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Space-Discretization (Finite Differences)

Finite-Dimensional System of R(O)DE

Space-Time-Realization-Cube

Partial Differential Equation
with Stochastic Effects (RPDE or SPDE)
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Path-Wise Solution Concept for R(O)DEs

Finite-Dimensional System of an Infinite
Family of ODEs

Decrease
Mesh-Size

Compatibility Conditions
1)   all solutions of the ODE family are defined
      on a common time interval
2)   all solutions are stochastic processes
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{Xi}ni=1

i−1 Xi ∼ N (0, i−1)

i→∞Xi = X
X ∼ (0)

P(Xi = X) = 0 i X ∼ (0)
Xi ∼ N (0, i−1)

i ∈ N

Xi

Xt

Xt = X0

((
a− 1

2b
2
)
t+ bWt

)
,
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σ2 = 1
σ2 = 0.1
σ2 = 0.01
σ2 = 0.001

N (μ, σ2) μ = 0 σ2 = 1, 10−1, 10−2, 10−3

X0 t = 0 a, b ∈ R

Wt

E(Xt) = (at)
a < 1

2b
2

a ∈ (0, 12b
2)
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Ck,α

Ck,α (X, ‖ ·
‖X) (Y, ‖ · ‖Y ) 0 < α ≤ 1 f : X → Y

α C

‖f(x) − f(y)‖Y ≤ C‖x − y‖αX ∀x, y ∈ X .

f α
X f

α = 1 f
Ck,α k k

α k ∈ N

P(Rd)

P(Rd)

σ Ω A ⊂
P(Ω) σ

A
Ω ∈ A
A ∈ A ⇒ Ac ∈ A A,B ∈ A ⇒ A ∪B ∈ A

∀n ∈ N : An ∈ A ⇒ ∪n∈NAn ∈ A
σ A = {∅,Ω} A = P(Ω)

A ⊂ Ω σ A = {∅, A,Ac,Ω}
E Ω σ
E σ(E)

σ(E) :=
⋂
{A : E ⊂ A A σ Ω} .
σ Rd

σ Bd B d

Ω E ⊂ P(Ω) E

∀E1, E2 ∈ E ⇒ E1 ∩ E2 ∈ E .



σ
Ω A σ Ω (Ω,A)

A

(A,A) (B,B)
f : A→ B A B f−1(B) ⊂ A

f : X → Y
X Y

Ω
A σ Ω μ A
μ(A) ∈ [0,∞] A ∈ A
μ(∅) = 0

μ σ A1, A2, · · · ∈ A
∪n∈NAn ∈ A

μ

(⋃
n∈N

An

)
=

∞∑
n=1

μ(An) .

μ

μ(Ω) = 1

μ (Ω,F) σ
E1, E2, · · · ∈ F Ω = ∪n∈NEn μ(En) < ∞
n ∈ N μ ν (Ω,F)

ν μ μ
ν ν � μ
μ σ A (Ω,A)

(Ω,A, μ)

Ω A σ
Ω (Ω,A,P) P

(Ω,A)
(Ω,A,P) ω ∈ Ω

A ∈ A P(A)
A



0 1p

X(ω) = x for an element ω of A

x

P(A) = p = P({ω : X(ω) = x})

R

A := {ω : X(ω) = x}

ω1

ω2

X(ω1)

X(ω2)

Ω

B := {ω : X(ω) = y}

y

X

σ

0 1
Ω

[0, 1]
ω ∈ Ω

Ω Ω

(Ω,A,P)
X : Ω → Rd B ∈

B ⊂ Rd

X−1(B) = {ω ∈ Ω : X(ω) ∈ B} ∈ A .

Rd A
(Ω,A,P)

X X(ω)

ω ∈ Ω P(X−1(B)) P(X ∈ B)
X B ∈ B

A ∈
A A

IA(ω) :=

{
1 ω ∈ A
0 ω /∈ A



A1, A2, . . . , An ∈ A Ω = ∪̇n
i=1Ai

a1, a2, . . . , am ∈ R

X =

n∑
i=1

aiIAi

0
1

[1, 10]



σ X : Ω → Rd

(Ω,A,P)

A(X) := {X−1(B) : B ∈ B}

σ σ X σ
A X

{X−1(B) : B ∈ B} σ
σ A X

σ A(X)

X
Y

X Y = Ψ(X) Ψ Y A(X)
Y : Ω → R A(X)

Ψ Y = Ψ(X) Y A(X)
Y X

X(ω) Y (ω) = Ψ(X(ω))
Ψ

X
X �→ f(X)

P(x1 ≤ X ≤ x2) =

∫ x2

x1

f(X) X

P(x1 ≤ X ≤ x2) x1 ≤ X ≤ x2
F (X)

x0 �→ FX(x0) := P(X ≤ x0) =

∫ x0

−∞
f(X) X

x (x1;x2] FX(x2)− FX(x1)
x1 < x2 F (∞) = 1

(Ω,F) μ σ
F ν � μ ν



Probability Density Function Cummulative Density
Function

P(x1 < X < x2)

x1 x2x1 x2

1

P(x1 < X < x2)

μ f : (Ω,F)→ ([0,∞],B)

E ∈ F ν(E) =

∫
E
f μ .

1000
3 25 N (3, 25)

−
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fX,Y (x, y) X Y

P(x1 ≤ X ≤ x2, y1 ≤ Y ≤ y2) =

∫ x2

x1

∫ y2

y1

fX,Y (x, y) y x

fX,Y (x, y) = fY |X(y|x)fX(x) = fX|Y (x|y)fY (y) ,
fY |X(y|x) fX|Y (x|y) Y X = x
X Y = y fX(x) fY (y)

X Y

fX(x) =

∫ ∞

−∞
fX,Y (x, y) y fY (y) =

∫ ∞

−∞
fX,Y (x, y) x .

X Y



fY |X(y|x) = fY (y)

fX,Y (x, y) = fX(x)fY (y) .

X Y E(X · Y ) =
E(X) · E(Y ) Var(X + Y ) = Var(X) + Var(Y ) Cov(X,Y ) = 0

X Y
X Y

X Y
FX,Y (x, y)

FX,Y (x, y) = P(X ≤ x, Y ≤ y) =

∫ x

−∞

∫ y

−∞
fX,Y (u, v) v u .

X f(x)

f(x) =
1√
2πσ

(
−(x− μ)2

2σ2

)
,

μ σ2 X
X

μ σ2 X ∼ N (μ, σ2)

X Y Y X
X Y P(XY ) P(X)

P(Y )

P(X|Y ) =
P(Y |X) · P(X)

P(Y )
, P(Y |X) =

P(X|Y ) · P(Y )

P(X)
.



E(y)

E(x)

y

x

marginal
density
of y

x = x0

conditional density of y,
given x = x0

marginal density
of x

σ

σ



k

E(xk) :=

∫ ∞

−∞
xkf(x) x

k

E((x− E(x))k) :=

∫ ∞

−∞
(x− E(x))kf(x) x .

1st

μ := E(x) =

∫ ∞

−∞
xf(x) x

2nd

σ2 := Var(x) := E((x− μ)2) :=

∫ ∞

−∞
(x− μ)2f(x) x ,

σ

k > 2 μ
σ2

X

MX(t) := E( (tX))

t = 0 n

E(Xn) = M
(n)
X (0) =

nMX(t)

tn

∣∣∣∣
t=0

.



X

MX(t) = E( (tX)) =

∫ ∞

−∞
1√
2πσ

(
−(x− μ)2

2σ2

)
(tx) x

=
(
μt+ 1

2σ
2t2

)
.

E(X) = μ E(X2) = μ2 + σ2 E(X3) = μ3 + 3μσ2 . . . E(X −
μ) = 0 E((X − μ)2) = E(X2 − 2μX + μ2) = σ2 E((X − μ)3) = 0 . . .

t = 0

q = 1 − p
Var(X) = E(X2)− E(X)2

x = (x1, . . . , xn)
T

μ := E(x) := (E(x1), . . . ,E(xn))
T



P := E((x− μ)(x− μ)T )

:=

⎛⎜⎜⎝
E((x1 − μ1)(x1 − μ1)) E((x1 − μ1)(x2 − μ2)) . . . E((x1 − μ1)(xn − μn))
E((x2 − μ2)(x1 − μ1)) E((x2 − μ2)(x2 − μ2)) . . . E((x2 − μ2)(xn − μn))

E((xn − μn)(x1 − μ1)) E((xn − μn)(x2 − μ2)) . . . E((xn − μn)(xn − μn))

⎞⎟⎟⎠ .

E((xi − μi)
2) P

P

tr(P ) = E

(
n∑

i=1

(xi − μ)2

)
.

P
n

f(x1, . . . , xn) =
1√

(2π)n
√

det(P )

(−1
2(x− μ)TP−1(x− μ)

)
.

X ∼
N (μ, P ) P ∈ Rd×d

P d× d
G P = GGT

u ∈ Rd U ∼ N (0, I) Rd

I = (1, 1, . . . , 1) ∈ Rd×d d× d

X x = Gu+ μ

μ := 0

P :=

⎛⎝ 1 2/3 1/3
2/3 1 1/3
1/3 2/3 1

⎞⎠ ⇒ G =

⎛⎝ 1 0 0
0.6667 0.7454 0
0.3333 0.5963 0.7303

⎞⎠ .

X
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X = (x1, x2, . . . , xn)
T ∼ N (0, P ) P n × n

s1, s2, . . . , sn

E

(
n∏

i=1

xsii

)
=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0 s ,

1

( s2)!

∑s1
ν1=0 · · ·

∑sn
νn=0 (−1)

∑n
i=1 νi ·

·
(

s1
ν1

)
. . .

(
sn
νn

)(
1
2h

TPh
)s/2

s ,

s = s1 + s2 + · · ·+ sn h =
(
1
2s1 − ν1,

1
2s2 − ν2, . . . ,

1
2sn − νn

)T



X

P (|X − E(X)| ≥ ε) ≤ Var(X)

ε2
,

ε > 0

(Ω,A,P) X =
∑n

i=1 aiIAi

X P∫
Ω
X P :=

n∑
i=1

aiP(Ai) .

X ∫
Ω
X P :=

Y≤X,Y

∫
Ω
Y P .

X : Ω→ R∫
Ω
X P :=

∫
Ω
X+ P −

∫
Ω
X− P ,

X+ := (X, 0)
X− := (X, 0) X X = X+ −X−



X = (X(1), X(2), . . . , X(d))T : Ω → Rd

∫
Ω
X P :=

(∫
Ω
X(1) P,

∫
Ω
X(2) P, . . . ,

∫
Ω
X(d) P

)
.

E(X) Var(X)
X

E(X) =

∫
Ω
X P Var(X) =

∫
Ω
|X − E(X)|2 P ,

| · |
Var(X) = E(|X − E(X)|2) = E(|X|2)− |E(X)|2 .

X ∼ N (0, 1)
X2

(Ω,A,P) A,B ∈ A P(B) >
0

P(A|B) = A B

ω ∈ Ω ω ∈ B
ω ∈ A

ω ∈ B B
Ω̃ := B σ Ã := {C ∩B :

C ∈ A} P̃ := P
P(B) P̃(Ω̃) = 1

ω A

P(A|B) = P̃(A) =
P(A ∩B)

P(B)
.



E(X) Var
X

f(x) x f(x) :=
(x) x ∈ [0, 12π] x

f(x) x f(x) :=
6x− 6x2 x ∈ [0, 1] x

(Ω,A,P) X∫
ΩX P E(X)

Var

(Ω,A,P)
A,B ∈ A P(B) > 0
P(A|B) A B

P(A|B) :=
P(A ∩B)

P(B)
.

A B
P(A|B) = P(A) B

A

P(A) = P(A|B) =
P(A ∩B)

P(B)
⇒ P(A ∩B) = P(A) · P(B) ,

P(B) > 0 P(B) = 0

(Ω,A,P)
A B

P(A ∩B) = P(A) · P(B) .

A B P(A) P(Ω) = 1
P(A∩B) P(B) A Ω

A B B



Ω = [0, 1]2

A

B

A   B

λ(Ω) = 1 λ(A) = λ(B) =
0.25 λ(A ∩ B) = 0.252 A B λ(Ac) =
λ(Bc) = 1 − 0.2.5 = 0.75 λ(Ac ∩ B) = λ(B \ (A ∩ B)) = 0.25 − 0.252 = 0.1875
λ(Ac)λ(B) = 0.75 · 0.25 = 0.1875 Ac B

A B Ac B
Ac Bc

A B A ∩ B = ∅

σ

σ
(Ω,A,P)

A1, A2, . . . (Ω,A,P)
1 ≤ k1 < k2 < · · · < kn

P(Ak1 ∩Ak2 ∩ · · · ∩Akn) = P(Ak1) · P(Ak2) · · · · · P(Akn) .

Ai ⊂ A i = 1, 2, . . . σ {Ai}∞i=1

1 ≤ k1 < k2 < · · · < kn Ai ∈ Ai

P(Ak1 ∩Ak2 ∩ · · · ∩Akn) = P(Ak1) · P(Ak2) · · · · · P(Akn) .

Xi : Ω→ Rd i = 1, 2, . . .
X1, X2, . . . k ≥ 2

B1, B2, . . . , Bk ⊂ Rd

P(X1 ∈ B1 , X2 ∈ B2 , . . . , Xk ∈ Bk) = P(X1 ∈ B1)·P(X2 ∈ B2)·...·P(Xk ∈ Bk) .



σ {A(Xi)}∞i=1

Xi

(Ω,A,P) X1, . . . , Xn : Ω→ R

FXi Xi i = 1, . . . , n

FX1,...,Xn(x1, . . . , xn) = FX1(x1) · ... · FXn(xn) ,

xi ∈ Rd i = 1, . . . , n
X1, . . . , Xn

fX1,...,Xn(x1, . . . , xn) = fX1(x1) · ... · fXn(xn) ∀ xi ∈ Rd i = 1, . . . , n ,

fXi Xi

Xi

i = 1, . . . , n

FX1,...,Xn(x1, . . . , xn) = P(X1 ≤ x1, . . . , Xn ≤ xn)

= P(X1 ≤ x1) · ... · P(Xn ≤ xn)

= FX1(x1) · ... · FXn(xn)

Ai ∈ A(Xi) i = 1, . . . , n Ai = X−1
i (Bi) Bi ∈ B

P(A1 ∩ · · · ∩An) = P(X1 ∈ B1, . . . , Xn ∈ Bn)

=

∫
B1×···×Bn

fX1,...,Xn(x1, . . . , xn) x1 . . . xn

=

n∏
i=1

(∫
Bi

fXi(xi) xi

)
=

n∏
i=1

P(Xi ∈ Bi) =

n∏
i=1

P(Ai) .

A(X1), . . . ,A(Xn) σ



(Ω,A,P) X1, . . . , Xn : Ω → Rd

E(|Xi|) <∞ i = 1, . . . , n

E(|X1 · ... ·Xn|) < ∞ E(X1 · ... ·Xn) = E(X1) · ... · E(Xn) .

Var(Xi) <∞ i = 1, . . . , n

Var(X1 + · · ·+Xn) = Var(X1) + · · ·+ Var(Xn) .

Xi

E

(
n∏

i=1

Xi

)
=

∫
Rd

x1 · ... · xnfX1,...,Xn(x1, . . . , xn) x1 . . . xn

=

n∏
i=1

(∫
R

xifXi(xi) xi

)
=

n∏
i=1

E(Xi) ,

n = 2
μ1 := E(X1)

μ2 := E(X2) E(X1 +X2) = μ1 + μ2

Var(X1 +X2) =

∫
Ω

(
X1 +X2 − (μ1 + μ2)

2
)

P

=

∫
Ω
(X1 − μ1)

2 P+

∫
Ω
(X2 − μ2)

2 P+ 2

∫
Ω
(X1 − μ1)(X2 − μ2) P

= Var(X1) + Var(X2) + 2E(X1 − μ1)︸ ︷︷ ︸
=0

E(X2 − μ2)︸ ︷︷ ︸
=0

,



z = projV(x)

x

V z = projV(x)

x

Rd V ⊂
Rd x ∈ Rd

z ∈ V

|z − x| =
y∈V

|y − x| .

x z ∈ V
x V z = projV (x)

z
w ∈ V

i(τ) := |z + τw − x|2 .

z + τw ∈ V τ i(·)
τ = 0 0 = i′(0) = 2(z − x)w

xw = zw w ∈ V .

x − z
V

L2(Ω) =
L2(Ω,A) A
Y

||Y || :=

(∫
Ω
Y 2 P

)1/2

< ∞ .

||Y || Y X, Y ∈ L2(Ω)

(X,Y ) :=

∫
Ω
XY P = E(XY ) .



S σ A

V := L2(Ω,S) ,

S
L2(Ω) X ∈ L2(Ω)

Z := projV (X) ,

(X,W ) = (Z,W ) W ∈ V .

W = IA A ∈ S∫
A
X P =

∫
A
Z P A ∈ S .

Z ∈ V S Z E(X|S)

E(X|S) = projV (X) .

Z = E(X|S)

||Z − X|| =
Y ∈V

||Y − X|| ,

E(X|S) S
X

|E(X|S)| ≤ E(|X||S)
X ≥ 0 E(X|S) ≥ 0

X S E(X|S) = X

X = a = E(X|S) = a



X,Y ∈ L1 E(aX + bY |S) = aE(X|S) + bE(Y |S)
X ≤ Y E(X|S) ≤ E(Y |S)
X S Y,XY ∈ L1 E(XY |S) = XE(Y |S)

E(E(X|S)Y |S) = E(X|S)E(Y |S)
X S E(X|S) = E(X)

S1 ⊂ S2 ⊂ A E(E(X|S2)|S1) = E(E(X|S1)|S2) = E(X|S1)
P(A|S) A S ⊂ A

P(A|S) := E(IA|S) .
S

Ω S
{An}

P(A|S)(ω) =
P(A ∩An)

P(An)
∀ω ∈ An

P(An) > 0
0 ≤ P(A|S) ≤ 1 P(∅|S) = 0 P(Ω|S) = 1

P

( ∞⋃
n=1

An|S
)

=
∞∑
n=1

P(An|S) {An} A ,

P(A|S)
A P(·|S) ω ∈ Ω A

X

P(X ∈ B|S) = P({ω : X(ω) ∈ B}|S) , B ∈ Bd .

p(ω,B) Ω× Bd

ω ∈ Ω p(ω, ·) Bd

B p(ω, ·) P(X ∈ B|S) p(·, B)
S

P(S ∩ (X ∈ B)) =

∫
S
p(ω,B) P(ω) ∀S ∈ S .

A ∈ A
B ∈ A P(B) > 0 P(A|B) =

P(A ∩B)

P(B)
.



p S
B X

S g(X) ∈ L1

E(g(X)|S) =

∫
Rd

g(x)p(ω, x) .

{Fn}n≥0
{Xn}n≥0

F X
Xn X

n→∞Fn(x) = F (x) x ∈ R F .

Xn
D→ X

F (x) = P(X ≤ x)
X Xn

n
{Xn}n≥0

X

Xn X

n→∞P(‖Xn −X‖ ≥ ε} = 0 ε > 0 .

Xn
P→ X

n→∞ P(‖Xn−X‖ < ε) = 1 ε > 0

Xn X

P

(
n→∞Xn = X

)
= 1 .

Xn → X
P ({ω ∈ Ω : n→∞Xn(ω) = X(ω)}) = 1

Xn
D→ X E(f(Xn)) → E(f(X)) n → ∞

f



Xn X

n→∞Xn(ω) = X(ω) ω ∈ Ω .

{ω ∈ Ω : n→∞Xn(ω) =
X(ω)} = Ω

r Xn X
r Lr

n→∞E (‖Xn −X‖r) = 0 .

r Xn
Lr→ X r = 1

Xn X r = 2 Xn

X

Xn
P→ X

(Xnj )j∈N ⊂ (Xn)n∈N

A1, A2, . . .

A :=
n→∞

An :=

∞⋂
n=1

∞⋃
m=n

Am =

= {ω ∈ Ω : ω Am}
An An∑

n P(An) < ∞ P(A) = 0
{An}

∑
n P(An) = ∞

P(A) = 1

An = ∩∞n=1 ∪∞m=n Am

n

P(An ) ≤ P(∪∞m=nAm) ≤
∞∑

m=n

P(Am) .

n→∞ ∑∞
n=1 P(An) <∞

P(An ) = P

( ∞⋂
n=1

∞⋃
m=n

Am

)
= 1− P

( ∞⋃
n=1

∞⋂
m=n

Ac
m
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Lr

Ls L1

r > s > 1

r > 0

= 1−
n→∞

( ∞⋂
m=n

Ac
m
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= 1−

n→∞

∞∏
m=n
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m)

= 1−
n→∞

∞∏
m=n

(1− P(Am)) = 1− 0 = 1 ,

∑∞
n=1 P(An) =∞

∏∞
m=1(1− P(Am)) =∞

Xn
P→ X (Xnj )j∈N ⊂

(Xn)n∈N
Xnj (ω) → X(ω) ∀ω ∈ Ω .

j nj P(|Xnj − X| >
j−1) ≤ j−2 · · · < kj−1 < kj < . . . kj → ∞ Aj := {|Xnj −X| >
j−1} ∑

j j
−2 < ∞ P(Aj ) = 0

ω |Xnj (ω) − X(ω)| ≤ j−1

j ≥ J J ω

{Xn}n≥0
X



Xn → X ⇒Xn
P→ X ⇒Xn

D→ X

r > 0 Xn
Lr→ X ⇒Xn

P→ X

r > s ≥ 1 Xn
Lr→ X ⇒Xn

Ls→ X

X r X
(0; 1)

{Xn}n∈N

Xn(ω) = 2nI(0,1/n)(ω) .

Xn → 0

P

(
n→∞Xn = 0

)
= 1 .

Xn

n→∞P (Xn ≥ ε) = 0 ∀ ε > 0

Xn
P→ 0

E (|Xn − 0|r) = E (Xr
n) =

∫ 1/n

0
(2n)r ω =

2nr

n
,

n → ∞ r > 0 Xn

r

{Xn}n≥0
X



c ∈ R Xn
D→ c Xn

P→ c

Xn
D→ X P(‖X‖ ≤ b) = 1 n b

Xn
Lr→ X r ≥ 1

Xn X
ε > 0

∑∞
n=1 P(‖Xn −X‖ ≥ ε) <∞

Xn X

Sn :=
∑N

n=1Xn N ∈ N Sn

Sn

Xn → X Y |Xn| < Y

E(Y ) <∞ Xn
L1→ X

t ∈ Z

I =
[t0, T ] ⊂ R+

0 (Ω,A,P) (E, E)
E Ω

E A E Xt {Xt : t ∈ I}
E

ω ∈ Ω I � t �→ Xt(ω)
Xt

Xn X Xn

Xn X r
r ≥ 1

Xn X

ε > 0 Xn → X



X1, . . . , Xd d
FX1,...,Xd

fX1,...,Xd
E(X1 · · · · ·Xd) Var(X1 + · · ·+Xd)

X Y

pX,Y (x, y) =
1

x!y!
λxμy (−(λ+ μ)) , x, y = 0, 1, 2, . . . .

