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Dynamical systems

First-order continuous-time homogeneous system of linear ordinary
differential equations:

x(t) = A(t) - x(t)
x(t) —A(t) - x(t) =0

If A(t) = A (LTI system) and A has n linearly independent eigenvectors, the
system has the following general solution:

A, Ay, .., A, €igenvalues of A
uq, Uy, ..., U, eigenvectors of A

c1, Cy, ..., Cp, CONStants
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Stability (one dimensional graph)
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Real parts of the
eigenvlaues are zero and
there are imaginary parts

Source: https://web2.gatar.cmu.edu/~gdicaro/15382-Spring18/slides/382-S18-5-DynamicalSystems-4.pdf
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Traffic Density
Usually indicated by Greek letter p.

It is the number of vehicles occupying a unit length of roadway.

P=;

p traffic density [n° of vehicles/km]

q traffic flow [n° of vehicles/h]

:

v traffic average speed [km/h]
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Traffic control
(Phan et al., 2016):

desired density, p,.s
FF velocity, v
control

(e(t) = 0,é(t) = 0) equilibrium point
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u=K,-e+K;-e
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p-(t) — a . p(t) + b . pref (t) information, see https://ocw.mit.edu/fairuse.
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Traffic control

pt) =a-p(t) + b pres(t)
p(t) —a-pt) =Db-pres(t)
X(t) —a-x(t) =b-u(t)
It is a first-order continuous-time forced linear ordinary differential equation.

In traffic engineering the forcing term is typically constant:

Pref (t) = Pref
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Traffic control
X(t) —a-x(t) =b-u(t)
The properties of the solution of the forced system are still dictated by the
associated homogeneous system:
X(t) —a-x(t) =0
The eigenvalue(s) of the system are related to the definition of parameters

K, and K;. If K}, and K are chosen so that the eigenvalues of the system
are in the portion of the complex plane with negative real part, asymptotic
stability of the solution is guaranteed, meaning that, theoretically, density
should tend to the desired value asymptotically.

p(t) = 0and p(t) = p,. is the equilibrium point of the system we are
aiming at.
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Traffic control — multiple control sections

If density is controlled only in one section of the facility, we have an ordinary
differential equation:

p(t)—a-pt)=0>- pref(t)
If density is controlled in multiple points of the facility, we have a system of
ODEs:

p(t) —A-p(t) =B prs(t)
Previous considerations regarding stability are still valid.
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Digital traffic control

Typically controllers are digital, meaning that they work in discrete-time. If
density is controlled only in one section of the facility, we have a recursive
equation:

plk+1)—a-p(k)=b- pref(k)

If density is controlled in multiple points of the facility, we have a system of
recursive equations:

plk+1)—A-p(k)=B- pref(k)
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Digital traffic control
For the system
x(k+1)—A-x(k) =0
The solution is
x(k)=cy A uy+cy A uy+-+c¢,- 25 -,
A, Ay, ..., A, €igenvalues of A
uq4,U,, ..., U, eigenvectors of A

c1,Co, ..., €, CONstants depending on the initial condition
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Digital traffic control

There is stability for eigenvalues that are inside the unit circle around the
origin of the complex plane.

Im{z}
A

X
X

Courtesy Elsevier, Inc., http://www.sciencedirect.com. Used with permission.

Source: M. Sami Fadali, and A. Visioli. Digital Control Engineering: Analysis and Design. 3rd
ed. Academic Press, 2020.
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