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Question 1.

At t = 0 we have u(0) = 0 = A; + Ay so A1 = —As. The derivative is
u'(t) = Arbre®t + Agbye®! so at t = 0 we get: u/(0) = 1 = A1by + Agbs.

Then we get:
1

Ay = Ao +1 = A =
b1 — by

Then the given by and by can be substituted in to determine A; and As:

m m

A= =
! V2 —dme 2 V2 —dme

Question 2.

Let us guess solution ¢(t) = Ae?. Then we have ¢/(t) = Abe® and ¢”(t) =
Ab%ebt. Substituting these into the diffeq we have:

A% 2y Abebt + W Ae?t = 0
AP (B? +29b +wi) =0

= b=—y+/7? —wi

e System is overdamped when 72 — w2 > 0
e System is underdamped when 72 — w% <0
e System is critically damped when 7% — w2 = 0

These are determined by checking if b is complex or real. In the case 2 —w% <

0 then b is complex and e = e~ VeV “3-7" has an oscillatory component.
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Question 3.

Taking the Laplace transform of both sides we see:

W +u=1
L{u" +u}(s) = L{1}(s)
(s2U(s) — su(0) — u'(0)) + U(s) = é
sPU(s) +U(s) = é
1
Ve = e

By a partial fractions decomposition we can find this is equivalent to

1 s

U(s) = - — 5

() s s2+1
Converting back into the time domain:

u(t) =1 — cost
which satisfies the initial conditons u(0) = «'(0) = 0.

Question 4.

The function is f(z) =z, —7 < & < 7 and we wish to find constants a,, and
b, such that f(x) = )" ancos(nx) + ) by sin(nx). We can immediately see
that because f(x) is an odd function on the interval, the a,, are all zero. To
find b,, we use:

1 [ 1 k T 1 (7 k
b= L / v sin (k) do = [_HJCOSW} N / cos(kz) |
™ —Tr

i T k ) ..k
_ [ wcos(ka) N sin(k::zc)]7r
k [
1 (sin(kw) — kmwcos(km)  sin(—kw) — km cos(km)
T < 2 - k2 )
2

=— (sin(km) — kmcos(kx)) = 2(—1)k+1//€
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So we have:

. 2(=1)" L sin(na

Question 5.

First relation when n # m:

<,mr ,m7r> /L,(mr>,(m7r)d

1mn — 1mn — m\| — m\| ——

S Lx,s Lx —LS Lxs Lx T
L1

/ (cos <n7r mim ) cos <n7r . mim )) d
= - —x— —x) — —z+ —= T
_7 2 L L L L

Sl (UL L

_L ' .
- Tmz) <(n —k)sin(r(n+k)) — (n+ k) sin(w(n — k:)))

m(n
=0

When n = m we have the case:

L L
. o (MT 1 B 2mn B
/_Lsm (—L :U> dr = 2/_L <1 cos <L m))dl‘—L

Therefore:
. nw . mm
<sm Tm, sin Tm> = Lopm
The other relations can be checked in much the same way using the given
trig idenities. To determine a,, and b,, take the inner product of f(x) with
sin 7z and cos “* by expanding f(z) into its Fourier series:

<f(£C) sin —:c> <Z aj, CoS —:U + Z b sm :U sin ngrx>

. nT . nmw
= <bn sin fx, sin T> =b,L
Where all the other terms of the Fourier series vanish from the inner product
because of orthogonality. Then:

1

by, = 7 <f(:p),sm —x / f(x)sin —xd:c
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And similarly:

nmw > km > o kw nmw
<f(a:), cos fﬂ?> = <Z ap COS + Z b sin %, cos Lx>

nmw
= <an COS — 1, COS f> =anL
1 L
= ap, = — f(z)cos —xzdx
L) g

ap is a special case where the inner product is just {(ag - 1,1) = ap2L, so

1 /L
ao—QL/Lf(:E)dx
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