X Y

fX,Y (x, y) =

{
λ2 −λy 0 ≤ x ≤ y

0
,

X Y
Y X

{Xn}n∈N Xn
P→ X

n→∞ Xn → X n→∞

{Xn}n∈N Xn
Lr→ X

n→∞ Xn → X n→∞

{Xt : t ∈
I}

P(Xt ≤ x) = Ft(x)

P(Xt,1 ≤ x1, Xt,2 ≤ x2) = Ft1,t2(x1, x2)

P(Xt,1 ≤ x1, Xt,2 ≤ x2, Xt,3 ≤ x3) = Ft1,t2,t3(x1, x2, x3)



t, ti ∈ I x, xi ∈ Rd ≤
n ≥ 1

{i1, . . . , in}
1, . . . , n n ≥ 1

Fti1 ,...,tin
(xi1 , . . . , xin) = Ft1,...,tn(x1, . . . , xn) .

m < n tm+1, . . . , tn ∈ I

Ft1,...,tm,tm+1,...,tn(x1, . . . , xm,∞, . . . ,∞) = Ft1,...,tm(x1, . . . , xm) .

Ft1,...,tn(x1, . . . , xn)

(Ω,A,P) {Xt : t ∈ I}

Rd σ
(E, E) = (Rd,Bd)

Ω =
(
Rd
)[t0,T ]

,

Rd I = [t0, T ]

A =
(
Bd
)[t0,T ]

,

σ Rd Xt = ω(t)
ω ∈ Ω P

Xt (Ω,A)
Ω(

Rd
)[t0,T ]
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μ(t) = E(Xt)

σ2(t) = Var(Xt) = E((Xt − μ(t))2)

Cov(Xt, Xs) = RX(t, s) = E((Xt − μ(t))(Xs − μ(s))) R
Xt

Cov(Xt, Ys)
Xt Yt
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Xt

(Xt1 , . . . , Xtk) k ∈ N

FXt1 ,...,Xtk
(x1, . . . , xk) = FXt1+t,...,Xtk+t(x1, . . . , xk) t .

E(Xt) = μ = E(X2
t ) < ∞ t

R τ := |tki− tkj |

R(tki , tkj ) = R(tki + t, tkj + t) =: R(τ) .

Xt

1

2T

∫ t

−T
Xt t = μ̂T

T→∞−→ μ ,

μ̂T μ
[−T, T ] μ̂T μ T → ∞
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wt

0.1

1000

−−

−−



0 10 20 30 40 50
6

7

8

9

10

11

12

13

14
Simulated AR(2) Process

Simulation Mean

0 10 20 30 40 50
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9
Process Variance

Simulation
Theoretical

0 10 20 30 40 50
6

7

8

9

10

11

12

13

14
Simulated AR(2) Process

Simulation Mean

0 10 20 30 40 50
0.79

0.8

0.81

0.82

0.83

0.84

0.85

0.86

0.87

0.88
Process Variance

Simulation
Theoretical



I ⊂ R+
0

Rd Xt Yt
{Xt = Yt : ∀ t ∈ I}

P(Xt = Yt) = 1
t ∈ I

n (t1, . . . , tn)
T ti ∈ I i = 1, . . . , n

(Xt1 , . . . , Xtn)
T (Yt1 , . . . , Ytn)

T

T
Xt ≡ 0 Yt

Yt(ω) := I{t=T (ω)} t ∈ [0,∞) Xt Yt
P(Xt = Yt : ∀ t ≥ 0) = 0

Yt Xt

Xt Yt Xt Yt

{Xt = Yt : ∀t ≥ 0} = {Xt = Yt :
∀t ∈ [0,∞) ∩ Q} Yt Xt

d {Xt = X(t), t ∈ I ⊂
R+
0 } T = {tj}
I N ⊂ Ω P(N) = 0 ω /∈ N

{X(t, ω) ∈ F t ∈ J} = {X(tj , ω) ∈ F tj ∈ J}

J ⊂ I F ∈ Rd d ≥ 1 T

I

d

±∞



{Xt : t ∈ I ⊂ R+
0 }

s ∈ I ε > 0

P(|Xt −Xs| > ε) → 0 , t ∈ I t→ s .

{Xt : t ∈ I ⊂ R+
0 }

d

E(|Xt −Xs|β) ≤ C · |t− s|1+α

C α β Xt

(Ω,A,P) F = {At : t ≥ 0}
σ A As ⊂ At s ≤ t
Xt AX

t σ Xs 0 ≤ s ≤
t FX := {AX

t : t ≥ 0}
F Xt F F

t ≥ 0 Xt At

Xt FX

X=̂Y X(ω) = Y (ω) ω ∈ Ω Xt

Yt I P(Yt = Xt) = 1 t ∈ I
Xt=̂Yt t ∈ I Ωt ∈ A t ∈ I P(Ωt) = 1
Xt(ω) = Yt(ω) (t, ω) ∈ ∪t∈I [{t} × Ω]

Yt t ∈ I := [t0,∞)
Ft E(Yt|Fs)=̂Ys

t0 ≤ s ≤ t (Yt,Ft)t∈I

E(Yt|Fs)=̂Ys

Yt t ∈ I := [t0,∞)
Ft Yt≥̂0 E(Yt|Fs)≤̂Ys

t0 ≤ s ≤ t (Yt,Ft)t∈I
λ > 0

P

(
t∈I

Yt ≥ λ

)
≤ 1

λ
E(Yt0)



Y∞

t→∞Yt =̂ Y∞
t→∞E (Yt) = E (Y∞) .

0 = t0 < t1 < · · · < tk
X(t0) = 0

X(t1), X(t2)−X(t1), . . . , X(tk)−X(tk−1)

Xt = X(t)

X(tk) =

k∑
i=1

(X(ti)−X(ti−1)) .

Xt = X(t)
Xt − Xs t > s

t − s

Xt d
I E(Xt) = mX(t) d

d× d

CX(t1, t2) = E

(
(Xt1 −mX(t1)) (Xt2 −mX(t2))

T
)

Xt

Xt Xt

Xt

Xt

Im = {t1, t2, . . . , tm} I
a ∈ Rm·d Y = ZTa ZT = (XT

t1 , X
T
t2 , . . . , X

T
tm)

Y p(y) =
c

(−h2(y − η)2
)

CX(Im) =

⎛⎜⎝ CX(t1, t1) . . . CX(t1, tm)

CX(tm, t1) . . . CX(tm, tm)

⎞⎟⎠
Xt



Z z ∈ Rm·d

p(ż) =

(
−1

2 (z − E)T C−1X (Im) (z − E)
)

√
(2π)m·d · (CX(Im))

Z ∈ Sm·d

Xt

A(t) := E(Xt) B(t, s) :=
E ((Xt −A(t))(Xt −A(t))) A(t)

B(t, s) Xt A(t)
B(t, s) d

Xt = (X
(1)
t , X

(2)
t , . . . , X

(d)
t )T

X
(i1)
t1

, X
(i2)
t2

, . . . , X
(n1)
tn

m(t) : I → Rd C(t1, t2) : I×I → Rd×d

Im I C(Im)
C(Im)

m(t) C(t1, t2)

X
(r)
t r = 1, 2, . . . I

t→∞X
(r)
t =̂ Xt

t→∞X
(r)
t = Xt

Xt t ∈ I Xt

Wt

Xt = λ(μ−Xt) t+ σ Wt , X0 = x0 ,

x0 λ μ
σ Wt
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☼
X

f(x) =

{
R · xR−1 0 ≤ x ≤ 1

0

R > 0

FX(x)

E(X)

Var(X)

☼
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p λ
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☼
X ∼ N (0, 1) 0

1 x ∈ R x > 0

E (X|X ≥ x) .



X P(X ≥ x) = αx−β

x ≥ x0 > 0 α > 0 β > 1

E (X|X ≥ x) , x ≥ x0 .

☼
{0, 1}d d

p 1 (1− p) 0
f(x) =

∑d
i=1 xi x = (x1, . . . , xd)
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☼
95
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☼
X ∼

N (μ1, σ1) Y ∼ N (μ2, σ2) X
Y

☼
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E(X) =

∫ ∞

−∞
E(X|Y = y)fY (y) y .



fY (y)

E(X) = E(X|D1)P(D1) + E(X|D2)P(D2) + E(X|D3)P(D3) ,

Dj j = 1, 2, 3 j
μ = E(x) μ

☼
Z := (N1, N2) N1 N2

S 2 × 2
X = STZ

STS

(X1, X2)
E(X2

1 ) = 1 E(X2
2 ) = 1/3 E(X1X2) =

1/2 1000

☼
Ω N f : Ω →

{0, 1} 1
N

∑
x∈Ω f(x) = p S ⊂ Ω n

p := p(S) = 1
n

∑
x∈S

f(x) .

n
p

�

d√
dSd−1 f(x) = x1 x = (x1, . . . , xd)

T

d → ∞

�

Sn

☼
X [0, π]

(Yt)t≥0 Xt := X (ωt)



(Yt)t≥0

(Yt)t≥0

☼
X [0, π]

ϕ [−π, π] (Yt)t≥0
Xt := X (ωt+ ϕ)

(Yt)t≥0

(Yt)t≥0

☼
I ⊂ Rt

0 (Xt)t∈I

s t R(t, t+ s)
s

☼
I := [0, T ] ⊂ Rt

0 (Xt)t∈I
E(Xt) = 0 E(X2

t ) = 1 t ∈ I

|E(XtXt+h)| ≤ 1 h > 0 t ∈ [0, T − h]

λ <∞ p > 1 h0 > 0 |E(XtXt+h)| ≥
1−λhp 0 < h ≤ h0

(Xt)t∈I

(Xt)t∈I E(Xt) =
0 E(X2

t ) = 1 t ∈ I (Xt)t∈I

E

(
(Xt+h −Xt)

2n
)

=
(2n)!

2nn!

(
E

(
(Xt+h −Xt)

2
))n ≤

(
(2n)!

n!

)
λnhpn

λ < ∞ p > 1 h0 > 0 0 < γ < 1
2p

(Xt)t∈I
γ
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Space-Discretization (Finite Differences)

Finite-Dimensional System of R(O)DE
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Partial Differential Equation
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Path-Wise Solution Concept for R(O)DEs

Finite-Dimensional System of an Infinite
Family of ODEs
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Compatibility Conditions
1)   all solutions of the ODE family are defined
      on a common time interval
2)   all solutions are stochastic processes



d

∂T

∂t
(t, x) = κ ·ΔT (t, x) + f(t, x) t ∈ I := [t0, te] ⊂ R, x ∈ Ω ⊂ Rd

∂T/∂t ΔT
κ

T = T (t, x)
f

d = 1 d = 2 d = 3 T (t, x)
T (t, x, y) T (t, x, y, z)

T (t0, x) = g(x) Ω ,
T (t, x) = T0(t, x) Γ0 ⊂ ∂Ω ,
∂T
∂n (t, x) = r(t, x) Γ1 ⊂ ∂Ω ,

t0
Γ0

Γ1 ∂Ω

ΔT







x

[t0, t1] ⊂ R x ∈ R3

B
Ω {OB, eB}
B B

Ω Γ

B

ϕ : Ω× [t0, t1] → R3

(x, t) �→ ϕ(x, t)

B

u : Ω× [t0, t1] → R3

(x, t) �→ u(x, t) := ϕ(x, t)− x .
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{OB, eB}

Γ0

Γ1

Ω

dx2

dx1
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ϕ(dx1)
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u x
ϕ dxi
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u ϕ
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Eij =
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2

(∇ϕT∇ϕ− I
)
=

1

2

(∇u+∇uT +∇uT∇u
)
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σ · n = t

ΔF

ΔA

n

t ΔF
ΔA

u E ε

ε

ε = ε(u) =
(∇u+∇uT

)
.

ΔA

x

σ t x
n

t(x, n) :=
ΔA→0

ΔF (ΔA)

ΔA
=

dF (A)

dA
.

t(x, n) = σ · n

σ = λtr{ε(u)}I + 2με(u) ,



tr I λ
μ

Ω

∂Ω = Γ0 ∪ Γ1 ,

Γ0

Γ1 ∂Ω

W :=
1

2

∫
Ω
σ : εdx .

σ : ε = tr{σT ε}

W
U

U =
1

2

∫
Ω
σ : εdx︸ ︷︷ ︸
=W

−
∫
Ω
uTβdx−

∫
Γ1

uT τds ,

β τ

T =
1

2

∫
Ω
ρu̇T u̇

u̇
ρ

∫ t1

t0

(T − U) dt

u



u

: u+ θv θ ∈ R

: δu := θv .

v

v(x, t0) = 0 = v(x, t1) ∀x ∈ Ω ,

v(., t) = 0 Γ0 ∀t ∈ [t0, t1]

u u + θv

J(θ) :=

∫ t1

t0

(T (u+ θv)− U(u+ θv)) dt ,

0 =
d

dθ
J(θ)|θ=0

u
T U

0 =
d

dθ

∫ t1

t0

[
1

2

∫
Ω
ρ

˙
(u+ θv)

T ˙
(u+ θv)dx− 1

2

∫
Ω
σ(u+ θv) : ε(u+ θv)dx

+

∫
Ω
(u+ θv)Tβdx+

∫
Γ1

(u+ θv)T τds

]
dt

∣∣∣∣
θ=0

θ

0 =

∫ t1

t0

[∫
Ω
ρv̇T u̇dx−

∫
Ω
σ(u) : ε(v)dx+

∫
Ω
vTβdx+

∫
Γ1

vT τds

]
dt .

∫ t1

t0

[∫
Ω
ρv̇T u̇ dx

]
dt =

∫
Ω
ρvT u̇ dx

∣∣∣∣t1
t0︸ ︷︷ ︸

=0

−
∫ t1

t0

∫
Ω
ρvT ü dx dt .



0 =

∫ t1

t0

[∫
Ω
ρvT üdx+

∫
Ω
σ(u) : ε(v)dx−

∫
Ω
vTβdx−

∫
Γ1

vT τds

]
dt .

0 =

∫ t1

t0

[∫
Ω
vT (ρü− (σ)− β) dx+

∫
Γ1

vT (σ · n− τ) ds

]
dt .

v Γ0 Γ1

0 = ρü− (σ)− β .

v �= 0 Γ1 σ ·n−τ = 0

Γ0

Γ1

ρü(x, t) = σ(u(x, t)) + β(x, t) Ω

u(x, t) = u0(x, t) Γ0

σ(u(x, t)) · n(x) = τ(x, t) Γ1 .

u0 τ

u = (u1, . . . , ud)T

σ
σ

⎛⎝σ11 σ12 σ13
σ21 σ22 σ23
σ31 σ32 σ33

⎞⎠ =

⎛⎜⎜⎜⎜⎜⎝
∂σ11
∂x1

+
∂σ12
∂x2

+
∂σ13
∂x3

∂σ21
∂x1

+
∂σ22
∂x2

+
∂σ23
∂x3

∂σ31
∂x1

+
∂σ32
∂x2

+
∂σ33
∂x3

⎞⎟⎟⎟⎟⎟⎠

σ



( (σ))1 =
∂

∂x1

(
λ

2∑
k=1

∂uk

∂xk
+ μ

(
∂u1

∂x1
+

∂u1

∂x1

))
+

∂

∂x2
μ

(
∂u1

∂x2
+

∂u2

∂x1

)
= (2μ+ λ)

∂2u1

∂x21
+ μ

∂2u1

∂x22
+ (λ+ μ)

∂2u2

∂x1∂x2

( (σ))2 = (2μ+ λ)
∂2u2

∂x22
+ μ

∂2u2

∂x21
+ (λ+ μ)

∂2u1

∂x1∂x2
.

u

ρü1(x, t) = (2μ+ λ)
∂2u1

∂x21
+ μ

∂2u1

∂x22
+ (λ+ μ)

∂2u2

∂x1∂x2
+ β1(x, t) Ω

ρü2(x, t) = (2μ+ λ)
∂2u2

∂x22
+ μ

∂2u2

∂x21
+ (λ+ μ)

∂2u1

∂x1∂x2
+ β2(x, t) Ω

u(x, t) = u0(x, t) Γ0

σ(u(x, t)) · n(x) = τ(x, t) Γ1

Γ0

Γ1 σ
u n

n(x) = (0, 1)T

τ(x, t) =

(
μ
(
∂u2

∂x1
+ ∂u1

∂x2

)
(λ+ 2μ)∂u

2

∂x2
+ λ∂u1

∂x1

)



n(x) = (1, 0)T

τ(x, t) =

(
(λ+ 2μ)∂u

1

∂x1
+ λ∂u2

∂x2

μ
(
∂u2

∂x1
+ ∂u1

∂x2

) )

n(x) = (−1, 0)T

τ(x, t) =

(−(λ+ 2μ)∂u
1

∂x1
− λ∂u2

∂x2

−μ
(
∂u2

∂x1
+ ∂u1

∂x2

) )

n(x) = (−1, 1)T

τ(x, t) =

⎛⎝−(λ+ 2μ)∂u
1

∂x1
− λ∂u2

∂x2
+ μ

(
∂u2

∂x1
+ ∂u1

∂x2

)
−μ

(
∂u2

∂x1
+ ∂u1

∂x2

)
+ (λ+ 2μ)∂u

2

∂x2
+ λ∂u1

∂x1

⎞⎠
n(x) = (1, 1)T

τ(x, t) =

⎛⎝(λ+ 2μ)∂u
1

∂x1
+ λ∂u2

∂x2
+ μ

(
∂u2

∂x1
+ ∂u1

∂x2

)
μ
(
∂u2

∂x1
+ ∂u1

∂x2

)
+ (λ+ 2μ)∂u

2

∂x2
+ λ∂u1

∂x1

⎞⎠

ν E

ν :=
λ

2(λ+ μ)
,

E := μ
3λ+ 2μ

λ+ μ
,

μ =
E

2(1 + ν)
,

λ =
νE

(1 + ν)(1− 2ν)
.

ν E



ν
!
= 0

x − y

x−y σ33 = 0
z

u3 �= 0

x − y
ε33 = 0, u3 = 0

z
σ33 �= 0

ν = 0

λ = 0, μ = E/2



ν = 0

∂T

∂t
(t, x) = κ ·ΔT (t, x) + f(t, x)

Th

Th ≈ T

Th

(th, xh) ∈ Ih ×Ωh

T (t, x) x t

I × Ω

I×Ω

I



x 

t 

PDE 
series of  

steady-state 
PDEs 

ODE 
full 

discretisation 

Method of horiz. lines  

(Rothe method) 

Method of vert. lines  

 

space-time 

discr. 



xh ∈ Ω
Ω Ωh







1

0 1

j = 1

j = 2

j = 3 = Ny

i = 1 i = 2 i = 3 = Nx

: Ωh

2 31

5

98

4 6

7

4 × 4 N = 3
Ω := [0, a] × [0, b], a �= b,

hx �= hy

Ωh := {(ih, jh) | i = 1, . . . , N, j = 1, . . . , N}
= {(x, y) ∈ Ω | x = ih, y = jh i, j ∈ Z}

N Ω :=
[0, a] × [0, b], a, b ∈ R+, hx = hy = h := 1/(N + 1)

∂Ωh

∂Ωh := {(ih, jh) | i ∈ 0, N + 1, j ∈ 0, . . . , N + 1 i ∈ 0, . . . , N + 1, j ∈ 0, N + 1}



= {(x, y) ∈ ∂Ω | x = ih, y = jh i, j ∈ Z}

Nx �= Ny

f
β

Ω

T ∈ C2





∂T

∂x
(x) =

h→0

T (x+ h)− T (x)

h
≈ T (x+ h)− T (x)

h
h ∈ R ,

T t
x ∈ R h

Ωh

Th T
Th

T

T (x+ h) = T (x) +
∂T

∂x
(x) · h+

1

2

∂2T

∂x2
(x) · h2 + . . .

= T (x) +
∂T

∂x
(x) · h+O(h2)

∂T/∂x O(h)
x ∈ Rd

xi x xi

∂+T (x)
∂−T (x) ∂0T (x)



M0 := Nx×Ny Ωh

(ih, jh) ∈ ∂Ω
Γ0 ⊂ ∂Ω

Th(ih, jh) = T0(ih, jh) (ih, jh) ∈ Γ0

∂T

∂n
(ih, jh) = r(ih, jh) (ih, jh) ∈ Γ1 ,

n
Th M2

Th

Th(ih, jh) = Tij i = 1, . . . , Nx

j = 1, . . . , Ny h = Tij

(i, j)

Ah h = h

Ah ∈ RM1×M1

M1 := M0 + M2

h

h := −Âh 0 +

= f(ih, jh)
Âh

i
j

h



Th

Th−
T

‖Th − T‖∞ :=
i=1,...,Nx
j=1,...,Ny

|(Th − T )(ih, jh)|

L2

‖Th − T‖0,h := h

⎛⎝ Nx∑
i=1

Ny∑
j=1

[(Th − T )(ih, jh)]2

⎞⎠ 1
2

.

‖.‖h

h
T ‖.‖h

Ωh |.|h
RM1

‖.‖h
|Ah − h|h → 0 h→ 0

p > 0

|Ah − h|h ≤ Chp

C > 0 h

|Ah − h|h
| h − |h

| h − |h =
∣∣A−1h Ah ( h − )

∣∣
h
≤ ∥∥A−1h

∥∥
h
|Ah ( h − )|h .

