From Eq. (3.1), what are the units of the constant, C?

Solution:
The perturbed harmonic oscillator potential is given as

V(z) = (k/2)z* + O6(z). (3.7)

C6(z) must have units of energy [m¢?t~2]. We know that &(z) has units of £7!, so C' must
have units of [m¢3t~2].

B. In order to employ perturbation theory, you need to know the values of all integrals of
H®

HY = C5(x) (3.8)
_m Yo (@) HOp, (2)da = Chy (0)15,(0) (3.9)
HOWy () = fiw(v + 1/2)iby (). (3.10)

Write general formulas for ES” and ES (do not yet attempt to evaluate v, (0) for all even—v).
Use the definitions in Eqgs. (3.11) and (3.12).

EWM = HD (3.11)
()
E@Q =N/ (3.12)
; EY — BY
Solution:
All ¢, (z) with v odd are anti-symmetric functions with a node at z = 0, so
Hé/l?u _Jo v or v' odd (3.13)
’ Chy (0)10,(0) v and v’ even
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The corrections to the energy levels are

O — g _ )0 v odd (3.14)
! v C,(0)* v even
(1)
@ _ N\ "
E® = g 20 0 (3.15)
)0 v odd (3.16)
N Zzizen —(Wg;((?))fj,()o)y v even '

—-1/2

C. The semi-classical amplitude of 1(x) is proportional to [Velassical (T)] where v¢jassical ()

is the classical mechanical velocity at x

1
Uclassical('r) = pclassical(J;)/M = ;[2N<Ev - V(I>)]1/2 (317>
2heo(v1/2)] N . .
At z = 0, Vcassica1(0) = [T] . The proportionality constant for ¢(x) is obtained

from the ratio of the time it takes to move from x to x + dx to the time it takes to go from
x_(E,) to x(E,), which is 1/2 of the period of oscillation.

dw/vclassical(o)
2d —
B 2dx B 2wdzx
Uclassical(o)(h/hw) 27TUc1assical<0)
(w/m) } v
W(0) = | ————— for even-v
1/} ( ) |:vclassical(0>

Use this semi-classical evaluation of 1,(0) to estimate the dependence of HSY and Héi? on

the vibrational quantum numbers, v and v'.

Solution:
A semi-classical argument estimates the amplitude of the even—v wavefunctions at the origin
to be

r w/ T 1/2
Uy (0) & Uch/ca)(O)] , where (3.18)
r v 1/2
Vclassical (0) = M] (3.19)
w 1/4
= 1,(0) ~ M(U—fm)] . (3.20)

Note that the amplitude at x = 0 decreases as VUcassical INCTEASES, as expected.
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We can now estimate the value of the integrals of the perturbation term

1/2
1) _ ~C | wYr
Hf) = Cip(0)* =~ C Lm(v n 1/2)] (3.21)
HY, = Ci (0)(0) ~ C [ i ]1/2 (3.22)
v R T (v 4+ 1/2)V2(0' + 1/2)1/2 '

We note that the diagonal terms (v' = v), are oc v~/

are oc (v'v)~V4,

and the off-diagonal terms (v' # v)

D. Make the assumption that all terms in the sum over v' (Eq. 3.12) except the v,v + 2
and v,v — 2 terms are negligibly small. Determine F, = EY + EY + E? and com-
ment on the qualitative form of the vibrational energy level diagram. Are the odd—v lev-
els shifted at all from their E” values? Are the even—v levels shifted up or down rela-
tive to E”? How does the size of the shift depend on the vibrational quantum number?

Solution:
Making the assumption that only the v = v — 2, v,v 4+ 2 terms are non-negligible, we can
calculate the perturbed energy levels of the v—even states.

E, = EO 4 EO 4 O (3.23)

1 1 1
o 127 T (o= 32 | (o1 5/2)1
(3.24)

~ hw(v +1/2) + C LW(U ﬁ/z)l/?} - {(

(Note: the 1/(v — 3/2)"/* term does not occur for v = 0).

The selection rules on the perturbation term do not affect the v-odd levels at all. The v-
odd levels remain unperturbed. The v-even levels are all shifted up. The size of the shift
decreases approximately as v~1/2, decreasing slowly with increasing v.

E. Estimate F; — Ey and F5 — F5. Is the effect of the é—function barrier on the level pattern
increasing or decreasing with v?

Solution:

Since the shifts in the energy levels decreases as ~v~/2, the shifts in the level differences
will go down by ~v~%/2. Therefore we expect the E; — FE difference to be larger than the
E5 — B, difference.
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F. Sketch (freehand) the superposition state, ¥(z,t = 0) = 27Y2[¢)g(x) + 11 (z)]. Predict
the qualitative behavior of ¥*(x,t)¥(z, ).

Solution:
The time-dependence of this two-level superposition state’s probability distribution

U*(z, t)¥(x,t) will exhibit oscillations at the frequency corresponding to the two-level energy
difference w — (Fy — Ey)/h. As this motion causes the wavepacket to move back and forth
through the barrier, this oscillation frequency is called the tunneling frequency.

G. Compute (&), for the coherent superposition state in part F. Recall that

Tyt1, = (some known constants) /@Dvﬂ(é + ah)ep,de.