‖.‖h |.|h



‖.‖h
‖Th − T‖h → 0 h→ 0

p > 0

‖Th − T‖h ≤ Chp

C > 0 h

‖.‖h C > 0
h ∥∥A−1h

∥∥
h
≤ C .

uh = (u1h, u
2
h) u
u1h(ihx, jhy) = u1ij u2h(ihx, jhy) = u2ij

∂0ui(x)

∂+ui(x) ∂−ui(x)



(ihx, jhy) ∈ Ωh

u1

(2μ+ λ)︸ ︷︷ ︸
=:ξ

∂2u1

∂x21
+ μ

∂2u1

∂x22
+ (λ+ μ)

∂2u2

∂x1∂x2
=̇

=̇ ξ

[
u1i−1,j − 2u1ij + u1i+1,j

h2x

]
+ μ

[
u1i,j−1 − 2u1ij + u1i,j+1

h2y

]
+

+(λ+ μ)

[
u2i+1,j+1 − u2i−1,j+1 − u2i+1,j−1 + u2i−1,j−1

4hxhy

]
.

u2

(2μ+ λ)︸ ︷︷ ︸
=:ξ

∂2u2

∂x22
+ μ

∂2u2

∂x21
+ (λ+ μ)

∂2u1

∂x1∂x2
=̇

=̇ ξ

[
u2i,j−1 − 2u2ij + u2i,j+1

h2y

]
+ μ

[
u2i−1,j − 2u2ij + u2i+1,j

h2x

]
+

+(λ+ μ)

[
u1i+1,j+1 − u1i−1,j+1 − u1i+1,j−1 + u1i−1,j−1

4hxhy

]
.

n

n(x) = (0, 1)T

τ(x, t) =

⎛⎜⎜⎝μ

(
∂u2

∂x1
+

∂u1

∂x2

)
ξ
∂u2

∂x2
+ λ

∂u1

∂x1

⎞⎟⎟⎠ =̇

⎛⎜⎜⎜⎝
μ

[
u2i+1,j − u2i−1,j

2hx
+

u1ij − u1i,j−1
hy

]
ξ
u2ij − u2i,j−1

hy
+ λ

u1i+1,j − u1i−1,j
2hx

⎞⎟⎟⎟⎠

n(x) = (1, 0)T

τ(x, t) =

⎛⎜⎜⎝ ξ
∂u1

∂x1
+ λ

∂u2

∂x2

μ

(
∂u2

∂x1
+

∂u1

∂x2

)
⎞⎟⎟⎠ =̇

⎛⎜⎜⎜⎝
ξ
u1ij − u1i−1,j

hx
+ λ

u2i,j+1 − u2i,j−1
2hy

μ

[
u2ij − u2i−1,j

hx
+

u1i,j+1 − u1i,j−1
2hy

]
⎞⎟⎟⎟⎠



n(x) = (−1, 0)T

τ(x, t) =

⎛⎜⎜⎝ −ξ ∂u
1

∂x1
− λ

∂u2

∂x2

−μ
(
∂u2

∂x1
+

∂u1

∂x2

)
⎞⎟⎟⎠ =̇

⎛⎜⎜⎜⎝
−ξ u

1
i+1,j − u1ij

hx
− λ

u2i,j+1 − u2i,j−1
2hy

−μ
[
u2i+1,j − u2ij

hx
+

u1i,j+1 − u1i,j−1
2hy

]
⎞⎟⎟⎟⎠

τ

h

n(x) = (−1, 1)T

τ(x, t) =

⎛⎜⎜⎝−ξ
∂u1

∂x1
− λ

∂u2

∂x2
+ μ

(
∂u2

∂x1
+

∂u1

∂x2

)
−μ

(
∂u2

∂x1
+

∂u1

∂x2

)
+ ξ

∂u2

∂x2
+ λ

∂u1

∂x1

⎞⎟⎟⎠

=̇

⎛⎜⎜⎜⎜⎝
−ξ u

1
i+1,j − u1ij

hx
− λ

u2ij − u2i,j−1
hy

+ μ

[
u2i+1,j − u2ij

hx
+

u1ij − u1i,j−1
hy

]

−μ
[
u2i+1,j − u2ij

hx
+

u1ij − u1i,j−1
hy

]
+ ξ

u2ij − u2i,j−1
hy

+ λ
u1i+1,j − u1ij

hx

⎞⎟⎟⎟⎟⎠

n(x) = (1, 1)T

τ(x, t) =

⎛⎜⎜⎝ξ
∂u1

∂x1
+ λ

∂u2

∂x2
+ μ

(
∂u2

∂x1
+

∂u1

∂x2

)
μ

(
∂u2

∂x1
+

∂u1

∂x2

)
+ ξ

∂u2

∂x2
+ λ

∂u1

∂x1

⎞⎟⎟⎠

=̇

⎛⎜⎜⎜⎜⎝
ξ
u1ij − u1i−1,j

hx
+ λ

u2ij − u2i,j−1
hy

+ μ

[
u2ij − u2i−1,j

hx
+

u1ij − u1i,j−1
hy

]

+μ

[
u2ij − u2i−1,j

hx
+

u1ij − u1i,j−1
hy

]
+ ξ

u2ij − u2i,j−1
hy

+ λ
u1ij − u1i−1,j

hx

⎞⎟⎟⎟⎟⎠

Ah h = h
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1

steady−state solution

(u1ij , u
2
ij)

E = 500
hx = hy = 0.05 10 × 19





☼ � �

�

☼
E

☼
u(x) ∈ C3(x− h, x+ h)

∂+u(x) :=
u(x+ h)− u(x)

h
,

∂−u(x) :=
u(x)− u(x− h)

h
,

∂0u(x) :=
u(x+ h)− u(x− h)

2h
.

u(x± h)

u(x) ∈ C4(x− h, x+ h)

∂−∂+u(x) :=
u(x+ h)− 2u(x) + u(x− h)

h2
.

�
Δu(x, y) = − (πx) · (πy) · 2π2 , (x, y) ∈ Ω := [0, 1]2 ,

u(x, y) = 0 , (x, y) ∈ Γ := ∂Ω ,

Δu(x, y) Δu(x, y) = ∂2u
∂x2 (x, y) +

∂2u
∂y2

(x, y)

Δu(x, y)



Ωh := {(ih, jh) | i = 1, . . . , N, j = 1, . . . , N}

N
[0, 1]2 hx = hy = h := 1/(N + 1)

Ωh

(i, j)

A Auh = b

☼

u · ∇ = 〈u,∇〉 u

u
u(x) · ux(x)

u =
(u1, u2) 〈(

u1(x, y)
u2(x, y)

)
,

(
∂x
∂y

)〉(
u1(x, y)
u2(x, y)

)
=

=

(
u1(x, y)∂xu1(x, y) + u2(x, y)∂yu1(x, y)
u1(x, y)∂xu2(x, y) + u2(x, y)∂yu2(x, y)

)
.



�

Δu(x, y) ≈ 1

12h2
(−u(x+ 2h, y) + 16u(x+ h, y)− u(x, y + 2h)

+16u(x, y + h)− 60u(x, y) + 16u(x− h, y)− u(x− 2h, y)

+16u(x, y − h)− u(x, y − 2h))

h = Δx = Δy

O(h4)





x(t)
t

y(t)
t
t

t

x

Ω

t

x

Ω

Space-Discretization (Finite Differences)

Finite-Dimensional System of R(O)DE

Space-Time-Realization-Cube

Partial Differential Equation
with Stochastic Effects (RPDE or SPDE)

t

x

Ω

Path-Wise Solution Concept for R(O)DEs

Finite-Dimensional System of an Infinite
Family of ODEs

Decrease
Mesh-Size

Compatibility Conditions
1)   all solutions of the ODE family are defined
      on a common time interval
2)   all solutions are stochastic processes

k1 > 0

k2 > 0

k3 > 0

xa > 0



distance
t0 = 0

distance t

dO

0 = −uẋ(t) − (k1 + k3)x(t) + xa ,

0 = −uẏ(t) + k2 (ys − y(t)) − k1x(t) − dO ,

u > 0 ys > 0

x(0) = x0 y(0) = y0
k1, k2, k3, u, xa, ys, dO, x0, y0

t







Lithosphere

Asthenosphere

Ridge

Divergent Plate Boundaries (Spreading Motion)

Lithosphere

Asthenosphere

Trench

Convergent Plate Boundaries (Subduction Motion)

Volcanos
(volcanic arc)

Earthquakes

Transform Plate Boundaries (Lateral Sliding Motion)

Earthquakes withi Crust

Lithosphere

Asthenosphere

δ
x ∈ R −x

wt

wt



wt

(wt)t∈R+
0

E(wt) = 0 δ
E(wtws) = δ(t− s)

−

−

−
−

−

−

δ
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Gaussian White Noise

−50 −40 −30 −20 −10 0 10 20 30 40 50
−0.5
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Normalized Auto−Correlation of White Noise

0 50 100 150 200 250 300 350 400 450 500
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Frequency−Domain Representation of White Noise



Wt

wt

(Wt)t∈R+

W0 = 0 1

Wt

Wt −Ws ∼ N (0, t− s) 0 ≤ s < t

Wt aWt a =

E(W 2
t ) = t

Wt+h − Wt ∼
√
hN (0, 1) E((Wt+h −

Wt)
2) = h→ 0 h→ 0

E( 1
h2 (Wt+h −Wt)

2) = 1
h →

∞ h→ 0

−

Wt β = 4 α = 1

E((Wt −Ws)
4) = 3|t− s|2 ,

(Ω,A,P) I ⊂ R+
0

Xt(ω) I ×Ω I A
t ∈ I

ξ E
(
ξ2

)
= σ2

E
(
ξ4

)
= 3σ4



C = 3

üg(t)

üg = ẍg + wt = −2ζgωgẋg − ω2
gxg ,



xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

Exciation Output

Exciation Input. white noise

mass

damper
c

spring
k

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx
xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

Exciation Output

Exciation Input. white noise

mass 2

damper
c1

spring
k1

mass 1

spring
k2

damper
c2

xg wt

ẍg + 2ζgωgẋg + ω2
gxg = −wt , xg(0) = ẋg(0) = 0 .

ζg ωg

ζg = 0.64 ωg = 15.56 rad/s
f = 2.1

rad/s f = 21 rad/s
üg(t)

SKT (f) =
D0

2π
· ω4

g + 4ζ2gω
2
gf

2

(ω2
g − f2)2 + 4ζ2gω

2
gf

2
,

Swt =
D0
2π

SKT

SKT ζg



f4 f → 0
SKT (f) → D0

2π f → 0

üg(t)

üg = ẍf = −2ζfωf ẋf − ω2
fxf − 2ζgωgẋg − ω2

gxg ,

xg xf{
ẍg + 2ζgωgẋg + ω2

gxg = −wt , xg(0) = ẋg(0) = 0 ,

ẍf + 2ζfωf ẋf + ω2
fxf = −2ζgωgẋg − ω2

gxg , xf (0) = ẋf (0) = 0 .

ζg, ζf ωg, ωf wt

ζg = 0.623 ζf = 0.619
ωg = 15.46 rad/s ωf = 1.636 rad/s

üg(t)

SCP (f) =
D0

2π
· ω4

g + 4ζ2gω
2
gf

2

(ω2
g − f2)2 + 4ζ2gω

2
gf

2
· f4

(ω2
f − f2)2 + 4ζ2fω

2
ff

2
,

Swt =
D0
2π

SCP (f) f4 f → 0
SCP

a(t)
ωg(t)

üg = − (
2ζgωg(t)ẋg(t) + ω2

g(t)xg(t)
)
a(t) ,
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üg

xg(t)

ẍg(t) + 2ζgωg(t)ẋg(t) + ω2
g(t)xg(t) = −wt .

a(t) = 9.44t3 (−1.1743t) + 3.723 ,

ωg(t) = π (10.01 ( (−0.0625t)− (−0.15t)) + 3.0) ,

ζg = 0.42 .

üg

y(t) =

{ ∑n
j=1 taj (−αjt) (ωjt+Θj) , t ≥ 0

0 , t < 0
,

aj αj ωj Θj

2π

E(y(t)) = 0 ,

Cov(y(t), y(s)) =
n∑

j=1

1
2 tsa

2
j (−α(t+ s)) (ωj(t− s)) , t, s ≥ 0 .



0 10 20 30 40 50 60 70 80 90 100
−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0 2 4 6 8 10 12 14
3

4

5

6

7

8

9

10

11

12

üg

y(t)

ω1 = 6
rad/s ω2 = 8 rad/s ω3 = 10 rad/s ω4 = 11.15 rad/s ω5 = 20, 75

rad/s ω6 = . . . , ω11 = 0 rad/s ω12 = 21.50 rad/s ω13 = 23.25
rad/s ω14 = 25 rad/s ω15 = 27 rad/s ω16 = 29 rad/s ω17 = 30.5

rad/s ω18 = 32 rad/s ω19 = 34 rad/s ω20 = 36 rad/s
α1 = · · · = α20 = 1/3 a1 = · · · = a20 = 0.5

Θj

y(t) y(t)

(Ω,A,P)

X = (X1, . . . , Xd)
T ∈ Rd d

X1, . . . , Xd : Ω → R A
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−3

−2

−1

0

1
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4

time t

y(
t)

y(t) [0, 10]

Ω Rd

σ A X−1(B) ∈ A B ∈ B
Sd d Sd

Rd ⊂ Sd

I ⊂ R+
0 I = [0, T ]

Xt(ω) I × Ω I
A t ∈ I

ω



X=̂Y X(ω) = Y (ω) ω ∈ Ω Xt

Yt I P(Yt = Xt) = 1 t ∈ I
Xt=̂Yt t ∈ I Ωt ∈ A t ∈ I P(Ωt) = 1
Xt(ω) = Yt(ω) (t, ω) ∈ ∪t∈I [{t} × Ω]

Ωt t Ωt = Ω∗ Xt(ω) = Yt(ω)
(t, ω) ∈ I × Ω∗

Xt Yt Xt
I
= Yt

I
Xt I

ω ∈ Ω Xt I
Xt I

Ω1 ⊂ A P(Ω1) = 1 ω ∈ Ω1

Ẋt(ω) :=
t
Xt(ω) :=

h→0

Xt+h(ω)−Xt(ω)

h
, t ∈ (I) ,

∂I Ẋ·(·) : I×Ω1 → Rd

Yt t ∈ I

Yt
I
= Ẋt

Xt I
∫
I Xt(ω) t

ω ∈ Ω
X : I × Ω → Rm Rm

f : Rd × I × Ω → Rd

Xt

Ω Xt(·)

Rd

Xt

t
= f(Xt(·), t, ω) , Xt(·) ∈ Rd ,

ẋ =
x

t
= Fω(x, t) , x := Xt(ω) ∈ Rd

ω ∈ Ω
ω

Xt I
Xt

I



t0 ∈ I X0 ∈ Sd Xt0=̂X0 Xt

(X0, t0)
(X0, t0)

I Xt X∗
t

(X0, t0)

Xt
I
= X∗

t ,

Xt(ω) = X∗
t (ω) (t, ω) ∈ I ×Ω∗ Ω∗ ⊂ Ω P(Ω∗) = 1

Xt(ω)
ω ∈ Ω Xt(·)

ω ∈ Ω

ω ∈ Ω Xt(ω)
Xt(·)

ω I
ω ∈ Ω

ω



ẋ = Fω(x, t) ω

a(ω)

Ẋt = a(ω)X2
t , X0 = 1 ,

ω ∈ Ω

X(t, ω) =
1

1− a(ω)t

[0, (a(ω))−1]
J ⊂ [0, T ] J

ω ∈ Ω

X(t, ω) I × Ω
ω ∈ Ω I

Ω∗ ⊂ Ω Ω∗ /∈ A ω ∈ Ω

X∗
t (ω) =

{
0 , ω ∈ Ω∗

1
4 t

2 , ω ∈ Ω \ Ω∗
,

R+
0 = [0,∞)

ẋ =
√
|x| , X0(ω) = 0 .

X∗
t

A Xt

t ∈ I E(Xt) P(Xt >
c) c ∈ R

ω ∈ Ω I

f(x, λ) = λ (−λx) x ≥ 0
f(x, λ) = 0 x < 0 λ > 0



Xt = a(Xt, t) t + b(Xt, t) Wt , X0 = X(0) ,

a b

Xt = X0 +

∫ T

0
a(Xt, t) t +

∫ T

0
b(Xt, t) Wt .

Wt

1
∫ T
0 f(t, ω) Wt

Wt

b(x, t) σ

Ẋt = −Xt + (Wt(ω))



( −Xt

Yt

)
=

(
Xt + (Yt)

0

)
t +

(
0
1

)
Wt .

Xt = f(Xt) t + Wt

Żt = f(Zt +Ot) +Ot ,

Zt := Xt − Ot Ot

Ot = −Ot t + Wt

(
x
y

)
=

( −y
−2ζgωgy + ω2

gx

)
t +

(
0
1

)
Wt ,

(
ż1
ż2

)
=

( −(z2 +Ot)
−2ζgωg(z2 +Ot) + ω2

gz1 +Ot

)
.



Diffusion
Phenomena

Partial Differential Equations Stochastic Differential Equations

Martingale Problem Transition Probability

diffusion is a
continuous solution
of the martingale problem

diffusion is a
Markov process such

that its transition probabilities
obey certain limit conditions

diffusion is a solution of a special
partial differential equation

diffusion is a solution of a special
stochastic differential equation

Kolmogorow's backward &
forward equation

"essentailly" the
same processes

infinitesimal
operator

Random Differential Equations
Doss-Sussmann/

Imkeller-
Schmalfuss

correspondence

randomly disturbed differential
equations

Ordinary Differential Equations

classical generators for
dynamical systems

pathwise
solutions

Gradient Systems

flows with respect to the
Wasserstein metric

Otto's correspondence

Xt =
aXt t + b Wt a, b ∈ R



Bd×A Bd

σ Rd Ω1 ∈ A f(x, ω) : Rd × Ω → Rm

Rd ω ∈ Ω1 A ω x ∈ Rd

Bd × A g(x, ω) f(x, ω) = g(x, ω)
(x, ω) ∈ Rd × Ω1

ω ∈ Ω
ω

X0 ∈ Sd

t0 ∈ I a, b ∈ R+ [t0 − a, t0 + a] ⊂ I

Q(ω) :=
{
(x, t) ∈ Rd × I : ‖x−X0(ω)‖ ≤ b , |t− t0| ≤ a

}
.

(x, t) ∈ Rd × I f(x, t, ω) A ω
t ∈ I ω ∈ Ω

Rd

Ω∗ ∈ A P(Ω∗) = 1 ε > 0
δ(ε) > 0

‖f(x1, t1, ω)− f(x2, t2, ω)‖ ≤ ε ,

ω ∈ Ω∗ (xi, ti) ∈ Q(ω) i = 1, 2 ‖x1 − x2‖ <
δ(ε) |t1 − t2| ≤ δ(ε)

(X0, t0)
I Xt X∗

t

(X0, t0) Xt
I
= X∗

t



ω ∈ Ω ‖f(x, t, ω)‖ ≤ M < ∞ (x, t) ∈ Q(ω)
‖f(x, t, ω)‖ (x, t) ∈ Q(ω) M

ω ∈ Ω
(X0(ω), t0)

Iα := (t0 − α, t0 + α) α := (a,M−1b)

Iα
(X0, t0)

ω ∈ Ω
Iα (X0(ω), t0)

{εk}k∈N
k→∞ εk = 0 εk δ(εk)

t0 = tk1 < · · · <
tkm = t0 + α I+α = [t0, t0 + α]

|tkl − tkl−1| ≤
(
δ(εk),

δ(εk)

M

)
l = 2, . . . ,m I−α = [t0 − α, t0]

Xk(t, ω)

Xk(t0, ω) = X0(ω) ,

tkl−1 < t ≤ tkl

Xk(t, ω) = Xk(t
k
l−1, ω) + f

(
Xk(t

k
l−1, ω), t

k
l−1, ω

)(
t− tkl−1

)
.

Xk(t, ω)
I+α

(X, dX) (Y, dY )
{Fk}k∈N : X → Y {Fk}k∈N

x0 ∈ X ε > 0 δ > 0
dY (Fk(x0), Fk(x)) < ε x dX(x0, x) < δ

X
{Fk}k∈N ck

|Fk| < ck c
|Fk| < c k ∈ N



0 1 2 3 5 64

1

2

3

4Deterministic example for
Euler's polygon method:

     y'(x) = 0.25 x

     y(0) = 0

step size:
h := 1

true solution y(x)
Euler approximation

y′(x) = 1
4x y0 = 0 h = 0

X(t, ω)
(X0(ω), t0)

f(x, tkl , ω)
X0 ∈ Sd

Xkt t ∈ I+α Xkt
I+α= Xk(t, ω)

Xt t ∈ I+α Xt
I+α= k→∞Xk(t, ω)

I+α (X0, t0)

ω

Y m
H ⊂ Rm

x0 ∈ Rd t0 ∈ R

Q =
{
(x, t) ∈ Rd × R : ‖x− x0‖ ≤ b , |t− t0| ≤ a

}
,



a, b ∈ R+ f(x, t, ω) Rd×R×
H y ∈ H Iα

ẋ = f(x, t, y) (x0, t0)

Iα Ẋt = f(Xt, t, Y )
(x0, t0)

H

f(x, t, ω) A (x, t) ∈ Rd × I

f(x, t, ω) Rd × I ω ∈ Ω

ω ∈ Ω L(t, ω) I

‖f(x1, t, ω)− f(x2, t, ω)‖ ≤ L(t, ω)‖x1 − x2‖ ,
t ∈ I x1, x2 ∈ Rd

(X0, t0) ∈ Sd × I
I

H H = {}

Zt t ∈ [0,∞)
d At

d × d
[0,∞)

[0,∞)
Ẋt = AtXt + Zt (X0, t0) ∈ Sd × [0,∞)



ẋt =
Atxt + zt xt ∈ Rd

ẋt = (t) −
xt + βOt Ot

xt t → ∞
β � 1

SI
I ⊂ R t ∈ I I0 ∈ SI

t ∈ I \ I0 I
x(t)

ẋ = f(x, t)
t ∈ I

Xt

I
ω ∈ Ω Xt(ω) I

t ∈ I
Xt0=̂X0 t0 ∈ I X0 ∈ Sd Xt

(X0, t0)

(X0, t0)



(X0, t0) ∈ Sd×I a, b ∈ R+ [t0−a, t0+a] ⊂ I

Q(ω) :=
{
(x, t) ∈ Rd × I : ‖x−X0(ω)‖ ≤ b , |t− t0| ≤ a

}
.

ω ∈ Ω f(x, t, ω) Rd t ∈ I
x ∈ Rd f(x, t, ω) SI ×A

ω ∈ Ω ‖f(x, t, ω)‖ ≤ m(t) (t, x) ∈ Q(ω) m(t)
[t0 − a, t0 + a]

ω ∈ Ω Iα = (t0 − α, t0 + α)
(X0(ω), t0)

α ≤ a
∫ t0+α
t0−α m(τ) τ ≤ b

Iα
(X0, t0)

Iα
X(t, ω)

(X0(ω), t0)

Xj(t, ω)

Xj(t, ω) :=

⎧⎪⎨⎪⎩
X0(ω) t0 ≤ t ≤ t0+αj−1

X0(ω)+

∫ t0−αj−1

t0

f(Xj(τ, ω), τ, ω) τ t ≤ t0 + αj−1 < t < t0 + α
.

t0 − α < t < t0
r = 1, . . . , j Ir := [t0 + rj−1α]

Xr
j,t t ∈ Ir r < j Xr

j,t
Ir= Xj(t, ω) Xj(t, ω)

Ir ω ∈ Ω

BIr × A Yj(t, ω) Yj(tω)
Ir= Xj(t, ω)

Bd × BIr × A
g(x, t, ω) g(x, t, ω)

Rd×Ir= f(x, t, ω)
g(Yj(t, ω), t, ω) BIr × A

Xr+1
(j)t t ∈ Ir+1



Xr+1
(j)t =

⎧⎪⎨⎪⎩
X0(ω) t0 ≤ t ≤ t0 + αj−1

X0(ω) +

∫ t0−αj−1

t0

f(Xj(τ, ω), τ, ω) τ t ≤ t0 + αj−1 < t < t0 + α

Ir+1
= Xj(t, ω) .

Xj
(j)t t ∈ I+α = [t0, t0 +

α) Xj
(j)t

Iα+
= Xj(t, ω)

Xt t ∈ I Xt
I+α= j→∞Xj(t, ω) Xt

Iα
(X0, t0)

f(x, t, ω) A (x, t) ∈ Rd × I

ω ∈ Ω f(x, t, ω) Rd×(I\H(ω))
H(ω) I

ω ∈ Ω x ∈ Rd f(x, t, ω)
J ⊂ I

ω ∈ Ω L(t, ω) I

‖f(x1, t, ω)− f(x2, t, ω)‖ ≤ L(t, ω)‖x1 − x2‖ ,
t ∈ I x1, x2 ∈ Rd

(X0, t0) ∈ Sd × I
I

{
X0(t, ω) := X0(ω)

xk(t, ω) := X0(ω) +
∫ t
t0
f(Xk−1(s, ω), s, ω) s

,



0 0.2

5

6

4

1

2

3

Picard iterates:

0.4 0.6 0.8 1.2 1.41

Deterministic example for
Picard's method:

     y'(x) = 1 + x y2(x)

     y(0) =  0
y3(x) = x + 1/4 x4 + 1/14 x7 + 1/160 x10

y2(x) = x + 1/4 x4

y1(x) = x

true solution y(x)

y′(x) = 1 + xy2(x) y0 = 0

Xk(t, ω) I ω ∈ Ω

f(Xk−1(s, ω), s, ω) I \H(ω)
t

t0, t ∈ J = [A,B] ⊂ I

‖Xk+1(t, ω)−Xk(t, ω)‖
I≤

(
s∈J

f(X0(ω), s, ω)

)(
s∈J

L(s, ω)

)k (B −A)k+1

(k + 1)!
.

ω ∈ Ω J Xk(t, ω)
X(t, ω)

X(t, ω)

t
= f(X(t, ω), t, ω) , t ∈ J \H(ω) ,

X(t0, ω) = X0(ω) J
t ∈ I

Xt t ∈ I Xt
I
=

X(t, ω) Xt

Xt0 = X0

X0 ∈ Sd Bd × A
g(x, t, ω) t ∈ I f(x, t, ω)

Rd×I
=

g(x, t, ω)

X
(k)
t t ∈ I

X
(k)
t

I
= Xk(t, ω)



Xt t ∈ I

Xt
I
=

k→∞
Xk(t, ω)

I
= X(t, ω) .

Yt
Yt0 = X0

‖Xt − Yt‖
I≤

∫ t

t0

L(s, ω)‖Xs − Ys‖ s ,

‖Xt−Yt‖ I
= 0

Xt

t
= f(Xt, t, Zt) ,

f(x, t, z) Rd× I ×Rm

‖f(x1, t, Zt)− f(x2, t, Zt)‖
Rd×I×Rm

≤ Lt‖x1 − x2‖
Lt Zt m

I
Zt(ω)

Gt := σ(Zτ : τ ∈ [t0, t])
σ Zτ

τ ∈ [t0, t]
X0(ω) ξ ∈ Rd

k = 1, 2, . . .

X
(k)
t (ω) I ×Ω

x(k)(t, ω, ξ) I × Ω× Rd

t ∈ I x(k)(t, ω, ξ) Gt × Bd

Xk(t, ω, ξ)

X0(t, ω, ξ) := ξ ,

Xk(t, ω, ξ) := ξ +
∫ t
t0
f (Xk−1(s, ω, ξ), s, Zs(ω)) s ,

x(k)(t, ω, ξ)
I×Rd

= Xk(t, ω, ξ)



x(t, ω, ξ)
Gt × Bd t ∈ I

x(t, ω, ξ)
I×Rd

= X(t, ω, ξ)

ω ∈ Ω t ∈ Rd X(t, ω, ξ) :=

k→∞Xk(t, ω, ξ)
x = f(x, t, Zt(ω))

(ξ, t0)
ω ∈ Ω x(t0, ω, ξ) P

x(t0, ω, ξ) = ξ ξ ∈ R ω ∈ Ω
Xt = x(t, ω,X0)

Xt0 = X0 ∈ Sd

I = [t0,∞)

f(x, t, ω) A (x, t) ∈ Rd × I

ω ∈ Ω f(x, t, ω) Rd×(I\H(ω))
H(ω) I

ω ∈ Ω x ∈ Rd f(x, t, ω)
J ⊂ I

Rn
k := {x ∈ Rn : ‖x‖ < k} ,

ω ∈ Ω {Lk(t, ω)}k∈N
I k t ∈ I x1, x2 ∈ Rn

k

‖f(x1, t, ω)− f(x2, t, ω)‖ ≤ Lk(t, ω)‖x1 − x2‖ .

v Rd× I ×Ω
ω ∈ Ω v t x



v

v(x, t, ω)
Rd×I≥ ϕ(‖x‖) ≥ 0 ,

r→∞ ϕ(r)→∞
v v

∂tv(x, t, ω) + (∂xv(x, t, ω))
T f(x, t, ω)

Rd×I≤ c · v(x, t, ω) ,
c ≥ 0

(X0, t0) ∈ Sd × I
I

(X0, t0) ∈ Sd × I
fk(x, t, ω) Rd × I × Ω

k

fk(x, t, ω) = f(x, t, ω) , ‖x‖ ≤ k , (t, ω) ∈ I × Ω ,

Xt

t
= fk(Xt, t, ω)

Xk
t I

tkr (ω) :=

{ ∞ Xk
t (ω)‖ ≤ r t ∈ I

{t ∈ I : ‖Xk
t (ω)‖ > r}

.

Xk
t

ω ∈ Ω Xk
t k ≥ r t ≤ trr(ω)

r = 1, 2, . . . tkr = trr(ω) = tr(ω) k ≥ r
tr(ω) ≤ tr+1(ω)

t(ω) = r→∞ tr(ω) = ∞ ω ∈ Ω

k→∞
Xk

t (ω) = Xt(ω) = Xr
t (ω) , r trr ≥ t t ∈ I ,

Xt I

ω ∈ Ω

t
(v (Xt(ω), t, ω) (−c(t− t0))) ≤ 0 , t ∈ I ,



r tr(ω) <∞

ϕ(r) = ϕ
(‖Xtr(ω)‖

) ≤ v
(
Xtr(ω)(ω), tr(ω), ω

)
{ ≤ v (Xt(ω), t, ω) (c(t− t0)) t(ω) <∞

< ∞ t(ω) =∞
.

r→∞ ϕ(r) =∞ t(ω) =∞ ω ∈ Ω

[t0,∞) [t0,∞)



I = [t0, b]
b = ∞ I = [t0,∞) C : Ω → R+

0

Ω U, V,W
I × Ω

ω ∈ Ω U(t, ω) I U(t, ω)
I≥

0

ω ∈ Ω V (t, ω) W (t, ω)

I V (t, ω),W (t, ω)
I≥ 0

U(t, ω)
I≤ C(ω) +

∫ t

t0

W (τ, ω) τ +

∫ t

t0

U(τ, ω) · V (τ, ω) τ

U(t, ω)
I≤ C(ω)

(∫ t

t0

V (τ, ω) τ

)
+

∫ t

t0

W (τ, ω) ·
(∫ t

τ
V (s, ω) s

)
τ .

I =
[t0, b) Λ H ⊂ Rd

Y0 ∈ Λ X0 ∈ Ξ ⊂ Sd X ∈ Ξ
Y ∈ Λ Xt(ω;X,Y ) I

Xt

t
= f(Xt, t, ω, Y )

(X, t0)
f Rd× I×Ω×H ω ∈ Ω

f(x, t, ω, y) y ∈ H Rd×I
V W

‖f(x1, t, ω, Y0(ω))− f(x2, t, ω, Y0(ω))‖
Rd×Rd×I≤ V (t, ω)‖x1 − x2‖ ,

‖f(x, t, ω, y1)− f(x, t, ω, y2)‖
Rd×I×H×H≤ W (t, ω, y1, y2) ,



y, y2 ∈ H X ∈ Ξ Y ∈ Λ

‖Xt(ω;X0, Y0)−Xt(ω;X,Y )‖ T≤‖X −X0‖ ·
(∫ t

t0

V (τ, ω) τ

)
+

∫ t

t0

(∫ t

τ
V (s, ω) s

)
·W (τ, ω, Y0, Y ) τ .

V (t, ω)
I≤ V0(ω) , V0 >̂ 0 , W (t, ω, y1, y2) ≤W0(ω, y1, y2) ,

‖Xt(ω;X0, Y0)−Xt(ω;X,Y )‖
T≤ ‖X −X0‖ · (V0(ω)(t− t0)) + ( (V0(ω)(t− t0))− 1) W0(ω,Y0,Y )

V0(ω)
.

Ut :=
‖Xt(ω;X0, Y0)−Xt(ω;X,Y )‖

Ut
I
=

∥∥∥∥X0 −X +

∫ t

t0

(f(Xt(ω;X0, Y0), τ, ω, Y0)− f(Xt(ω;X,Y ), τ, ω, Y )) τ

∥∥∥∥
I≤‖X0 −X‖+

∫ t

t0

‖f(Xt(ω;X0, Y0), τ, ω, Y0)− f(Xt(ω;X,Y ), τ, ω, Y0)‖ τ

+

∫ t

t0

‖Xt(ω;X,Y ), τ, ω, Y0)−Xt(ω;X,Y ), τ, ω, Y )‖ τ

I≤‖X0 −X‖+
∫ t

t0

W (τ, ω, Y0, Y ) τ +

∫ t

t0

UτV (τ, ω) τ .

V0 ∈ S1 A× Bd × Bd W0

{Xn}n∈N ⊂ Ξ n→∞Xn=̂X0 ∈ Ξ {Ym}m∈N ⊂ Λ

m→∞ Ym=̂Y0 ∈ Λ ω ∈ Ω1 P(Ω1) = 1

y→ν
W0(ω, ν, y) = 0 , y, ν ∈ H



n,m→∞Xt(ω;Xn, Ym)
I
= Xt(ω;X0, Y0)

t I

W0(ω, ν, y)
H×H≤ K(ω)u(‖ν − y‖) K ∈ S1 u

R+
r→0 u(r) = 0 t ∈ I

ε > 0 γ ∈ (0, 1) ε∗ > 0 γ∗ ∈ (0, 1)

P (‖Xt(ω;X,Y )−Xt(ω;X0, Y0)‖ > ε) < γ ,

P(‖Y − Y0‖ + ‖X − X0‖ > ε∗) < γ∗ I
ε∗ γ∗ t

τ ∈ I k

P(A(ω) < k) > 1− 1
4γ , P(K(ω)B(ω) < k) > 1− 1

4γ ,

A(ω) := ((τ − t0)V0(ω)) B(ω) := V0(ω)
−1( ((τ − t0)V0(ω))−

1) δ > 0 u(r) ≤ (2k)−1ε = β r ∈ [0, δ)
ε∗ = (β, δ) γ∗ = 1

4γ
t ∈ [t0, τ ]

P (‖Xt(ω;X0, Y0)−Xt(ω;X,Y )‖ > ε)

≤ 1− P
(‖X −X0‖A < 1

2ε , W0(ω, Y0, Y )B < 1
2ε
)

≤ 2− P (‖X −X0‖ < β , A < k)− P (u(‖Y − Y0‖) < β , KB < k)

≤ 2− 1
2γ − P (‖X −X0‖ < β)− P (u(‖Y − Y0‖) < β)

≤ 2− 1
2γ − 2P (‖X −X0‖+ ‖Y − Y0‖ < ε∗) ≤ 2− 1

2γ − 2(1− γ∗) = γ .

E ( (2V0(t− t0))) < ∞ , E

(
( (V0(t− t0))− 1)2

V 2
0

)
≤ ∞ .

ω ∈ Ω W0(ω, y, ν) ≤ C‖y − ν‖
y, ν ∈ H C > 0 {Xn}n∈N ⊂ Ξ {Ym}m∈N ⊂ Λ

L2
n L2

m Zk := (Xk, X0, Yk, Y0) V0

k ∈ N

q.m.
n→∞Xn = X0 ∈ Ξ , q.m.

m→∞Ym = Y0 ∈ Λ ,



q.m.

q.m.
n,m→∞Xt(ω;Xn, Ym) =̂ Xt(ω;X0Y0) .

t I
t

Xt

t
= AtXt + Zt ,

d × d
At Zt At E(‖At‖) < ∞

t→∞
1
t

∫ t

t0

‖Aτ‖ τ =̂ E(‖At0‖) = E(‖At‖) ,

‖A‖ = (
∑

i,k a
2
i,k)

1/2 X0 X
Sd

‖Xt(ω;X0)−Xt(ω;X)‖ I≤ ‖X −X0‖
(∫ t

t0

‖Aτ‖ τ

)
,

At a > E(‖At0‖)

t→∞ (−at)‖Xt(ω;X0)−Xt(ω;X)‖ =̂ 0 ,

t→∞ ‖X0 −X‖
((

1
t

∫ t

t0

‖Aτ‖ τ − a

)
t

)
.

Xt

t
= At(ω)Xt + Zt(ω) + (Y1(ω)h(Xt) + Y2(ω)) g(t) ,

At Zt

t∈I ‖At(ω)‖ = α(ω) ∈ S1



Y1 d × d Y2
d Y2 ∈ Sd h(x)

d Rd ‖h(x)‖ < h0
‖h(x1) − h(x2)‖ ≤ L‖x1 − x2‖ x1, x2 ∈ Rd g

I ‖g(t)‖ ≤ g0

Y1 Y2

Σ = Sd Λ = Sd2+d V0(ω) = α(ω) + Lg0‖Y10(ω)‖
Y = (Y1, Y2) Y0 = (Y10, Y20) ,

W0(ω, Y0, Y ) = g0 (h0‖Y10 − Y1‖+ ‖Y20 − Y2‖) .

p(t) fD(t)
fS(t)

p
x u(t) u̇(t)

ü(t) x fD



fS

x p − fD − fS

p − fS − fD = mü mü + fD + fS = p .

fD fS

m > 0
k > 0 F = −kx
F = mẍ

mẍ+ c̃ẋ+ kx = F (t) , x(0) = x0 ẋ(0) = x1 ,

x
x0

c̃ẋ

F (t)

t t =
√

m/kτ x x = x0y

ÿ(t) + cẏ(t) + y(t) = 0 , y(0) = 1 ẏ(0) = v = (x−10 x1
√

m/k ,

c := c̃
(√

m/k
)−1

fS + fD + fI = 0

fS = ku

fD = cu̇

fI = müT
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u(t)

damper with
damping constant c

mass m

u(t)

uT = u+ug
u ug

mü+ cu̇+ ku = −müg .

A > 0

üg = −A
(
ω
√
k/mt

)

mü+ ku = A
(
ω
√
k/mt

)
.

t =
√

m/kτ u = (A/k)y

ÿ(t) + y(t) = (ωt) .

t = 0 X(t) t ≥ 0

X(t)

ẍ(t) + 2ζω0ẋ(t) + ω2
0x(t) = −y(t) , t ≥ 0 .
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Explicit Euler
Implicit Euler
Heun

x ẋ

ω0 = 20 rad/s ζ = 0.05
x ẋ

x(0) = 0 ẋ = 0 t = 0
ẋ

O(Δh)

O(Δh2)

d d = 1, 2, . . . Fj

j
F j+1
j

F j−1
j

Fj = F j−1
j + F j+1

j ,

F d+1
d = 0

F 0
1



j

f
(j)
S = kj (uj − uj−1)+kj+1 (uj − uj+1) = −kjuj−1+(kj+kj+1)uj−kj+1uj+1 .

f
(j)
D = cj (u̇j − u̇j−1)+cj+1 (u̇j − u̇j+1) = −cj u̇j−1+(cj+cj+1)u̇j−cj+1u̇j+1 .

u := (u1, u2, . . . , ud)
T

ü + Cu̇ + Ku = F (t) ,

F

K =

⎛⎜⎜⎜⎜⎜⎝
k1 + k2 −k2
−k2 k2 + k3 −k3

−k3 k3 + k4 −k4

−ki +ki

⎞⎟⎟⎟⎟⎟⎠
C

u0 = (0.1, 0.02,−0.1)T k1 = k2 = k3 = 1
c1 = c2 = c3 = 0.5
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ω

ẋ(t) = −at(ω)x(t) + αt(ω) ,

ẏ(t) = −bt(ω)y(t) − ct(ω)x(t) − βt(ω) ,

at, bt, ct, αt, βt
t ∈ [t0, T ) (Ω,A,P) T = ∞

f1(x, y, t, ω) = −at(ω)x(t) + αt(ω) f2(x, y, t, ω) =
−bt(ω)y(t) − ct(ω)x(t) − βt(ω) A (x, y, t) ∈
R× R× [t0, T )

f1(x, y, t, ω) f2(x, y, t, ω) R × R × [t0, T )
ω ∈ Ω

ω ∈ Ω L(t, ω)
[t0, T )√

(f1(x1, y1, t, ω)− f1(x2, y2, t, ω))
2 + (f2(x1, y1, t, ω)− f2(x2, y2, t, ω))

2

=
√

(at(x1 − x2))
2 + (bt(y1 − y2) + ct(x1 − x2))

2

≤
√

(a2t + c2t ) (x1 − x2)
2 + b2t (y1 − y2)

2

≤ L(t, ω)
√
(x1 − x2)2 + (y1 − y2)2 ,

i ∈ [t0, T ) x1, x2, y1, y2 ∈ R

L(t, ω) L(t, ω) ≥√
{a2t + c2t , b

2
t }

[t0, T )
(x0, y0, t0) ∈ S1 × S1 × [t0, T )



L

☼ � �

�

☼
Wt W ∗

t a, b
a b Zt :=

aWt −
√
bW ∗

t

☼
Xt :=

√
aWa−1t Ws

a

a
√
a



a √
a

Xt

Xt

Var(Xt+s −Xt) s ≥ 0

Xt

☼ Bd ×A
Bd σ

Rd Ω1 ∈ A f(x, ω) : Rd×Ω→ Rm Rd ω ∈ Ω1

A ω x ∈ Rd Bd × A
g(x, ω) f(x, ω) = g(x, ω) (x, ω) ∈ Rd × Ω1

☼
0 ≤ t ≤ T

r

(rt) = a(t) t + b Wt .

☼
0 ≤ t ≤ T

r
a : [0, T ]→ R

rt = (a(t)− αrt) t + b Wt ,

α, b ∈ R \ {0} r0 ∈ R
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a(t) = (−t) α = 1
b = 2

☼

☼
Xt I {t1, . . . , tk} ⊂ I

ϕ
ϕ(Xt1 , . . . , Xtk) A

☼
Xt I

Xt I

ψ Rd

t∈I ψ(Xt) t∈I ψ(Xt) Ω
A

ϕ E(x : ϕ(x) ≥
c) c ∈ R



☼

y(t) =

{ ∑n
j=1 taj (−αjt) (ωjt+Θj) , t ≥ 0

0 , t < 0
,

aj αj ωj Θj

2π
t = 0 X(t)

t ≥ 0

X(t)

ẍ(t) + 2ζω0ẋ(t) + ω2
0x(t) = −y(t) , t ≥ 0 .

y(t)

Cov(y(t), y(s)) =
n∑

j=1

1
2 tsa

2
j (−α(t+ s)) (ωj(t− s)) , t, s ≥ 0 .

☼



P

P

P

P

q.m.

P



P

P

P

P

Rd

Ẋt :=
Xt

t
= f(Xt(·), t, ω) , Xt(·) ∈ Rd ,

ẋ =
x

t
= Fω(x, t) , x := Xt(ω) ∈ Rd

ω ∈ Ω

L2
d Rd

t ∈ I ω ∈ Ω

P

t ∈ I
ω ∈ Ω Ω∗t ⊂ Ω t ∈ I

P(∪t∈IΩ∗t ) ≥ 0



P

I ⊂ R+
0 P

Xt(ω)

t
=̂ f(Xt(ω), t, ω) , Xt(·) ∈ Rd , t ∈ I .

P P

P

Z (0, 1)
Xt

Xt(ω) =

{
0 , t = Z(ω) · n−1 , n = 1, 2, . . .

Z(ω) · t2 ,

P Ẋt = 2 · Z · t [0,∞)
t > 0

Ωt :=
{
ω ∈ Ω : Z(ω)n−1 = t n ∈ N

}
.

P(Ωt) = 1 ω ∈ Ω \ Ωt n∗(t, ω) ∈ N t · n∗ <
Z(ω) < t · (n∗ + 1) H > 0 (t+ h) · n∗ <
Z(ω) < (t + h) · (n∗ + 1) h ∈ (−H,H) ω /∈ Ωt+h

h ∈ (−H,H)

Xt(ω)

t
=

h→0

Xt+h(ω)−Xt(ω)

h
=

h→0

Z(ω)(t+ h)2 − Z(ω)t2

h
= 2Z(ω)t

ω /∈ Ωt t = 0 Xt(ω)
t = 0 I = [0,∞)

Xt P

[0, b) b > 0
Xt(ω) t tn = n−1Z(ω)

Xt

Ẋt = 2 · Z · t
P

P

P

C1 ω ∈ Ω f(x, t, ω) Rd × I
A (x, t) Xt P I

Ẋt I Xt



Zt Zt
I
= f(Xt, t, ω)

Yt Yt
I
=

Ẋt P Xt Yt=̂Ẋt=̂f(Xt, t, ω)=̂Zt

t ∈ I Yt Zt

Ẋt
I
= Yt

I
= Zt

I
= f(Xt, t, ω) .

q.m.

P

P

P

{Xn}n∈N ⊂ L2
d X ∈ L2

d

q.m.

q.m.
n→∞Xn =̂ X :⇔

n→∞E
(‖Xn −X‖2) = 0 .

Xt t ∈ I Xt ∈ L2
d t ∈ I

Xt

Xt q.m. t

q.m.
h→0

Xt+h =̂ Xt



Yt

q.m.
h→0

1
h(Xt+h −Xt) =̂ Yt ,

Yt q.m. Xt q.m. −
∫ b
a Xtg(t) t

g : I → R

q.m.
m→∞

m∑
j=1

g(tj)Xtj (tj+1 − tj)

a = t1 < t2 < · · · < tm+1 = b
(tj+1 − tj) → 0

am → −∞

m→∞−
∫ b

am

Xtg(t) t = X ∈ L2
d ,

X = −
∫ b
−∞Xtg(t) t q.m.

q.m. m→∞Xm=̂X m→∞ E(Xm) = E(X)
q.m. q.m.

Xt = (X
(1)
t , . . . , X

(d)
t )T ∈ Rd

ΓX(t, s)

Γ
(l)
X (t, s) = E(X

(l)
s X

(l)
t ) l = 1, 2, . . . , d

Yt E(Yt) �= 0 Xt := Yt − E(Yt)

Xt q.m. ΓX(t, s) I × I
ΓX(t, s) (t, s) ∈ I×I

I × I

Xm,t q.m.
q.m. m→∞Xm,t=̂Xt t ∈ [a, b]

Xt q.m. [a, b]

Xt q.m. Yt
∂2

∂t∂sΓX(t, s)

I×I ΓY (t, s) =
∂2

∂t∂sΓX(t, s)
(t, s) ∈ I × I I × I

Xt q.m. q.m.



ΓX(t, s) I × I g : I → R

V =
∫ b
a

∫ b
a g(t)g(s)ΓX(t, s) s t

q.m. Z := −
∫ b
a Xtg(t) t E((Z(l))2) =

V (l) l = 1, 2, . . . , d

Xt q.m. t ≥ t0 Zt := −
∫ t
t0
Xτ τ q.m.

Xt q.m. Zt Żt=̂Xt

q.m. Ẋt Xt q.m. I [a, b] ⊂ I∫ b
a Ẋ t=̂Xb −Xa

∂2

∂t∂sΓX(t, s) (t, s) ∈ I × I
q.m. X

I Xt

I

m.s. Ẋt Xt Xt m.s.

h,k→0

(
E

(
Ẋ

(l)
t+hX

(l)
s+k

)
− E

(
Ẋ

(l)
t X(l)

s

))2
≤ 2

h,k→0
E

((
Ẋ

(l)
t+h

)2)
E

((
X

(l)
s+k −X(l)

s

)2)
+ 2

h→0
E

((
X(l)

s

)2)
E

((
Ẋ

(l)
t+h − Ẋ

(l)
t

)2)
= 0 ,

∂
∂tΓX(t, s) = E(ẊtXs) I × I

J ⊂ I c d

E

((
X

(l)
t+h −X

(l)
t

)2)
=
(
Γ
(l)
X (t+ h, t+ h)− Γ

(l)
X (t, t+ h)

)
+
(
Γ
(l)
X (t, t+ h)− Γ

(l)
X (t, t)

)
,

t ∈ I |h| < d

Xk ∈ L2
d

q.m. k→∞Xk=̂X X

Xt ΓX(t, s)
q.m. Ẋt q.m.