Solution:
To compute (z),, we need expressions for the perturbed wavefunctions in terms of the zero-
order harmonic oscillator wavefunctions
H{)
hy =90+ — (3.25)
! ; EY — EY

Odd-v wavefunctions are unperturbed, so ¢ = zpﬁo), but we do need to calculate the energy
of the perturbed ground state

043 Hyoyh o
¢0 =19y + ﬁ@bvl (3.26)
ZE - BY
[ WERETER!
hm(1/2)1/2(5/2)1/2
= 4 =T WO+ (3.27)
=\ + Ol + .. (3.28)
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We can now calculate the expectation value of x

/mu / PO+ Ol L Je By OB (3:29)

(a+ah) ([ + Covl) + . JemBoln 4 g Demimniin) (3.30)
L [ A 0)x, . (0) +i(E1— ] 0)x 1 (0) —i(Ey— .
~ 2\ ‘m/ da [Co21 /2O O BB L Oy OemilBr=Eoh (3.31)
i ZD§())*1/}§0)€+i(131_Eo)t/ﬁ,Jr0221/2¢§t))*¢§0)eJrz'(Eo—El)t/ﬁ] (3.32)
+ orthogonal terms (3.33)

= Zﬁ (1 + C92Y?) cos(wipt), where wig = (Ey — Ey)t/h (3.34)
\/ pw

The value of wyy will be ~ w plus additional perturbation corrections as determined in
part 3D. Note that the motion remains sinusoidal (why is this always true for a two-level
superposition state?).

H. Discuss what you expect for the qualitative behavior of (2), for the v = 0, 1 superposition
vs. that of the v = 2,3 superposition state. How will the right<+left tunneling rate depend
on the value of C?

Solution:

The tunneling rate for a superposition of two adjacent states will be proportional to the
energy difference between them. As we saw in parts 3.D and 3.E, the difference in energy
of the v = 0 and v = 1 level is smaller than the difference in energy between the v = 2
and v = 3 states (because lower—v states are pushed up more). Therefore the v = 0,1
superposition will have a slower tunneling rate. Increasing the barrier height by increasing
C will decrease the tunneling rates. It pushes up each even-v state closer to the unperturbed
odd-v state above it. For example, the v = 0,1 states will be closer together in energy and
a superposition state of them will tunnel at a slower rate.
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4. Perturbation Theory for a Particle in a modified
infinite box

HO = 32/2m 4+ VO(z)

VO(z) = 00 r<0,z>a
V(U)(x):O 0<z<a

HY = V/(x)

a—>b a+b

Viie)=0 z< 5> g
, a—>b a+b
Viz)=-W 5 <T< Vo >0
where a > 0, b > 0, and a > b.
A. Draw VO (z) + V'(x).
Solution:
V
(=] x=0 T =a
Og%
—Vol o0 (a—0)/2 (a+b)/2 a

B. What are ¢£LO)($) and EV)?

Solution:
Qm(lo) and EY) are the familiar PIB wavefunctions and energy levels:

2
PO = \/jsin (nlx> (4.1)
a a
n?h?

8ma?

EY (4.2)
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C. What is the selection rule for non-zero integrals

nm

HO _ / A O T 07

Solution:
The perturbation integrals are

nm

HU — / daap @O HW )0 (4.3)
= / dzp OV’ () (4.4)

Without evaluating any further, we can determine the selection rules for these integrals.
We require that the integrand is symmetric (or has a symmetric part). Since V'(z) is a
symmetric function relative to the center of the box, this requires that the product of w(lo)

and @D,(qg) must be symmetric. This requires that n and m are either both even or both odd.

D. Use 1
sin Asin B = 5 [cos(A — B) — cos(A + B)]

and

1
/dmcos Cz = EsinC’x

to compute F, = EQ + EV + E? for n = 0, 1, 2, and 3 and limiting the second-order
perturbation sums to n < 5.

Solution:
We will now explicitly calculate the perturbation integrals in order to evaluate the first and
second-order corrections to the energy levels.
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H() = / OV () (4.5)

a+b

— [ v (4.6)
ozt
a+b
2 2 2
= —VO/ ’ da:\/jsin <nlx) \/jsin (—mﬂx> (4.7)
a;b a a a a
2 =n . /nm . o/mm
=—-V— dx sin <—x) sin (—x) (4.8)
a ot a a
a+tb
_ W [ dx [cos (—(n — mhx) — cos (—(n i m)ﬂx)] (4.9)
a Jo a a
( ) ( ) kR
B sin (@@ sin (%x) 2
= Vo — (4.10)
™ n—m n-—+m

a—b
2

The first-order corrections are equal to these integrals when n = m. For n = 1,2, 3, they are

= (e S0 an
in 2
U (b/a _sin bﬂ/a) (4.12)
2m
in 3b
BV = v, (b/a + Smg—ﬂ/a) (4.13)
s

The second-order corrections are equal to the sum

[

(4.14)

Limiting the infinite sum to m < 5 and remembering our selection rule for the perturbation
integrals, we obtain

|2 e
5O _ ‘ 5(51)‘ " ‘Hgl)‘ (4.15)
b —8h2/8ma?  —24h2/8ma? '
‘Hu) ?
EP = 2 n (4.16)
—12h2%/8ma?
1 2 1 2
E® = (4.17)

5 18h%/8ma> * —16h2/8ma? T
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2
where ‘H%L is evaluated from Eq. (4.10).

E. Now reverse the sign of V and compare the energies of the n = 0, 1, 2, 3 levels for V5 > 0
vs. Vp < 0.

Solution:

The effect of switching the sign of V[ will change the perturbation from being a “well in the
box” to a “hill in the box”. We expect the energies to be perturbed upward. This can easily
be seen by the form of the first-order corrections in Eqgs. (4.11)-(4.13). Switching the sign
of the perturbation will simply switch the sign of the first order corrections.
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