Zt = −
∫ t
t0
Xτ τ ΓẊ(t, s) =

∂2

∂t∂sΓX(t, s) ΓZ(t, s) =
∫ t
t0

∫ s
t0
ΓX(τ, σ) σ τ



a(t) I Xt

q.m. Ẋt I q.m. a(t) · Xt

ȧ(t)Xt + a(t)Ẋt ȧ(t) t
Ẋt q.m.

Xt q.m.
q.m.

Xt q.m.
q.m. −

∫ t
t0
Xτ τ

∫ t
t0
Xτ τ t0, t ∈

I

{Xk
t }k∈N

X q.m. k→∞Xk
t =̂Xt t ∈

I t ∈ I l ∈ N i,k E

(
X

i(l)
t X

k(l)
t

)

k→∞
E

(
Xk

t1

(
Xk

t2

)T)
= E

(
Xt1X

T
t2

)
.

Xk ∈ L2
d Xk≥̂0 q.m. k→∞Xk = X k = 1, 2, . . .

X≥̂0
Xt q.m. Ẋt

E(XT
t Ẋt) = 0

Ẋt :=
Xt

t
= f(Xt(·), t, ω) , X· ∈ L2

d ,

L2
d Ẋt

q.m. Xt

q.m.
Xt t ∈ I q.m.

I t ∈ I f(Xt, t, ω)=̂Ft

Ft ∈ L2
d Ẋt=̂Ft



Xt0=̂X0 (X0, t0) ∈ L2
d× I Xt q.m.

(X0, t0) q.m.
Xt, X

∗
t q.m.

Xt=̂X∗
t

Xt(ω) q.m.
q.m.

q.m.
Ft q.m. I

q.m.

q.m.
f(x, t, ω) Rd×I

A (x, t) ∈ Rd × I Xt q.m.
I I Xt

I

Ẋt =̂ f(Xt, t, ω) , t ∈ I .

Xt P

q.m. q.m. q.m.

ΓX

q.m.

Xt q.m.
ΓX(t, s) I × I

Xt q.m. q.m.

Xt q.m.
q.m.



q.m.

Xt := X0 (Y ) Y ∈ L2
1

p(s) =

{
(−s) s > 0

0 s > 0
.

Xt q.m. Ẋt = Y Xt t ≥ 1 E(X2
t ) = ∞

t > 1

f(x, t, ω)
q.m.

q.m.
f(x, t, ω)

q.m.
Zt

q.m. I
Ẋt = Zt

Ẋt = Zt q.m.

Xt = X0 + −
∫ t

t0

Zτ τ

I (X0, t0) ∈ L2
d × I

q.m.

L2
d

X̃t ∈ L2
d L2

d Xt

f̃(X̃, t) ∈ L2
d L2

d

f(Xt, t, ω) Xt q.m. X̃t

X̃t

t
= f̃(X̃t, t) ,



L2
d

X̃t
t X̃t

q.m. f(Yt, t, ω)
q.m. I q.m.
Yt ω ∈ Ω

‖f(x1, t, ω)− f(x2, t, ω)‖ ≤ L(t)‖x1 − x2‖ ,
L(t) I

q.m. I (X0, t0) ∈ L2
d× I

J := (α, β) I
t0 ∈ J t ∈ J
L := t∈J L(t)

f(X0, t, ω) t ∈ I
q.m. E(‖f(X0, t, ω)‖2)

i∈J
E

(
‖f(X0, t, ω)‖2

)
= M2 < ∞ .

q.m. −
∫ t
t0
Yτ τ

q.m. Yt
q.m.

L2
d

q.m.
Jt1 := ( {α, t1 − c}, {β, t1 + c})
(X1, t1) ∈ L2

d × J c := r(M + rL)−1 r

q.m. Jt0 (X0, t0)
J J ⊂ I

q.m. q.m.
I

q.m.
I = [0,∞)

Xt

t
= AtXt + Zt ,

Zt q.m.
At I



L(t) I ‖At‖
I≤ L(t) q.m.

Yt q.m.
f(Yt, t, ω)

t0 < t < t + h < H

t0≤t≤H L2(t) =: l∗

h→0
E
(‖At+hYt+h −AtYt‖2

) ≤ 2l∗
h→0

E
(‖Yt+h − Yt‖2

)
+ 2

h→0
E
(‖(At+h −At)Yt‖2

)
= 2E

(
‖(

h→0
At+h −At)Yt‖2

)
= 0 ,

‖(At+h −At)Yt‖2
I≤ 2l∗‖Yt‖2 , E(‖Yt‖2) < ∞ .

‖Atx1 −Atx2‖ ≤ ‖At‖ · ‖x1 − x2‖ ≤ L(t)‖x1 − x2‖ , x1, x2 ∈ Rd , t ∈ I

ω ∈ Ω

q.m.

q.m.

ω ∈ Ω f(x, t, ω) Rd× I
(x, t) ∈ Rd × I A

L(t) I
ω ∈ Ω

‖f(x1, t, ω)− f(x2, t, ω)‖ ≤ L(t)‖x1 − x2‖ ,
x1, x2 ∈ Rd t ∈ I

M(t) I Z ∈
L2
1 ω ∈ Ω

‖f(x, t, ω)‖ ≤ M(t) (‖x+ Z(ω)‖) ,
x ∈ Rd t ∈ I

q.m.
I (X0, t0) ∈ L2

d × I I



Xt I Xt0=̂X0

Xt ∈ L2
d t ∈ I Xt q.m.

Xt
I
= X0 +

∫ t

t0

f(Xτ , τ, ω) τ .

u(t) :=
∫ t
t0
M(τ) τ

‖Xt‖ I
= ‖X0‖ + u(t)Z +

∫ t

t0

M(τ)‖Xτ‖ τ .

‖Xt‖ I
= (‖X0‖+ u(t)Z) (u(t))

E(‖Xt‖2) <∞ t ∈ I

E
(
(‖X0‖+ u(t)Z)2

) ≤ 2E
(‖X0‖2

)
+ 2u2(t)E(Z2) < ∞ .

Xt ∈ L2
d

t, t + h ∈ [t0, H ] ⊂ I

‖Xt+h −Xt‖
I≤

∫ t+h

t
M(τ) (‖Xτ‖+ Z(ω)) τ

I≤ mH · |h| · (Q(ω) + Z(ω)) ,

mH := t0≤ t≤H M(t) Q(ω) := (‖X0‖+ u(H)Z(ω)) (u(H))
q.m. Yt t ∈ I

f(Yt, t, ω) q.m.
Gt I

q.m. I
(X0, t0)

t, t + h ∈ [t0, H] ⊂ I

Gt f(Yt, t, ω)
I
= Gt

l∗ := t0≤ t≤H L(t)

h→0 E
(‖Gt+h −Gt‖2

)
≤ 2l∗ h→0 E

(‖Yt+h − Yt‖2
)
+ 2 h→0 E

(‖f(Yt, t+ h, ω − f(Yt, t, ω)‖2
)

= 0 ,

‖f(Yt, t+ h, ω − f(Yt, t, ω)‖2 ≤ 4m2
H(‖Yt‖+ Z)2 ,



E(‖Yt‖2) <∞ E(Z2) <∞ Gt

q.m.

Gt Gt
I
= f(Xt, t, ω)

Vh =
∥∥h−1 (Xt+h −Xt)−Gt

∥∥ I
= 2mH (Q+ Z) = K .

Xt h→0 ‖Vh(ω)‖2 = 0
ω ∈ Ω X0 ∈ L2

d Z ∈ L2
1 E(K2) < ∞

h→0
E
(‖Vh‖2

)
= E

(
h→0

‖Vh‖2
)

= 0 .

Xt q.m.

q.m.

Xt

t
= At(ω)Xt + Zt ,

At Zt

I L(t) N(t)

I U ∈ L2
1 ‖At‖

I≤ L(t) ‖Zt‖
I≤ N(t)U

q.m.
(X0, t0) ∈ L2

d × I μ ∈M

q.m.
(X0, t0) ∈ L2

d × I X̄ ∈ L2
d μ ∈ M

q.m. Xt(X̄, μ)

Xt

t
= f(Xt, t, ω, μ)

I (X̄, t0) μ ∈ M
q.m. Yt f(Yt, t, ω, μ)

q.m.
μ0 ∈ M

ω ∈ Ω
‖f(x1, t, ω, μ0)− f(x2, t, ω, μ0)‖ ≤ L(t)‖x1 − x2‖ ,



x1, x2 ∈ Rd t ∈ I L(t)
I X ∈ L2

d

t ∈ I

μ∈M
E (‖f(X, t, ω, μ0)− f(X, t, ω, μ)‖) ≤ η2(t) ,

η(t)
I

t ∈ I μ ∈M X̄ ∈ L2
d(

E
(‖Xt(X0, μ0)−Xt(X̄, μ)‖2))1/2

≤ (
E
(‖X0 −X‖2))1/2 (∫ t

t0
L(τ) τ

)
+
∫ t
t0

(∫ t
t0
L(s) s

)
η(τ) τ

u(t) :=
(
E
(‖Xt(X0, μ0)−Xt(X̄, μ)‖2))1/2 .

u(t) I

Xt(X,μ) = X +−
∫ t

t0

f(Xt(X,μ), τ, ω, μ) τ ,

X ∈ L2
d μ ∈M

u(t) ≤ (
E
(‖X0 − X̄‖2))1/2

+
∫ t
t0

(
E
(‖f(Xτ (X0, μ0), τ, μ, μ0)− f(Xτ (X̄, μ), τ, ω, μ)‖2))1/2 τ

≤ (
E
(‖X0 − X̄‖2))1/2 + ∫ t

t0
η(τ) τ +

∫ t
t0
L(τ)u(τ) τ .

Wt



q.m.

q.m.

q.m.

q.m.

Ẋt =
atXt−zt at(ω) zt(ω)

at
zt

q.m.

x

Xt = H(Xt) Wt + a(Xt) t .

Xt(ω) = x +

∫ t

0
H(Xs(ω)) Ws(ω) +

∫ t

0
a(Xs(ω)) s .

I(T ) =

∫ T

0
f(t, ω) Wt ,



Wt f

I(T ) = f(T )WT −
∫ T

0
f ′(t, ω)Wt t

f ω
f

Wt 1∫ T
0 f(t, ω) Wt

Wt

Π := {0 = t1 < · · · < tn = 1}
[0, 1] μ(Π)

g h

SΠ(h) :=

n−1∑
i=1

h(ti) (g(ti+1)− g(ti))

μ(Π)→ 0 g

SΠ

[0, 1] || · || || · ||
S : X → Y (X, | · |X) (Y, | · |Y )

||S|| := x∈X\{0}
|S(x)|Y
|x|X

|SΠ(h)| ≤ ||h||
n−1∑
i=1

|g(ti+1)− g(ti)| = ||h|| · V 1(g,Π)

V 1(g,Π) g Π
V 1(g,Π) :=

∑n−1
i=1 |g(ti+1)− g(ti)|

Π

∑n−1
i=1 |g(ti+1)− g(ti)| g

Π

Π V 1(g,Π) ||SΠ|| V 1(g,Π)
Π = {0 = t1 < · · · < tn = 1}

hΠ ||hΠ|| = 1
hΠ(ti) = (g(ti+1)− g(ti)) hΠ

SΠ(hΠ) =
n−1∑
i=1

|g(ti+1)− g(ti)| = V 1(g,Π) .



||SΠ|| = V 1(g,Π)
h SΠ(h) μ(Π)→ 0

h |SΠ(h)| Π
||SΠ||

Π ||SΠ|| < ∞ Π V 1(g,Π) = Π ||SΠ||

f(t, ω) σ

ξi ∈ [ti, ti+1] ti

I(T ) =

∫ T

0
Wt Wt .

Wt

1
Wt Wt

I(T ) = 1
2W

2
T (

0 = t
(m)
0 < t

(m)
1 < · · · < t

(m)
n = T

)
m∈N

[0, T ]

[t
(m)
i−1, t

(m)
i ]

I(T )

X Y S
X Y h ∈ X {|S(h)| : S ∈ S}

{|S(h)| : S ∈ S} < ∞ h ∈ X {||S|| : S ∈ S}
{||S|| : S ∈ S} <∞



0 = t0 < t1 < · · · <
tn = T Δt := ti − ti−1 = n−1T i = 1, 2, . . . n

ti−1 ti

Sλ
n :=

n∑
i=1

(
(1− λ)Wti−1 + λWti

) · (Wti −Wti−1

)
= (1− λ)

n∑
i=1

Wti−1

(
Wti −Wti−1

)
+ λ

n∑
i=1

Wti

(
Wti −Wti−1

)
,

λ ∈ [0, 1] 1−λ
λ λ

n∑
i=1

Wti−1

(
Wti −Wti−1

)
= 1

2

n∑
i=1

(
W 2

ti −W 2
ti−1

− (
Wti −Wti−1

)2)
= 1

2

(
W 2

tn −W 2
t0

) − 1
2

n∑
i=1

(
Wti −Wti−1

)2
= 1

2W
2
T − 1

2Δ
2
n ,

W0 = 0 Δ2
n [0, T ]

Δ2
n T n→∞

ε > 0

n→∞P
(∣∣Δ2

n − E
(
Δ2

n

)∣∣ ≥ ε
)

= 0 .

P
(∣∣Δ2

n − E
(
Δ2

n

)∣∣ ≥ ε
) ≤ ε−2Var

(
Δ2

n

)

Var
(
Δ2

n

)
=

n∑
i=1

Var
((

Wti −Wti−1

)2)
=

n∑
i=1

(
E

((
Wti −Wti−1

)4)− (
E

((
Wti −Wti−1

)2))2)

≤
n∑

i=1

E

((
Wti −Wti−1

)4) (∗)
=

n√
2πΔt

∫ ∞

−∞
x4

(
− x2

2Δt

)
x



= 3n (Δt)2 =
3T 2

n
→ 0 , n→∞ ,

Wti −Wti−1

(∗)

n→∞Δ2
n

P
=

n→∞E
(
Δ2

n

)
=

n→∞

n∑
i=1

E

((
Wti −Wti−1

)2)
= T ,

n→∞

n∑
i=1

Wti−1

(
Wti −Wti−1

) P
= 1

2WT − 1
2T .

ω ∈ Ω Ω

n∑
i=1

Wti

(
Wti −Wti−1

)
= 1

2

n∑
i=1

(
W 2

ti −W 2
ti−1

+
(
Wti −Wti−1

)2)
= 1

2W
2
T + 1

2Δ
2
n

P−→ 1
2W

2
T + 1

2T .

n→∞Sλ
n =

n→∞

n∑
i=1

(
(1− λ)Wti−1 + λWti

) · (Wti −Wti−1

)
P
= 1

2WT +
(
λ− 1

2

)
T .

E(X(ω)) =
∫
Ω
X(ω) P(ω)



λ
λ = 0

λ = 1
2

∑n
i=1Wξ(Wti −

Wti−1) ξ ∈ [ti−1, ti] i(ti − ti−1)(
0 = t

(m)
0 < t

(m)
1 < · · · < t

(m)
n = T

)
m∈N

[0, T ]

ξ ∈ [ti−1, ti]

(ti− ti−1)(Wti −Wti−1) (Wti −Wti−1)

Wt t ≥ 0 1
(Ω,F ,P) Ft ⊂ F t ≥ 0 σ F
Fs ⊂ Ft ⊂ F s < t t ≥ 0

A(Ws : 0 ≤ s ≤ t) ⊆ Ft

A(Wt+s −Wt : s ≥ 0) Ft



Ft := A(Ws : 0 ≤ s ≤ t)
Ft

t Ft := A(Ws : 0 ≤ s ≤ t)
σ Ft

A(Ws : 0 ≤ s ≤ t)
A(Ws : 0 ≤ s <∞)

Ft := A(Ws, X0 : 0 ≤ s ≤ t) X0

A(Ws : 0 ≤ s <∞)
σ A(Ws : 0 ≤ s ≤ t)

t σ A(Wt+s−Wt : s ≥ 0)
t

f(t, ω) 0 ≤ t ≤ T < ∞
Ft t ∈ [0, T ] f(t, ω) Ft

f(t, ω) Ft

Wt,ω

f(t, ω) Wt+s,ω − Wt,ω s > 0
f(x) f(Wt,ω)∫ t
0 f(Ws,ω) s Ft

M2
ω[0, T ]

Ft f(t, ω) [0, T ]∫ T

0
E
(
f2(s, ω)

)
s < ∞ .

λ = 0

λ = 1
2

M2
ω[0, T ]



f(t, ω) ∈M2
ω[0, T ] λ

λ = 0

0 = t0 < t1 < · · · < tn = T

Sn :=

n∑
i=1

f(ti−1, ω)
(
Wti,ω −Wti−1,ω

)
.

Wti,ω−Wti−1,ω f(ti−1, ω)
f(t, ω) Ft

i(ti − ti−1) → 0
{Sn(t, ω)} ∫ T

0
f(t, ω) Wt,ω

P
:=

i(ti−ti−1)→0
Sn

f(t, ω)
t
Wt,ω Ft

Ω
ω

f∫ T

0
f(t) Wt ∼ N

(
0 ,

∫ T

0
f(t)2 t

)

λ

Xt := 1
2W

2
t + (λ − 1

2)t
t ≥ s

E(Xt | A(Xu : u ≤ s)) =
1

2
E(W 2

t | A(
1

2
W 2

u + (λ− 1

2
)u : u ≤ s)) + (λ− 1

2
)t

=
1

2
E(E(W 2

t |A(Wu : u ≤ s)) | A(1
2
W 2

u + (λ− 1

2
)u : u ≤ s)) + (λ− 1

2
)t

=
1

2
E(E(W 2

t | A(Ws : s ≤ t)) | A(1
2
W 2

u + (λ− 1

2
)u : u ≤ s)) + (λ− 1

2
)t

=
1

2
E(t− s+W 2

s | A(
1

2
W 2

u + (λ− 1

2
)u : u ≤ s)) + (λ− 1

2
)t

=
1

2
W 2

s +
1

2
(t− s) + (λ− 1

2
)t

= Xs + λ(t− s) ,



Xt

E(Xt|A(Xu : 0 ≤ u ≤ s)) = Xs ,

λ = 0

∫ T

0
Wt t = 1

2W
2
T − 1

2T .

−1
2T

Wt

g(x) g(Wt)

g(Wt + Wt) = g(Wt) + gx(Wt) Wt +
1
2gxx(Wt)( Wt)

2 + . . .

g(Wt) = g(Wt + Wt)− g(Wt) = gx(Wt) Wt +
1
2gxx(Wt)( Wt)

2 + . . .

Wt ( Wt)
2

Wt = Wt+ t − Wt ⇒ ( Wt)
2 = (Wt+ t − Wt)

2

( Wt)
2 P

= E
(
( Wt)

2
)

= E
(
(Wt+ t − Wt)

2
)

= t .

( Wt)
2

t · t = 0 , t · Wt = 0 , Wt · Wt = t .

σ



g(Wt) = gx(Wt) Wt +
1
2gxx(Wt) t

1

Xt 0 ≤ t ≤ T
0 ≤ t1 < t2 ≤ T

Xt2 − Xt1 =

∫ t2

t1

a(t) t +

∫ t2

t1

b(t) Wt ,

√|a|, b ∈ M2
ω[0, T ] Xt

Xt [0, T ]

Xt = a(t) t + b(t) Wt .

Xt Ft

M2
ω[0, T ]

Xt = a(t) t + b(t) Wt t ∈ [0, T ]
u : R × [0, T ] → R t ≥ 0

x ∈ R u(Xt, t)

u(Xt, t) =
(
ut(Xt, t) + a(t)ux(Xt, t) +

1
2b

2(t)uxx(Xt, t)
)

t

+ b(t)ux(Xt, t) Wt ,

u : Rn → R

X
(1)
t , . . . , X

(m)
t

X
(i)
t = ai(t) t + bi(t) Wt i =

1, 2, . . . ,m u(x1, . . . , xm, t) t ≥



0 x = (x1, . . . , xm) ∈ Rm

u(X
(1)
t , . . . , X

(m)
t )

u(Xt, t) =

⎛⎝ut(Xt, t) +

m∑
i=1

ai(t)uxi(Xt, t) +
1

2

m∑
i,j=1

bi(t)bj(t)uxixj (Xt, t)

⎞⎠ t

+
m∑
i=1

bi(t)uxi(Xt, t) Wt ,

Xt = (X
(1)
t , . . . , X

(m)
t )T

ut = aut t + but Wt , u(0) = u0

a b

Xt = (a− 1
2b

2) t + b Wt , u(x) = u0 (x) ,

ut = u0
(
(a− 1

2b
2)t+ bWt

)
b

a b
ut

(ut) = (u0) + (a− 1
2b

2)t+ bWt (ut)
t

〈 (u)〉t :=
i(ti−ti−1)→0

n∑
i=1

( (ui)− (ui−1))2
P
= b2t .

b2t S :=
∑n

k=1 ( (uk+1)− (uk))
2

0 = t0 < t1 < · · · < tn = t S
b2



90 92 94 96 98 00 02 04 06 08 10
0

2000

4000

6000

8000

10000
German stock market index DAX (26.Nov.1990 − 13.Nov.2008) ...

90 92 94 96 98 00 02 04 06 08 10
0

0.2

0.4

0.6

0.8

1
... and the "quadratic variation" of its logarithm

b2 ≈ 0.0038



λ
λ = 1

2
f(Xt, t, ω) ∈ M2

ω[0, T ] 0 =
t0 < t1 < · · · < tn = T∫ T

0
f(Xt, t)◦ Wt

P
:=

i(ti−ti−1)→0

n∑
i=1

f
(
1
2

(
Xti +Xti−1

)
, ti−1

) (
Wti −Wti−1

)
,

Wt

◦
◦

δ ◦
δWt Wt

Xt

Xt = a(Xt, t) t+ b(Xt, t) Wt f(x, t) :
R× [0, T ]→ R

√|a|, b, f, fxb ∈M2
ω[0, T ]

Xt, dXt

∫ T

0
f(Xt, t) ◦ Wt =

∫ T

0
f(Xt, t) Wt +

1
2

∫ T

0
fx(Xt, t)b(Xt, t) t

f
(
1
2

(
Xtj+1 +Xtj

)
, tj

) − f
(
Xtj , tj

)
= 1

2fx
(
1
2

(
(2− θj)Xtj+1 + θjXtj

)
, tj

) (
Xtj+1 −Xtj

)
θj ∈ [0, 1] j = 1, . . . , n θj = θj,ω

ω ∈ Ω Xt

ΔXtj = Xtj+1 − Xtj

= a
(
Xtj , tj

)
Δtj + b

(
Xtj , tj

)
ΔWtj + ,



Δtj = tj+1 − tj ΔWtj = Wtj+1 −Wtj j = 1, . . . , n

f
(
1
2

(
Xtj+1 +Xtj

)
, tj

)
ΔWtj

= f(Xtj , tj)ΔWtj + 1
2fx

(
1
2

(
(2− θj)Xtj+1 + θjXtj

)
, tj

)
ΔXtjΔWtj

= f(Xtj , tj)ΔWtj + 1
2fx

(
1
2

(
(2− θj)Xtj+1 + θjXtj

)
, tj

)
b
(
Xtj , tj

) (
ΔWtj

)2
+ 1

2fx
(
1
2

(
(2− θj)Xtj+1 + θjXtj

)
, tj

)
a
(
Xtj , tj

)
ΔtjΔWtj

+ .

E

((
ΔWtj

)2)
= Δtj E

(
ΔtjΔWtj

)
= 0 ,

L2

f(x, t) =
f(t)

Xt

Xt = a(Xt, t) t + b(Xt, t) Wt ,

Xt −X0 =

∫ T

0
a(Xt, t) t +

∫ T

0
b(Xt, t) Wt ,

f(Xt, t) ≡ b(Xt, t) Xt

Xt = a(Xt, t) t + b(Xt, t) ◦ Wt ,

a(Xt, t)

a(x, t) := a(x, t) − 1
2b(x, t)

∂

∂x
b(x, t) .

Xt b(Xt, t)

b(Xt, t) = b(t)
Xt



Xt = aXt t + bXt Wt ,

a, b ∈ R \ {0}

X
(I)
t = X0

((
a− 1

2b
2
)
t+ bWt

)
X0 ∈ R

Xt = aXt t + bXt ◦ Wt .

Xt =
(
a+ 1

2b
2
)
Xt t + bXt Wt

X
(S)
t = X0 (at+ bWt) ;

X
(I)
t X

(S)
t

X
(I)
t

X
(S)
t

F ′(x) = f(x) G′(x) = g(x)

∫ T

0
f(Ws) ◦ Ws = F (Ws) − F (W0) .



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

X
(S)
t − X

(I)
t X0 = 1 a = −1 b = 0.5

ω ∈ Ω X
(I)
t

X
(S)
t

∫ T

0
(F (Wt)g(Wt) + f(Wt)G(t))◦ Ws = F (Wt)G(WT ) − F (W0)G(W0) .

∫ T

0
f(G(Wt))g(Wt) ◦ Ws = F (G(WT )) − F (G(W0)) .

f ∈ C1(R) Wt

∫ T

0
f(Wt) ◦ Wt =

∫ T

0
f(Wt) Wt +

1
2

∫ T

0
f ′(Wt) t .

F f F ′(x) = f(x) F ′′(x) = f ′(x)
Yt := F (Wt)

F (WT ) − F (W0) =

∫ T

0
f(Wt) Wt +

1
2

∫ T

0
f ′(Wt) t ,

∫ T

0
f(Wt) ◦ Wt = F (WT ) − F (W0) ,



Ft

(at+bWt) t a, b >
0

P q.m. P

q.m.

q.m.



Path-Wise
Solution

P-
Solution

Mean-Square
Solution

equivalence under
certain additional

assumptions

+ realizations are
path-wise C1

Ito-
Solution

L2
d

☼ � �

�

☼ P q.m.
a(ω)



Ẋt = −a(ω)X2
t , X0 = 1 ,

P q.m.

☼ P q.m.

ẋ =
√
|x| , X0(ω) = 0 ,

P q.m.

☼
Xm,t q.m.

q.m. m→∞Xm,t=̂Xt t ∈ [a, b]
Xt q.m. [a, b]

Xt q.m. Yt
∂2

∂t∂sΓX(t, s) I × I ΓY (t, s) = ∂2

∂t∂sΓX(t, s)
(t, s) ∈ I × I I × I

ΓX(t, s) I × I g : I →
R V =∫ b
a

∫ b
a g(t)g(s)ΓX(t, s) s t q.m. Z :=

−
∫ b
a Xtg(t) t E((Z(l))2) = V (l)

l = 1, 2, . . . , d

Xt q.m. t ≥ t0 Zt := −
∫ t
t0
Xτ τ

q.m. Xt q.m. Zt

Żt=̂Xt

☼
q.m. Ẋt Xt q.m. I

[a, b] ⊂ I
∫ b
a Ẋ t=̂Xb −Xa

Xk ∈ L2
d

q.m. k→∞Xk=̂X X



Xt ΓX(t, s)
q.m. Ẋt

q.m. Zt = −
∫ t
t0
Xτ τ

ΓẊ(t, s) = ∂2

∂t∂sΓX(t, s) ΓZ(t, s) =
∫ t
t0

∫ s
t0
ΓX(τ, σ) σ τ

a(t) I
Xt q.m. Ẋt I q.m. a(t)·Xt

ȧ(t)Xt + a(t)Ẋt ȧ(t)
t Ẋt q.m.

☼
Xt q.m.

q.m. −
∫ t
t0
Xτ τ

∫ t
t0
Xτ τ

t0, t ∈ I

{Xk
t }k∈N

X
q.m. k→∞Xk

t =̂Xt t ∈ I t ∈ I l ∈ N

i,k E

(
X

i(l)
t X

k(l)
t

)

k→∞
E

(
Xk

t1

(
Xk

t2

)T)
= E

(
Xt1X

T
t2

)
.

Xk ∈ L2
d Xk≥̂0 q.m. k→∞Xk = X

k = 1, 2, . . . X≥̂0
Xt q.m. Ẋt

E(XT
t Ẋt) = 0

☼
f(x) = x3

∫ t
0 W

2
s Ws =

1
3W

3
t −

∫ t
0 Ws s

rt = a(b− rt) t+ σ Wt ,

a, b > 0 σ ∈ R



☼
f : [a, b] → R L2[a, b] Xt := Xa +∫ t

a f(s) Ws a ≤ t ≤ b∫ b

a
f(t)Xt Wt = 1

2

(
X2

b −X2
a +

∫ b

a
f(t)2 t

)
.

☼



x = 0 ρ(x, t)

∂ρ(x, t)

∂t
= D

∂2ρ(x, t)

∂x2
− kρ(x, t) ,

∂ρ(x, t)

∂x

∣∣∣∣
x=0

= −χ(t) , ρ(∞, t) < ∞ ,

ρ(x, 0) = 0 x ≥ 0 ,

D =
k = χ



Ω ⊂ Rd, d = 2, 3,
Γ := ∂Ω [t0, T ] ⊂ R+

0

f ∈ C1(Ω × [t0, T ],R)

(x, t) : Ω × [t0;T ] → Rd Ωc



Ωt t

d

dt

∫
Ωt

f(x, t) dx =

∫
Ωt≡Ωc

∂f(x, t)

∂t
dx+

∫
Ωt≡Ωc

[∇f · + f (∇ · )] dx

=

∫
Ωt≡Ωc

∂f(x, t)

∂t
dx+

∫
Ωt≡Ωc

(
f(x, t) (x, t)

)
dx ,

Ωc Ωt∫
Ωt

(
f(x, t) (x, t)

)
dx

Ωt

∫
Ωt

∂f(x,t)
∂t dx

Ωt ≡ Ωc

f

:

(f ⊗ ) = ∇ (f ⊗ ) : =

(
∂ (f ⊗ )

∂xk
⊗ ek

)
:

=

(
∂ (f)

∂xk
⊗ ⊗ ek

)
: +

(
f ⊗ ∂ ( )

∂xk
⊗ ek

)
:

=
∂ (f)

∂xk
⊗ uie

i ⊗ ek : δlmel ⊗ em + f ⊗ ∂
(
uie

i
)

∂xk
⊗ ek : δlmel ⊗ em

=
∂ (f)

∂xk
uk + f

∂uk
∂xk

= ∇f · + f (∇ · ) ,

f

d

dt

∫
Ωt

f(x, t) dx =

∫
Ωt

∂f(x, t)

∂t
dx+

∫
Ωt

(f(x, t)⊗ (x, t)) dx .

d

dt

(∫
Ωt

ρ(x, t) dx

)
= 0,



ρ ∈ R+

0 =

∫
Ωt

∂ρ(x, t)

∂t
dx+

∫
Ωt

(ρ(x, t) (x, t)) dx ,

Ωt

0 =
∂ρ

∂t
+ (ρ ) =

d

dt
ρ+ ρ(∇ · ).

d

dt
ρ

∇ · = 0.

d

dt

(∫
Ωt

ρ(x, t) (x, t)

)
dx =

∑
j

Fa,j ,

Fa,j

σ

∑
j

Fa,j =

∫
Ωt

ρ(x, t) (x, t) dx+

∫
∂Ωt

σ(x, t) · ds

=

∫
Ωt

ρ(x, t) (x, t) dx+

∫
Ωt

(σ(x, t)) dx,

ρ



d

dt

(∫
Ωt

ρ(x, t) (x, t) dx

)
=

∫
Ωt

[
∂ (ρ )

∂t
(x, t) + (ρ ⊗ ) (x, t)

]
dx.

∫
Ωt

[
∂ (ρ )

∂t
(x, t) + (ρ ⊗ ) (x, t)

]
dx=

∫
Ωt

[
ρ(x, t) (x, t) + (σ(x, t))

]
dx.

∂ (ρ )

∂t
(x, t) + (ρ ⊗ ) (x, t) = ρ (x, t) + (σ(x, t)).

(ρ ⊗ ) = ∇ (ρ ⊗ ) : =
∂
(
ρuie

i ⊗ uje
j
)

∂xk
⊗ ek : δlmel ⊗ em

=
∂ρ

∂xk
uie

iuk + ρ
∂ui
∂xk

eiuk︸ ︷︷ ︸
( ·∇)

+ ρ
∂uk
∂xk︸︷︷︸
∇·

uie
i

ρ
∂

∂t
(x, t) + ρ ( · ∇) (x, t) = ρ (x, t) + (σ(x, t)).

σ

∇

σ = −p + μ
(∇u+ (∇u)T

)︸ ︷︷ ︸ .
= 2ε(u)



ε( )
μ

σ

ρ
∂

∂t
+ ρ ( · ∇) = ρ + (σ) = ρ +

(
∂σ

∂xk
⊗ ek

)
:

= ρ +

(
∂
(−p δij e

i ⊗ ej
)

∂xk
⊗ ek

)
: + μ

(
∂
(∇u+ (∇u)T

)
∂xk

⊗ ek

)
:

= ρ − ∂
(
p δik ei

)
∂xk

+μ

(
∂

∂xk

(
∂ui
∂xj

ej ⊗ ei+
∂uj
∂xi

ej ⊗ ei
)
⊗ ek

)
:
(
δlmel ⊗ em

)
= ρ − ∇p + μ

⎛⎝ ∂

∂xk

(
∂uk
∂xj

)
ej︸ ︷︷ ︸+

∂

∂xk

(
∂uj
∂xi

)
ej

⎞⎠
= ∂

∂xj

(
∂uk
∂xk

)
ej = 0

= ρ − ∇p + μΔ .

Ω
Γ = ∂Ω

un = · = · �= 0

(x, t) = (x, t) Γ× [0;T ].

σ · = μ
(∇ + (∇ )T

) · − p = ,



μ

(
∂

∂n
+∇un

)
− p = .

∇· = 0

2μ
∂un
∂n

− p = · = Fn ,

μ(
∂uτ
∂n

+
∂un
∂τ

) = τ · = Fτ

(∇ )T

μ ∇ · − p = .

μ
∂un
∂n

− p = fn

μ
∂uτ
∂n

= fτ

∂uτ
∂n = 0



Γ
x

Γ = ΓD ∪ ΓN .

∇ · 0 = 0 Ω,

· 0 = · 0 ΓD .



∇ · (x, t) = 0 ∀ (x, t) ∈ Ω× [0;T ] ,

ρ
∂

∂t
+ ρ ( · ∇) + ∇p − μ Δ = ρ ∀ (x, t) ∈ Ω× [0;T ] ,

(x, t) = (x, t) ∀ (x, t) ∈ ΓD × (0;T ] ,

[μ ∇ · − p ] (x, t) = (x, t) ∀ (x, t) ∈ ΓN × (0;T ] ,

∇ · (x, t0 = 0) = 0 ∀ x ∈ Ω ,

· (x, t0 = 0) = · 0 ∀ x ∈ ΓD .

h, ph (x, t), p(x, t)

Ω



A ˙ h +D h + C( h) h −MT ph = f,

M h = 0,

F

M ˙ h = 0.

˙ h

(
MA−1MT

)︸ ︷︷ ︸
=: Q

ph = MA−1[−f +D h + C( h) h︸ ︷︷ ︸
=F

]− ġ,

Q ġ :=
M ˙ h

A−1

A



Φf

h

t < T

F

∇ph
h

t = t+Δtn

= 20



= 20

cd = 5.680, cl = 0.0150
cd = 5.580, cl = 0.0107
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ẋ = F (t, x) F ε

d

J ⊆ R U ⊆ Rd d ∈ N Λ ⊆ Rm m ∈ N0

F Rd

F ∈ Ck(J × U × Λ,Rn) 1 ≤ k ≤ ∞



ẋ = F (t, x, λ) ,

t ∈ J x ∈ U λ ∈ Λ
d > 1 d

λ ∈ Λ ϕ : J0 ⊂ J → U
J0 t �→ ϕ(t) t ∈ J0

ϕ

t
= F (t, ϕ(t), λ) .

F

ẋ = F (t, x, λ) x(t0) = x0 ∈ U

∂U
U ∈ Rd

T

t→T ‖ϕ(t, x0, λ)‖ → ∞
U ⊆ Rd

d d > 1
d

Rd



ε



d

Rd

ẋ = F (t, x)
F ε

F

d



x

v(x)

Ω

Ω

Ck v Ω ⊂ Rd

v : Ω→ Rd v(x) ∈ Rd

x ∈ Ω v Ck v Ck

v v(x)
x ∈ Ω (x, v(x)) ∈ Rd×Rd

v(x)
x ∈ Ω

v(x) := v ∈ Rd x ∈ Ω
v ∈ Rd v : v(x) = v

I ⊂ R

Rd

v(x) := a (‖x‖) · x , a : I → R ,



x ∈ Rd R3 \ {0}

v(x) := − x

‖x‖3 .

I ⊂ R

R2

v(x) := a (‖x‖) ·
( −x2

x1

)
, a : I → R ,

x = (x1, x2)
T ∈ R2

f : Ω→ R

Rd

∇f : Ω→ Rd f

v : x �→ v(x) := ∇f(x) .

η1, η2, . . . , ηd : Ω→ Rd

Ω η1(x), η2(x), . . . , ηd(x) Rd

x ∈ Rd v : Ω→ Rd

η1, η2, . . . , ηd
a1, a2, . . . , ad : Ω→ R

v(x) =

d∑
i=1

ai(x)ηi(x) , x ∈ Ω .

f : Ω → Rm

Ω ⊂ Rd v : Ω → Rd

f x ∈ Ω v(x)
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v(x, y) = (2, 1)T

v(x, y) = (x, y)T v(x, y) = (−y, x)
v(x, y) = ∇f(x, y) f(x, y) = x · (−x2 − y2

)

f x v
∂vf(x)

∂vf(x) := ∂v(x)f(x) =
t→0

f (x+ tv(x))− f(x)

t
.

f : Ω→ R ∂hf(x) = f(x)h = f ′(x)h
h ∈ Rd

∂vf(x) = f(x)v(x) = f ′(x)v(x) = 〈∇f(x), v(x)〉 .

a1, a2, . . . , ad :
Ω → R v v(x) =



(a1(x), a2(x), . . . , ad(x))
T

∂vf(x) =

d∑
i=1

ai(x)
∂f(x)

∂xi
.

f(k, x) = k · (x3) x

k

x

K = R K = C Kd

l∞

‖x‖ := ‖x‖∞ :=
i=1,...,d

|xi| , x = (x1, x2, . . . , xd)
T ∈ Kd .

Kd×d d × d

‖A‖ := ‖A‖∞ :=
i=1,...,d

d∑
k=1

|aik| , A = (aij)i,j=1,...,d ∈ Kd×d .

U ⊂ R × Kd t ∈ R x ∈ Kd

F :

{
U → Km

(t, x) �→ F (t, x)



x

Γf

Γf

f f
f

x
L ≥ 0 ∥∥F (t, x)− F (t, x′)

∥∥ ≤ L‖x− x′‖ .
(t, x), (t, x′) ∈ U

f
f

F x
(t0, x0) ∈ U U0 ⊂ U F|U0

F
U0 x

U ⊂ R × Kd

F : U → Km

x1, x2, . . . , xd (t, x) ∈ U
∂x1F (t, x) ∂x2F (t, x) . . . ∂xd

F (t, x) U F
x

F x
Q = I ×K U I ⊂ R K ⊂ Kd

F = (F1, F2, . . . , Fm)T M
‖∂xiFk‖Q Q i = 1, 2, . . . , d

k = 1, 2, . . . ,m L := nM F ′(x)
x ∈ Q n := {d,m}



t0 t1

x0

x1

t0 t1

x0

x1

same Lipschitz constant L U0 with Lipschitz
constant L0

U1 with Lipschitz
constant L1

L U
L0 L1 . . .

U0 U1 . . .

ẋ = F (t, x)

f : [a, b] → Kd f1, f2, . . . , fd
f f∫ b

a
f(t) t :=

(∫ b

a
f1(t) t ,

∫ b

a
f2(t) t , . . . ,

∫ b

a
fd(t) t

)T

.

∥∥∥∥∫ b

a
f(t) t

∥∥∥∥ ≤
∣∣∣∣∫ b

a
‖f(t)‖ t

∣∣∣∣ .
fi

f∥∥∥∥∫ b

a
f(t) t

∥∥∥∥ =
i=1,...,d

∣∣∣∣∫ b

a
fi(t) t

∣∣∣∣ =

∣∣∣∣∫ b

a
fi(t) t

∣∣∣∣ .
∣∣∣∣∫ b

a
fi(t) t

∣∣∣∣ ≤ ∣∣∣∣∫ b

a
|fi(t)| t

∣∣∣∣ ≤ ∣∣∣∣∫ b

a
‖f(t)‖ t

∣∣∣∣



g : I → R

I g ≥ 0 t0 t I

g(t) ≤ A

∣∣∣∣∫ t

t0

g(s) s

∣∣∣∣ + B ,

A,B ≥ 0

g(t) ≤ B (A|t− t0|)

t ∈ I

t > t0
t < t0

t g(t) > 0

Ġ(t)

G(t)
≤ A ,

t
(G(t)) ≤ A ,

G(t) := A
∣∣∣∫ t

t0
g(s) s

∣∣∣ + B G(t) ≤ G(t0) (A|t− t0|)
g ≤ G

∂vf(x) f x
v

f(x, y) = x · y v(x, y) = (−y, x)T ∂vf(x, y)
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v(x, y) = ∇f(x, y) f(x, y) = x · (−x2 − y2
)

v : Ω → Rd

ϕ : I → Ω I ⊂ R

ϕ̇(t) = v (ϕ(t))

t ∈ I v

ϕ = (ϕ1, ϕ2) v(x, y) = (−y, x)

ϕ̇1(t) = −ϕ2(t) , ϕ̇2(t) = ϕ1(t)

ϕ̇ = iϕ ϕ(t) = c (it)
c ∈ C

ϕ̇ = v(ϕ) v

ϕ
(h)
n+1 = ϕ(h)

n + h · v(ϕ(h)
n ) .



ϕ
(h)
n+1 ϕ

(h)
n

v(ϕ
(h)
n ) ϕ

(h)
n h

h
ϕ̇ h → 0

{ϕ(h)
n } ϕ

ϕ̇ = v(ϕ)
ϕ̇ =

v(ϕ)

ϕ̇ = −ϕ2 .

(t, x) =
(1, 1) ϕ(t) = t−1 t = 0

D (t, x) F
F ∈ C(D)

ϕ t I

(t, ϕ(t)) ∈ D t ∈ I

ϕ̇(t) = F (t, ϕ(t)) t ∈ I

ẋ = F (t, x) .

I ϕ ϕ
ẋ = F (t, x) I ϕ ∈ C1(I)

F
D (t, x) ε ẋ = F (t, x)
I ϕ ∈ C(I)



(t, ϕ(t)) ∈ D t ∈ I

ϕ ∈ C1(I) S ⊂ I ϕ̇

|ϕ̇(t)− F (t, ϕ(t))| ≤ ε t ∈ I \ S
ϕ ∈ C I

I ϕ ∈ C1p(I)
F ∈ C

R := {(t, x) ∈ D : |t− τ | ≤ a , |x− ξ| ≤ b , a, b > 0}
(τ, ξ)

M :=
(t,x)∈R

{F (t, x)} , α =

(
a ,

b

M

)
.

ε F ∈ C(R)
ε > 0 ε ϕ ẋ = F (t, x)

|t− τ | ≤ α ϕ(τ) = ξ

ε > 0
ε [τ, τ + α]

[τ − α, τ ]
(τ, ξ)

F ∈ C(R) ε
δε ∣∣F (t, x)− F (t̃, x̃)

∣∣ ≤ ε

(t, x), (t̃, x̃) ∈ R |t − t̃| ≤ δε |x − x̃| ≤ δε
[τ, τ + α] n

τ = t0 < t1 < . . . < tn < τ + α

|tk − tk−1|
{
δε ,

δε
M

}
.

(τ, ξ)
F (τ, ξ) τ t = t1

(t1, x1) T
(τ, ξ) M −M t = τ +α

α

f c
f c



T

t1(τ, ξ)

t + a

ξ + b

τ + αt2 t3

R

|f(t, x)| ≤ M
t = t1 T (t1, x1) t1

F (t1, x1) t = t2 (t2, x2)
ϕ

t = τ + α T
ϕ ε

{
ϕ(τ) = ξ

ϕ(t) = ϕ(tk−1) + F (tk−1, ϕ(tk−1))(t− tk−1) , tk−1 < t ≤ tk

k = 1, . . . , n
ϕ ϕ ∈ C1p([τ, τ + α])

|ϕ(t)− ϕ(t̃)| ≤ M |t− t̃| , t, t̃ ∈ [τ, τ + α] .

t tk−1 < t < tk |ϕ(t)−
ϕ(tk−1)| ≤ δε

|ϕ̇(t)− F (t, ϕ(t))| = |F (tk−1, ϕ(tk−1))− F (t, ϕ(t))| ≤ ε .

ϕ ε

(tk, ϕ(tk))

xk − xk−1 = (tk − tk−1)F (tk−1, xk−1) .



xk = xk−1 + hF (tk−1, xk−1)

h = tk − tk−1 k = 1, . . . , n

f ∈ C(R)

G = {F} I I
ε > 0 δε > 0 F ∈ G t, t̃ ∈ I∣∣f(t)− f(t̃)

∣∣ < ε , |t− t̃| < δε .

I G = {F}
G

{Fn}n∈N ⊂ G I

{rk}k∈N I
{F (r1)} F ∈ G
{Fn1} Fn1 ∈ G

{Fn1(r1)} {Fn1(r2)}
{Fn2(r2)}

Fnk ∈ G n, k = 1, 2, . . . {Fnk}
r1, r2, . . . , rk Fn Fnn

{Fn}
I

{Fn} I ε > 0
rk ∈ I Nε(rk)

|Fn(rk) − Fm(rk)‖ < ε , n,m > Nε(rk) .

ε δε t, t̃ F ∈ G∣∣F (t)− F (t̃)
∣∣ < ε ,

∣∣t− t̃
∣∣ < δε .

I I1, I2, . . . , Ip
δε Ik

r̃k ∈ Ik t ∈ I t Ik

|Fn(t)− Fm(t)| ≤ |Fn(t)− Fn(r̃k)|+ |Fn(r̃k)− Fm(r̃k)|+ |Fm(r̃k)− Fm(t)|
< 3ε ,

n,m > {Nε(r̃1), . . . , Nε(r̃p)}
{Fn} I



F ∈ C(R)
ϕ ∈ C1 ẋ = F (t, x) |t− τ | ≤ α ϕ(τ) = ξ

{εn}n∈N
n → ∞

εn εn ϕn ẋ = F (t, x)
|t − τ | ≤ α ϕ(τ) = ξ ϕn

εn ∣∣ϕn(t)− ϕn(t̃)
∣∣ ≤ M

∣∣t− t̃
∣∣ .

t̃ = τ |t− τ | ≤ b/M
{ϕn} |ξ|+ b {ϕn}

{ϕnk
}k∈N {ϕn} [τ−α, τ+α]

ϕ ϕn

|ϕ(t)− ϕ(t̃)| ≤M |t− t̃|
ϕ ẋ = F (t, x)

ϕn

εn

ϕn(t) = ξ +

∫ t

τ
(F (s, ϕn(s)) + Δn(s)) s ,

Δn(t) = ϕ̇n(t) − F (t, ϕn(t)) ϕ̇n

Δn(t) = 0 ϕn εn |Δn(t)| ≤ εn
F R ϕnk

→ ϕ
[τ − α, τ + α] k → ∞ F (t, ϕnk

(t)) → F (t, ϕ(t))
[τ − α, τ + α] k →∞ n nk

ϕn(t) = ξ +

∫ t

τ
F (s, ϕ(s)) s

k → ∞ ϕ̇(t) = F (t, ϕ(t))
F (t, ϕ(t)) ϕ
ẋ = F (t, x) |t− τ | ≤ α C

{ϕn}
{ϕn}

t = τ εn → 0
ẋ = F (t, x) (τ, ξ)

{ϕn} εn → 0
|t − τ | ≤ α {ϕn}



|t− τ | ≤ α

{ϕn} |t− τ | ≤ α
{ϕn}

ẋ = x1/3

(0, 0) [0, 1]
c 0 ≤ c ≤ 1 ϕc

ϕc(t) = 0 , 0 ≤ t ≤ c ,

ϕc(t) =
(
2
3(t− c)

)3/2
, c < t ≤ 1 ,

[0, 1]

(0, 0) ϕ1

ẋ = F (t, x)

F ∈ C D
(t, x) (τ, ξ) D ϕ

ẋ = F (t, x) t τ

D r > 0
(τ, ξ) r D R

(τ, ξ)
r

ẋ = F (t, x) R



−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

h = 0.03 v(x, y) = (−y, x)
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S : U → Kd

U ⊂ R×Kd K = R K = C U
(t, x) t ∈ R x ∈ Kd

S
ϕ : I → Kd I ⊂ R (t, ϕ(t)) ∈ U

ϕ̇(t) = S (t, ϕ(t)) , t ∈ I .

F (t, x)
S(t, x)

ẋ = F (t, x) ,

ẋ1 = F1(t, x1, x2, . . . , xd) ,

ẋd = Fd(t, x1, x2, . . . , xd) .

(t0, x0) ∈ U ϕ
ϕ(t0) = x0

ẋ = F (t, x) , x(t0) = x0 .

ẋ = F (t, x)

F : U → Kd U ⊂ R × Kd

ϕ : I → Kd I ⊂ R (t, ϕ(t)) ∈ U

ϕ̇(t) = F (t, ϕ(t)) , ϕ(t0) = x0 ,

t ∈ I

ϕ(t) = ϕ(t0) +

∫ t

t0

F (s, ϕ(s)) s

t ∈ I



Kn

R

U

It0

Kn

R

U

t0

ϕ1

ϕ2
x

V

J tτ

F :
U → Kd U ⊂ R×Kd x
ϕ1, ϕ2 : I → Kd F t0 ∈ I ϕ1(t) ≡ ϕ2(t) t ∈ I

I ′ ⊂ I t ∈ I
ϕ1(t) = ϕ2(t) I ′ I
I ′ I

t0 ∈ I ′ J × V ⊂ U (t0, ϕ1(t0))
F L
ψ := ϕ2 − ϕ1 ψ(t0) = 0

‖ψ(t)‖ ≤
∣∣∣∣∫ t

t0

‖F (s, ϕ2(s))− F (s, ϕ1(s))‖ s

∣∣∣∣ ≤ L ·
∣∣∣∣∫ t

t0

‖ψ(s)‖ s

∣∣∣∣
t ∈ J ∩ I ψ ≡ 0

J ∩ I J ∩ I ⊂ I ′ I ′ I
I ′ ≡ I

F
ẋ =

√|x| x0 = 0
R x(t) ≡ 0

x(t) = 1
4 (t) · t2



F :
U → Kd x U ⊂ R×Kd

(t0, x0) ∈ U Iδ(t0) = (t0− δ, t0 + δ) δ > 0

ẋ = F (t, x) , x(t0) = x0 ,

Q := Ia(t0) × Kb(x0)
U F x L δ ≤ a

δ‖F‖Q ≤ b δL < 1

ϕ Iδ(t0) Kb(x0)

‖ϕ(t)− x0‖ ≤ b , t ∈ Iδ(t0) ,

(ϕk)k∈N

ϕ0(t) := x0 , ϕk+1(t) := x0 +

∫ t

t0

F (s, ϕ(s)) s .

(ϕk)k∈N Iδ(t0)

ϕ : Iδ(t0)→ Kd ϕ t ∈ Iδ(t0)

ϕ(t) = x0 +

∫ t

t0

F (s, ϕ(s)) s .

M
ψ : Iδ(t0)→ Kd

‖ψ(t)− x0‖ ≤ b , t ∈ Iδ(t0) ,

P ψ ∈M Pψ : Iδ(t0)→ Kd

(Pψ)(t) := x0 +

∫ t

t0

F (s, ϕ(s)) s .

Pψ

‖(Pψ)(t)− x0‖ =
∥∥∥∥∫ t

t0

F (s, ψ(s)) s

∥∥∥∥ ≤ ∣∣∣∣∫ t

t0

‖F (s, ψ(s))‖ s

∣∣∣∣ ≤ δ‖F‖Q ≤ b .

ψ ∈M Pψ ∈M



P
Pϕ = ϕ

M ψ1, ψ2 ∈M

d (ψ1, ψ2) := {‖ψ1(t)− ψ2(t)‖ : t ∈ Iδ(t0)} .

(ψk)k∈N M
Iδ(t0) Kb(x0) (M, d)

P : M → M

d (Pψ1, Pψ2) =
I

∥∥∥∥∫ t

t0

(F (s, ψ1(s))− F (s, ψ2(s))) s

∥∥∥∥
≤

I

∣∣∣∣∫ t

t0

‖F (s, ψ1(s))− F (s, ψ2(s))‖ s

∣∣∣∣
≤

I

∣∣∣∣∫ t

t0

L ‖ψ1(s)− ψ2(s)‖ s

∣∣∣∣
≤ δ · L · d (ψ1, ψ2) , δL < 1 .

ϕ ∈M Pϕ = ϕ ϕ Kb(x0)

v(x, y) = (−y, x)

ẋ = −y , x(0) = 1 ,

ẋ = x , y(0) = 0 .

ϕ1(t) =

(
1
0

)
+

∫ t

0

(
0
1

)
s =

(
1
t

)

ϕ2(t) =

(
1
0

)
+

∫ t

0

( −s
1

)
s =

(
1− 1

2 t
2

t

)

ϕ3(t) =

(
1
0

)
+

∫ t

0

( −s
1− 1

2s
2

)
s =

(
1− 1

2 t
2

t− 1
3! t

3

)



ϕ2k+1(t) =

(
1− 1

2! t
2 +− · · ·+ (−1)k 1

(2k)! t
2k

t− 1
3! t

3 +− · · ·+ (−1)k 1
(2k+1)! t

2k+1

)
.

ϕ2k+1

2k + 1 k → ∞

ϕ(t) =

(
(t)
(t)

)
.

ẋ = t · x

t

ẋ =
tx x(0) = 1



y′(x) = x · y
y(1) = 1

y
y

y′′(x) + 8y′(x) + 2y(x) = (x) , y(0) = 0 , y′(0) = 1 .
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ẋ = x + 2y − z ,

ẏ = x + z ,

ż = 4x − 4y + 5z ,

C1 C2

C3

C := −2C1 +
1
2C3 (t) x

x(0) = 1 y(0) = 2
z(0) = 3
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ϕ : I → Kd

F : U → Kd (t0, ϕ(t0))
ψ : J → Kd

J ⊂ I ψ = ϕ|J

F : U → Kd x t

ẋ = F (x, t) , x(t0) = x0

I Iα
ϕα α

t ∈ I Iα t ∈ Iα ϕ(t) := ϕα(t)
Iβ t ∈ Iβ [t0, t] ⊂ Iα ∩ Iβ

ϕα(t) = ϕβ(t) ϕ(t)
Iα ϕ(t) : I → Kd

ϕ : (α, β) → Kd

F : U → Kd x
t β < ∞ K ⊂ U ε > 0

τ ∈ (β − ε, β) (τ, ϕ(τ)) /∈ K
α > −∞

t ∈ (β − ε, β)
(t, ϕ(t)) ∈ K ϕ (α, β]

ϕ (β−ε, β)
M := ‖F‖K t1, t2 ∈ (β − ε, β)

‖ϕ(t2)− ϕ(t1)‖ =

∥∥∥∥∫ t2

t1

ϕ̇(s) s

∥∥∥∥ ≤
∣∣∣∣∫ t2

t1

‖F (s, ϕ(s))‖ s

∣∣∣∣ ≤ M · |t2 − t1| .

ϕ (α, β] ϕ̃
ϕ̃ F K



(β, ϕ̃(β)) ∈ K U t, t0 ∈ (α, β)

ϕ̃(t) = ϕ̃(t0) +

∫ t

t0

F (s, ϕ̃(s)) s .

ϕ̃ (α, β] t = β
ϕ̃ : (α, β]→ Kd ẋ = F (x, t)

ϕ : (α, β)→ Kd

I × Ω

ϕ : (α, β)→ Kd

F : I×Ω→ Kd

x t β
I J ⊂ Ω γ ∈ (α, β)
t ∈ (γ, β) ϕ(t) /∈ K α

ϕ Ω ϕ
I

[γ, β] × K I × Ω

R × Kd

R

ẋ = 1 + x2 R × R ϕc(t) = (t − c)
Iπ/2(c)

> π ϕc

Iπ/2(c)
|ϕc(t)| → ∞ t→ c± π/2

ẋ = 1 + x2 R

|x|

ẋ |x|

F : I × Kd → Kd

a, b : I → R



‖F (t, x)‖ ≤ a(t)‖x‖+ b(t) .

(t, x) ∈ I ×Kd

ϕ
F : I ×Kd → Kd x t I

(α, β) ⊂ I
ϕ β I ϕ

[t0, β) t0 ∈ (α, β)

ϕ(t) = ϕ(t0) +

∫ t

t0

F (s, ϕ(s)) s

‖ϕ(t)‖ ≤ ‖a‖[t0,β] ·
∫ t

t0

‖ϕ(s)‖ s+ ‖ϕ(t0)‖+ ‖b‖[t0,β] · |β − t0| .

ϕ
[t0, β] β

v : Ω → Kd Ω ⊂ Kd

ẋ = F (x, t) = v(x)
Ω v
x F

x

ϕ : I → Ω
v : Ω → Kd

c ∈ R ϕc : I + c → Ω ϕc(t) := ϕ(t − c)
v

ψ : J → Ω ψ(s) = ϕ(r)
s ∈ J r ∈ I J = I+s−r ψ = ϕs−r



ϕ̇c(t) = ϕ̇(t− c) = v (ϕ(t− c)) = v (ϕc(t)) .

ϕs−r ψ ϕs−r(s) =
ϕ(r) = ψ(s) J ⊂ I + s − r ⊂ J ϕs−r = ψ

ϕ ϕc

Ω ϕ ẋ =
v(x) x(t0) = x0 ϕt0

ẋ = v(x) x(0) = x0

Ω

v
Ω

Ω



t0 ∈ I ϕ̇(t0) = 0 I = R ϕ
ϕ(t) v

t ∈ I ϕ̇ �= 0 ϕ ϕ(r) =
ϕ(s) r, s ∈ I r �= I = R ϕ
ϕ(t+ p) = ϕ(t) p := s− r t ∈ R

t ∈ I ϕ̇ �= 0 ϕ

ϕ ψ
x0 ∈ Ω ϕ(r) = ψ(s) r s

ψ = ϕs−r

ϕ̇(t0) = 0 x0 = ϕ(t0) v v (ϕ(t0)) = ϕ̇(t0)
ψ : R→ Ω ψ(t) = x0

ẋ = v(x) x(t0) = x0 ϕ

ϕ(s) = ϕ(r) p := s − r �= 0
I = I + p ϕ = ϕp

v

ϕ : R → Kd p > 0
ϕ(s) = ϕ(p) t− s = k · p k ∈ Z

A ϕ
a ϕ(t+ a) = ϕ(t) t ∈ R ϕ

A R

A ⊂ R 0 R

Z · p p �= 0
A �= 0 A �= R

A+ := A ∩ R+

ε > 0 a ∈ A+ a < ε
x ∈ R k ∈ Z ka ≤ x < (k+1)a |x−ka| < ε A

x ∈ A A = R

p A+ a ∈ A



k ∈ Z kp ≤ a < (k + 1)p 0 ≤ a− kp < p a− kp �= 0
a− kp A+ p

(
ẋ
ẏ

)
=

(
y
−x

)
+
(
1− x2 − y2

)( x
y

)
= v(x, y) ,

R2 R2

(0, 0) v t �→ (0, 0)

R2 \ (0, 0)

x(t) = r(t) · (ϕ(t)) ,

y(t) = r(t) · (ϕ(t)) ,

r > 0 ϕ
R2 \ (0, 0)

ṙ = r(1− r2) , ϕ̇ = 1 .

r ϕ

ṙ = r(1− r2)

r = 1

r : R→ (0, 1)

r(t) =

√
1

1 + (−2t)

t→−∞ r(t) = 0 t→∞ r(t) = 1
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r : R+ → (1,∞)

r(t) =

√
1

1− (−2t)

t↓0 r(t)→∞ t→∞ r(t) = 1

ṙ = r(1 − r2) r > 0

ϕ(t) = t ϕ̇ = 1

t → ∞

ẋ = F (t, x)

ẍ = −x
x1 := x x2 := ẋ1

ẍ = −x , ⇒
{

ẋ1 = x2
ẋ2 = −x1

v(x1, x2) = (x2,−x1)



f : I × Ω → K I
Ω ⊂ Kd d

x(d) = f
(
t, x, ẋ, . . . , x(d−1)

)
,

d

ẋ1 =x2
ẋ2 =x3

ẋd−1 = xd
ẋd = f (t, x1, x2, . . . , xd)

⎫⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎭
ẋ = F (t, x)

⎛⎜⎜⎜⎝
x2

xd
f(t, x)

⎞⎟⎟⎟⎠ .

ϕ : I → Kd ϕ = (ϕ1, ϕ2, . . . , ϕd)

ϕ = (ϕ1, ϕ̇1, . . . , ϕ
(d−1)
1 )

ϕ1 : I → K

F x t
f

x(t0) ẋ(t0), . . . , x
d−1(t0)

d− 1 t0

ṙ = r(1 + r2) , ϕ̇ = 1 .

ẍ+ ẋ+x+
ax3 = 0 a > 0

x(4) + ax3 + bẋ+ cẍ = 0 a, b, c > 0



ẋ = f(t, x)
f(t, x)

f
(t, x) D ẋ = f(t, x)

x(t0) = x0

x(t) = x0 +

∫ t

t0

f(s, x(s)) s .

ϕ ẋ = f(t, x) I
ϕ(t0) = x0 x(t) = ϕ(t) I

f
f ẋ =

f(t, x)

f
f

S (t, x)
ẋ = f(t, x)

ϕ
I

(t, ϕ(t)) ∈ S t ∈ I

ϕ̇(t) = f(t, ϕ(t)) t ∈ I

I ϕ ϕ
ẋ = f(t, x) I

ϕ̇

f ∈ C(S) ϕ ẋ = f(t, x) I
ϕ̇ ∈ C(I)

f ∈ C(S)
ẋ = f(t, x) ϕ



ẋ = f(t, x)
I

f
t

R

R :=
{
(t, x) ∈ R2 : |t− τ | ≤ a , |x− ξ| ≤ b

}
,

(τ, ξ) (t, x) a, b

f R
t x x t

m |t− τ | ≤ a

|f(t, x)| ≤ m(t) , (t, x) ∈ R ,

ϕ ẋ = f(t, x)
|t− τ | ≤ β β > 0 ϕ(τ) = ξ

t ≥ τ
t ≤ τ M⎧⎪⎨⎪⎩
M(t) = 0 t < τ

M(t) =

∫ t

τ
m(s) s τ ≤ t ≤ τ + a

,

M m ≥ 0
M(τ) = 0 (t, ξ ±M(t)) ∈ R τ ≤ t ≤ τ + β ≤ τ + a

β
β > 0

ϕj j = 1, 2, . . .⎧⎪⎨⎪⎩
ϕj(t) = ξ τ ≤ t ≤ τ + β/j

ϕj(t) = ξ +

∫ t−β/j

τ
f(s, ϕj(s)) s τ + β/j < t ≤ τ + β

.

ϕ1 τ ≤ t ≤ τ + β ξ
j ≥ 1 ϕj τ ≤ t ≤ τ + β/j
(t, ξ) ∈ R τ ≤ t ≤ β/j ϕj



τ + β/j < t ≤ τ + 2β/j

|ϕj(t)− ξ| ≤ M
(
t− β

j

)
,

ϕj τ ≤ t ≤ τ + kβ/j 1 < k < j
ϕj τ + kβ/j < t ≤ τ + (k + 1)β/j

τ ≤ t ≤ τ +kβ/j
τ+kβ/j < t ≤ τ+(k+1)β/j ϕj

ϕj

τ ≤ t ≤ τ + β⎧⎨⎩ ϕj(t) = ξ τ ≤ t ≤ τ + β/j

|ϕj(t)− ξ| ≤ M
(
t− β

j

)
τ + β/j < t ≤ τ + β

.

t1 t2 [τ, τ + β]

|ϕj(t1)− ϕj(t2)| ≤
∣∣∣M (

t1 − β
j

)
−M

(
t2 − β

j

)∣∣∣ .
M [τ, τ + β]

{ϕj} [τ, τ + β]

{ϕjk} [τ, τ+β]
ϕ k →∞

|f(t, ϕjk(t))| ≤ m(t) , τ ≤ t ≤ τ + β ,

f x t

f(t, ϕjk(t)) → f(t, ϕ(t)) , k →∞ ,

t ∈ [τ, τ + β]

k→∞

∫ t

τ
f(s, ϕjk(s)) s =

∫ t

τ
f(s, ϕ(s)) s

t ∈ [τ, τ + β]

ϕjk(t) = ξ +

∫ t

τ
f(s, ϕjk(s)) s−

∫ t

t−β/j
f(s, ϕjk(s)) s ,



k → ∞
k →∞

ϕ(t) = ξ +

∫ t

τ
f(s, ϕ(s)) s ,

f
f

ẋ = f(t, x)

f(t, x) :=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

0 t = 0 −∞ < x < +∞
2t 0 < t ≤ 1 −∞ < x < 0

2t− 4x/t 0 < t ≤ 1 0 ≤ x ≤ t2

−2t 0 < t ≤ 1 t2 < x < +∞ .

0 ≤ t ≤ 1 −∞ < x < +∞ f
2 (τ, ξ) = (0, 0)

ϕ0(t) = ξ

ϕm+1(t) = ξ +

∫ t

τ
f(s, ϕm(s)) s , m = 0, 1, 2, . . .

0 ≤ t ≤ 1

ϕ0(t) = 0 , ϕ2m−1(t) = t2 , ϕ2m(t) = −t2 , m = 1, 2, . . . .

{ϕm(t)} t �= 0

{ϕ2m−1} {ϕ2m}

ϕ̇2m−1(t) = 2t �= f(t, t2) , ϕ̇2m(t) = −2t �= f(t,−t2) .



ẋ = f(t, x)
(τ, ξ)

f
R

ϕM ẋ = f(t, x) (τ, ξ)
I τ ϕ ẋ =

f(t, x) (τ, ξ) I

ϕ(t) ≤ ϕM (t) , t ∈ I ,

ϕM ẋ = f(t, x) I
(τ, ξ) ϕm ẋ = f(t, x) I
ϕm(t) = ξ

ϕ(t) ≥ ϕm(t) , t ∈ I ,

ϕ ẋ = f(t, x) I ϕ(t) = ξ ϕm

ẋ = f(t, x) I (τ, ξ)
ϕM ϕm

ϕM ϕm

ϕM ϕm ẋ = f(t, x)
|t− τ | ≤ β (τ, ξ)

ϕM [τ, τ + β]
ϕ ẋ = f(t, x) (τ, ξ)

ϕ(t) = ξ +

∫ t

τ
f(s, ϕ(s)) s

|ϕ(t1)− ϕ(t2)| ≤ |M(t1)−M(t2)|

t1, t2 ϕ M
M

ϕ
[τ, τ + β]

ẋ = f(t, x) (τ, ξ) [τ, τ + β]
M [τ, τ + β]



{ϕ} ẋ = f(t, x) [τ, τ + β]
ε > 0 δε > 0

t ϕ∣∣ϕ(t̂)− ϕ(t̃)
∣∣ < ε , |t̂− t̃| < δε ,

t̂, t̃ [τ, τ + β]
Φ

Φ(t) =
t∈[τ,τ+β]

{ϕ(t)}

ϕ ẋ = f(t, x) [τ, τ + β] (τ, ξ)
Φ [τ, τ +β]

ε > 0 δε > 0
δε t̂, t̃ [τ, τ + β]∣∣Φ(t̂)− Φ(t̃)

∣∣ < ε , |t̂− t̃| < δε .

Ψ ẋ = f(t, x) Ψ(τ) = ξ
ϕM Φ ϕM

[τ, τ + β] ε > 0 δε
[τ, τ +β] n

τ = t0 < t1 < t2 < · · · < tn = τ + β

(ti+1 − ti) < δε .

ti i = 0, 1, . . . , n − 1 ϕi ẋ = f(t, x)
(τ, ξ)

0 ≤ Φ(ti)− ϕi(ti) < ε

i ≥ 1
ϕi(ti)− ϕi−1(ti) ≥ 0 .

Φ
ε ϕε

ϕε(t) = ϕn−1(t) , tn−1 ≤ t ≤ tn = τ + β .

ϕn−1(tn−1) > ϕn−2(tn−1) ϕε tn−1 ϕn−1
τn−2 (tn−2, tn−1) tn−1

ϕε(τn−2) = ϕn−1(τn−2) = ϕn−2(τn−2) .

τn−2 ϕε(t) := ϕn−2(t) tn−2 ≤ t < τn−2 τn−2
ϕε [tn−2, tn−1) ϕn−1 ϕn−1(tn−1) = ϕn−2(tn−1)



ϕε(t) := ϕn−2(t) [tn−2, tn−1)
ϕε ẋ = f(t, x) [τ, τ + β] (τ, ξ)

ẋ = f(t, x)

0 ≤ Φ(ti)− ϕε(ti) < ε , i = 0, 1, . . . , n .

Φ ϕε [ti, ti+1] ε

0 ≤ Φ(t)− ϕε(t) < 3ε , τ ≤ t ≤ τ + β .

ε = 1/m m = 1, 2, . . . ϕ̇1/m

Φ [τ, τ + β]
ϕ

ϕ1/m

Φ(t) = ξ +

∫ t

τ
f(s,Φ(s)) s , τ ≤ t ≤ τ + β ,

Φ ẋ = f(t, x) Φ(τ) = ξ
ϕM [τ, τ + β]

D (t, x)
f t x x

t m |f(t, x)| ≤ m(t)
(t, x) ∈ D ϕ ẋ = f(t, x) t ∈ (a, b)
ϕ(b − 0) (b, ϕ(b − 0)) ∈ D ϕ (a, b + δ]

δ > 0 a
ϕ D

ϕM

ϕm

ϕM ϕm

(τ, ξ) [τ, τ + β] β ≤ a c
ϕm(τ + β) < c < ϕM (τ + β) ϕ (τ, ξ)

τ ≤ t ≤ τ + β ϕ(τ + β) = c

(τ + β, c)
ϕm(t) ≤ x ≤ ϕM (t)

τ ≤ t ≤ τ + β

(τ, ξ)



ϕM,ξ ẋ = f(t, x) (τ, ξ) [τ, τ +α]
δ > 0 ẋ = f(t, x) ϕM,η

η ξ ≤ η < ξ + δ [τ, τ + α] ϕM,η(τ) = η
ϕM,η → ϕM,ξ η → ξ + 0 [τ, τ + α]

ϕM,η

τ η − ξ
η̃ >

η > ξ
ϕM,η̃(t) ≥ ϕM,η(t) ≥ ϕM,ξ(t) .

ϕM,η η
t [τ, τ + β]

Φ(t) = ϕM,ξ+0(t) ≥ ϕM,ξ(t) .

ϕM,η

|Φ(t1)− Φ(t2)| ≤ |M(t1)−M(t2)| ,

Φ

ϕM,η(t) = η +

∫ t

τ
f(s, ϕM,η(s)) s

η → ξ + 0

Φ(t) = ξ +

∫ t

τ
f(s,Φ(s)) s .

Φ ẋ = f(t, x) (τ, ξ)
Φ(t) = ϕM,ξ(t) [τ, τ + β] ϕM,η

ϕM,ξ ϕM,η t
Φ

[τ, τ+α] t0 ≤ τ+α h > 0 Φ
[τ, t0 − h] [τ, t0 + h] ε > 0

δε > 0
|ϕM,η(t0 − ε)− ϕM,ξ(t0 − ε)| ≤ ε ,

0 ≤ η − ξ < δε
H (t, x)

|t− t0| ≤ γ , |x− ϕM,ξ(t0 − γ)| ≤ γ +M(t)−M(t0 − γ) .



γ H ⊂ D ϕ ẋ = f(t, x)
t = t0 − γ H |ϕ(t0 − γ) − ϕM,ξ(t0 − γ)| ≤ γ

H t
t0 + γ
ε ε = γ 0 < η − ξ < δε

ϕM,η t0 + γ Φ
[τ, t0 + γ] t0 t0 > τ + α

Φ [τ, τ + α]

(a, b)



ẋ1 = a11(t)x1 + · · ·+ a1d(t)xn + b1(t)

ẋd = ad1(t)x1 + · · ·+ add(t)xn + bd(t)

ẋ = A(t)x+ b(t) ,

A : I → Kd×d b : I → Kd I ⊂ R

b ≡ 0
b

A b

A : I → Kd×d b : I → Kd

ẋ = A(t)x+ b(t) , x(t0) = x0

I ⊂ R

F (t, x) := A(t)x+ b(t)
J ⊂ I F J ×

Kd×d x t
L := t∈J ‖A(t)‖

a0, a1, . . . , ad−1, b : I →
K x0 x1 . . . xd−1 ∈ K

d− 1

x(n) =

d−1∑
k=0

ak(t)x
(k) + b(t) , x(k) = xk , k = 0, 1, . . . , d− 1 ,



I ⊂ R

L
ẋ = A(t)x I d K

d ϕ1, ϕ2, . . . , ϕd : I → Kn L
ϕ1(t), ϕ2(t), . . . , ϕd(t) Kd t ∈ I

t ∈ I

c1ϕ1+c2ϕ2+· · ·+ckϕk ϕ1, ϕ2, . . . , ϕk ∈ L
ẋ = A(t)x L

αt0 : L → Kd

αt0ϕ := ϕ(t0) t0 ∈ I αt0

L d

αt0 t ∈ I

ϕ1, ϕ2, . . . , ϕd L
ẋ = A(t)x ϕ1, ϕ2, . . . , ϕd

Φ := (ϕ1, ϕ2, . . . , ϕd) : I → Kd×d , t �→ (ϕ1(t), ϕ2(t), . . . , ϕd(t)) .

Φ ẋ = Ax

Φ̇(t) = A(t)Φ(t) .

Φ ϕ ∈ L
ϕ =

c1ϕ1 + c2ϕ2 + · · · + cdϕd

ci ∈ K i = 1, 2, . . . , d c := (c1, c2, . . . , cd)
T

ϕ(t) = Φ(t)c , c ∈ Kd .

Ψ = (ψ1, ψ2, . . . , ψd) Ψ =
ΦC C



Φ : I → Kd×d

ϕ1, ϕ2, . . . , ϕd

I

t
(Φ(t)) =

d∑
i=1

(ϕ1, . . . , ϕi−1, ϕ̇i, ϕi+1, . . . , ϕd)|t .

f : In → K , f(t1, t2, . . . , td) := (ϕ1(t1), ϕ2(t2), . . . , ϕd(td)) .

∂

∂ti
f(t1, t2, . . . , td) = (ϕ1(t1), . . . , ϕi−1(ti−1), ϕ̇i(ti), ϕi+1(ti+1), . . . , ϕd(td)) .

f (Φ(t)) =
f(t, t, . . . , t)

ΦI → Kd×d

ẋ = A(t)x (Φ)

t
(Φ(t)) = (A(t)) · (Φ(t))

I

t ∈ I Φ(t) = I ϕ1, ϕ2, . . . , ϕd

Φ ϕi(t) = ei i ϕ̇i(t) =
A(t)ei

t
(Φ(t)) =

d∑
i=1

(e1, . . . , ei−1, A(t)ei, ei+1, . . . , ed) = (A(t)) .

t Φ Φ(t) = I

t ∈ I
Ψ := Φ ·C C := Φ−1 t Ψ

t
(Ψ(t)) = (A(t)) · (Ψ(t)) .

Ψ Φ



ẋ = A(t)x + b(t) .

ẋ = A(t)x

b(t)

Φ
ẋ = A(t)x

xp(t) := Φ(t) · c(t) c :=

∫
Φ−1(s)b(s) s

ẋ = A(t)x+ b(t)

ẋp = Φ̇c+Φċ = AΦc+ΦΦ−1b = Axp + b ,

ẋ = Ax x(0) = x0

A

ϕ1(t) = x0 +

∫ t

0
Ax0 s = (I+At)x0 ,

ϕ2(t) = x0 +

∫ t

0
A (I+As)x0 s =

(
I+At+ 1

2A
2t2

)
x0

ϕk(t) =
(
I+At+ 1

2A
2t2 + · · ·+ 1

k!A
ktk

)
x0 .



k →∞
ϕ(t) = (At)x0 ,

(At)

t (At) = A (At)
ϕ(t) = (At)x0

A =

(
1 1
−2 4

)
(A)

ẋ = Ax
x0 = (−4, 2)

ϕ(t) = (At)x0

A
ϕ ẋ = Ax

‖ϕ(t)‖2 = ‖ϕ(0)‖2 t ∈ R .

A (At)
(At) ( (At))T = ((A+AT )t) = I

v1, v2, . . . , vn Kn

x0 L
ẋ = Ax e1, e2, . . . , ed

(At) L



(At)
L

A
A d

A
A d

L A v
A λ

ϕv : R→ Kd , ϕv(t) := (λt)v ,

ẋ = Ax x(0) = v v1, v2, . . . , vd
A λ1, λ2, . . . , λd

ϕv1 , ϕv2 , . . . , ϕvd

ϕv

ϕ̇v = λ (λt)v = (λt)Av = Aϕv .

ϕv1 , ϕv2 , . . . , ϕvd L
ϕv1(0), ϕv2(0), . . . , ϕvd(0) Kd

A d

v ∈ Cd v �= 0
A λ

s

(A− λI)s v = 0 .

s v

v s

vs := v , vs−1 := (A− λI) v , . . . v1 := (A− λI)s−1 v

s s − 1 1 v1
vi i = 2, 3, . . . , s (A− λI) vi =

vi−1



3× 3
A 1

3 e1

A =

⎛⎝ 1 2 3
0 1 2
0 0 1

⎞⎠ .

(A− λI) e2 = 2e1 , (A− λI)2 e2 = 0

(A− λI) e3 = 3e1 + 2e2 , (A− λI)2 e3 = 4e1 , (A− λI)3 e3 = 0 .

es s s = 1, 2, 3

A ∈ Cd×d Cd
k λ k

v1, v2, . . . , vk vs s

h1, h2, . . . , hd
(At)h1 (At)h2 . . . (At)hd

ẋ = Ax

ϕv : R→ Cd , ϕv(t) := (At)v ,

v s
λ

(At) v = (λIt) ((A− λI) t) v = (λt) ·
∞∑
k=0

1
k! (A− λI)k tkv .

(A− λI)k v = 0 k ≥ s

ϕv(t) = (λt) pv(t) , pv(t) =

s−1∑
k=0

1
k! (A− λI)k tkv .

pv s − 1
1
k! (A− λI)k v Cd s = 1 pv(t) = v



ẋ = Ax
ẋ = Ax

λ1, λ2, . . . , λr A
k1, k2, . . . , kr k1 + k2 + · · ·+ kr = d

λρ ρ = 1, 2, . . . , r kρ
kρ ẋ = Ax

v1, v2, . . . , vk vs s

ϕvs(t) = (λρt) pvs(t) , s = 1, 2, . . . , kρ .

d ẋ = Ax

3 × 3
A 3 1

e1 e2 2 e3
3

ϕ1(t) = (t) e1 = (t)

⎛⎝ 1
0
0

⎞⎠

ϕ2(t) = (I+ (A− I) t) e2 = (t)

⎛⎝ 2t
1
0

⎞⎠ ,

ϕ3(t) =
(
I+ (A− I) t+ 1

2 (A− I)2 t2
)
e3 = (t)

⎛⎝ 3t+ 2t2

2t
1

⎞⎠ .

ϕ1(t), ϕ2(t), ϕ3(t)



ẋ = Ax+ b x, b ∈ Rd A ∈ Rd×d

ẋ = Ax + b
x, b ∈ Rd A ∈ Rd×d

(
ẋ1
ẋ2

)
=

( −8 3
−18 7

)(
x1
x2

)
+ (−x)

(
5
12

)
.

v : Ω → Rd Ω ⊂ Rd C1 E : Ω → R

v

∂vE(x) =

d∑
i=1

vi(x)∂iE(x) = 0 .

E : R2 → R E(x, y) = x2 + y2

v : R2 → R2 v(x, y) = (−y, x)
E

ϕ

t
(E ◦ ϕ) (t) = E′ (ϕ(t)) ϕ̇(t) = E′ (ϕ(t)) v (ϕ(t)) = ∂vE (ϕ(t)) = 0 .

v E

�= 0 E(x, y) = x2 + y2 = r2



E−1(c) c ∈ R (d − 1)
Ω ⊂ Rd x ∈ Ω

E(x)
v(x) x v(x)

E(x)

E C2 x0
E′(x0) = 0 E′′(x0)

x0
E′′(x0)

E′′(x0)
h : K → Ω0 K ⊂ Rd 0

Ω0 ⊂ Ω x0

E ◦ h(ξ) = E(x0) + ξ21 + · · ·+ ξ2d .

E′(x0) = 0 E′′(x0) > 0 Ω0 ⊂
Ω x0 ϕ v
x ∈ Ω0

∑ ⊂ Ω0 (d − 1)

M ⊂ Rd v v(x)
x ∈M ϕ : I →M

ϕ̇(t) = v (ϕ(t)) t ∈ I M
V : Ω→ Rd Ω ⊂ Rd v := V|M

M

U : Ω → R C1
Ω ⊂ Rd x0

ẍ = −∇UT (x) ,



t

(
x
y

)
=

(
y

−∇UT (x)

)
=: v(x, y) ,

E : Ω× Rd → R

E(x, y) := 1
2

d∑
i=1

y2i + U(x)

∂vE(x, y) = yT∇UT (x)−∇U(x)y = 0 .

ϕ = (x, y) = (x, ẋ) x
ẍ = −∇UT (x) E E(x, ẋ)

(x(0), ẋ(0))

ϑ
l m

g 9.81m
s2

ϑ̈ + ω2 (ϑ) = 0 ⇔
{

ẋ = −ω2 (ϑ)

ϑ̇ = x
,

ω2 := g
l

(ϑ) ϑ ϑ

ϑ̈ + ω2ϑ = 0 ⇔
{

ẋ = −ω2ϑ

ϑ̇ = x
.



mg

l

ϑ

ϑ

x

−2 0 2 4 6 8
−5

−4

−3

−2

−1

0

1

2

3

4

5

ω = 2 ϑ
ϑ̇ = x

ϑ(t) = A (ωt) + B (ωt)

A
B A = ϑ(0) B = ω−1ϑ̇(0)

ϑ̇(t) = Bω (ωt) − Aω (ωt)

t

ϑ2(t) + ω−2ϑ̇2(t) = A2 + B2 .

T = 4ω

∫ π/2

0

ϑ√
1 − k2 2(ϑ)

,
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mg

heading

ϑ

thrust
xxxx
xxxx
xxxx
xxxx
xxxx

ϕ

stance leg
(inverted pendulum)

ϑ1

ϑ2

swing leg
(hanging pendulum)

T

E

E = 1
2 ϑ̇

2 − ω2 (ϑ) .

E

Ė = ϑ̇ϑ̈ + ω2ϑ̇ (ϑ) = ϑ̇
(
ϑ̈+ ω2 (ϑ)

)
= 0 ,

ϑ
ϕ



ϑ̈ + ω2 (ϑ) = ρ (t) ⇔
{

ẋ = −ω2 (ϑ) + ρ (t) ,

ϑ̇ = x ,

ρ (t) ρ �= 0 2π

cϑ̇ c 	= 0

ϑ̈ + cϑ̇ + ω2 (ϑ) = 0 .



ẋ = a(y) · x , ẏ = −b(x) · y ,

x(t) y(t) t ẋ/x
ẏ/y

∫ y
y0
a(η)/η η

∫ x
x0

b(ξ)/ξ ξ

x(t) y(t)
a(y) −b(x)

a, b : R → R

C1

b(ξ) = 0 , a(η) = 0 , ξ, η ∈ R+ .

(0, 0)
(ξ, η) ∈ R2

+

(c (a(0)t), 0) (0, c (−b(0)t))
c ∈ R x y

ϕ
ϕ(0) ∈ R2

+

R2
+

E(x, y) = F (x) +G(y) .

a(y)xF ′(x)− b(x)yG′(y) = 0 ,



F ′(x) = −b(x)/x G′(y) = a(y)/y

F −b(x)/x R+ F (ξ) = 0

G a(y)/y R+ G(η) = 0

F
(0, ξ] [ξ,∞) G

η ξ

F (u), G(u) →∞ u → 0 u → ∞
E (ξ, η) E(ξ, η) = 0
E−1(α) α > 0 R2

+

x = ξ y = η
A0, A1, A2

A3

ϕ = (x, y) ϕ(0) = A0 ∈ E−1(α)
α > 0 ϕ E−1(α)
t ∈ R t1 ∈ (0,∞)

x [0, t1] y
[0, t1]

ϕ(ti) = A1

t1 := {t : x(t) > ξ [0, t]}
ẏ > 0 [0, t1) y

y(t) > y(0) = η (0, t1)
ẋ < 0 x

t1 < ∞ ε ∈ (0, t1) t ∈
(ε, t1) y(t) ≥ y(ε) > η a (y(t)) ≤ a (y(ε)) =: α <
0 x(t) ≤ (α(t− t0))x(ε)

t x(t) > ξ > 0
t1 <∞
t1 x(t1) = ξ ϕ(t1) =

A1

t1 < t2 < t3 < t4 ϕ(tk) = Ak k = 2, 3, 4
T = t4

ϕ(T ) = A4 = A0 = ϕ(t0)
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ẋ = (3− 2y)x ẏ = (x− 2)y

ϕ ϕ(0) ∈ R2
+



Kd

X K

K

{xn}∞n=1 ⊂ X x ∈ X n→∞ xn =
x D ⊂ X x0 ∈ D
J = [0, a] ⊂ R f : I ×D → X

x : [0, δ] → D , δ ∈ (0, a]

ẋ = f(t, x) [0, δ] x(0) = x0 .

x

X = Kd

f

|f(t, x)− f(t, y)| ≤ L |x− y| ,
t ∈ I x, y ∈ D I D = X
D Br(x0) = {x : |x− x0| ≤ r f

[0, δ] δ := {a, r/M}
M := {|f(t, x)| : t ∈ I, x ∈ D}
Br(x0)

Kd

D f
(t, x) ∈ I × D η = η(t, x) > 0 L = L(t, x) > 0

Ux x |f(t, u)− f(t, v)| ≤ L |u− v| s ∈ I∩[t, t+η]
u, v ∈ Ux

J [0, δ)

f
f



X,Y
Ω ⊂ X f : Ω → Y

ε > 0 fε : Ω → Y

Ω |f(x)− fε(x)| ≤ ε

Uε(x) := {y ∈ Ω : |f(y) − f(x)| < 1
2ε} x ∈ Ω

Uε(x) Ω = ∪x∈ΩUε(x)
{Vλ : λ ∈ Λ} {Uε(x) : x ∈ Ω}

Ω x ∈ Ω V (x)
V (x) ∩ Vλ �= 0 λ ∈ Λ ⊂ Ω λ ∈ Λ

x ∈ Ω Vλ ⊂ Uε(x)
αλ : X → R

αλ(x) :=

{
0 x �= Vλ

ρ(x, ∂Vλ) x ∈ Vλ
,

ρ(x,A) = {|x− y| : y ∈ A}

φλ(x) :=

⎛⎝∑
μ∈Λ

αμ(x)

⎞⎠−1 αλ(x) x ∈ Ω .

αλ X {Vλ : λ ∈ Λ} φλ

Ω λ ∈ Λ aλ ∈ Vλ

fε(x) :=
∑
λ∈Λ

φλ(x)f (aλ) x ∈ Ω .

fε(x) Ω

|fε(x)− f(x)| =

∣∣∣∣∣∑
λ∈Λ

φλ(x) (f (aλ) f(x))

∣∣∣∣∣ ≤ ∑
λ∈Λ

φλ(x) |f (aλ) f(x)| .

φλ(x) �= 0 x ∈ Vλ ⊂ Uε(x0) x0 ∈ Ω aλ ∈ Vλ

|f(aλ)− f(x)| ≤ ε

|fε(x)− f(x)| ≤ ε
∑
λ∈Λ

φλ(x) = ε ,



X,Y Ω ⊂ X f : Ω → Y
f̃ : X → Y

f̃(X) ⊂ (f(Ω)) (f(Ω)) f(Ω)

I = [0, a] D =
Br(x0) ⊂ X x0 ∈ X r > 0 f : I ×D → X

|f(t, x)| ≤ M I × D ε > 0
aε := {a, r/(M + ε)}

xε : [0, aε]→ D

ẋε = f(t, xε) + yε(t) , xε = x0 , |yε(t)| ≤ ε , [0, aε] .

ẋ = f(t, x) ε

f
f̃ : R×X → X |f̃(t, x)| ≤M

f̃ε : R × X → X∣∣∣f̃ε(t, x)− f̃(t, x)
∣∣∣ ≤ ε ,

∣∣∣f̃ε(t, x)− f(t, x)
∣∣∣ ≤ ε J ×D ,

∣∣∣f̃ε(t, x)∣∣∣ ≤ M + ε .

xε ẋ = f̃ε(t, x) x(0) = x0 [0, aε)
ẋε = f(t, xε) + yε(t)

|yε(t)| =
∣∣∣f̃ε(t, xε)− fε(t, xε)

∣∣∣ ≤ ε .

(X) < ∞ f J × X
x J

[0, δx) t→δx |x(t)| → ∞
(X) = ∞

f : [0,∞)×X → X x [0, 1)
x t→1 x(t)



(X) = ∞
X0 ⊂ X

{ei}i∈N ⊂ X0 {e∗i }i∈N ⊂ X∗
0 X∗

0 X0 x ∈ X0

x =
∑
i≥1
〈x , e∗i 〉ei

i ∈ N |ei| = 1
x0 = e1 ∈ X0 f : [0,∞)×X0 → X0

f f̃ : [0,∞)×X → X0

f̃ X0

0 < t1 < t2 < · · · < 1 (0, 1) i→∞ ti = 1
χi [ti, ti+1] φ(t) := {0, 2t − 1}

α1(t) ≡ 1 αi ∈ C1(R) i ≥ 2

αi(t)

⎧⎪⎪⎨⎪⎪⎩
= 1 [ti, ti+1] ,

∈ (0, 1)
(
1
2(ti−1 + ti), ti

) ∪ (ti+1,
1
2(ti+1 + ti+2)

)
,

= 0 .

f(t, x) :=
∑
i≥2

(
φ
(〈x, e∗i−1〉)χi−1(t) + φ

(〈x, e∗i+1〉
)
χi+1(t)

)
α̇i(t)ei .

〈x, e∗i 〉 → 0 i→∞ f
[0,∞)×X0

x(t) =
∑
i≥1

αi(t)ei

x0 = e1

ẋ(t) =
∑
i≥2

α̇i(t)ei = f(t, x(t)) [0, 1) .

x x(ti) = e1 + ei−1 + ei

x
(
1
2(ti + ti+1)

)
= e1 + ei i ≥ 3 ,

t→1 x(t) |x(t)| ≤ 3 [0, 1)



ẋ = A(t)x+ b(t) , x(0) = x0 ,

A : I → L(X) L(X) = B(X,X)
X b : J → X R(t, s)

L(X)

U̇ = A(t)U U(s) = idX .

R(t, s)x0 J

ẋ = A(t)x x(s) = x0 .

R(t, s) = R(t, τ)R(τ, s) t, τ, s ∈ I

R(t, s) X X

R(t, s)−1 = R(s, t)

(t, s) �→ R(t, s)

x(t) = R(t, 0)x0 +

∫ t

0
R(t, s)b(s) s

A(t) ≡ A ∈ L(X)

x(t) = (At)x0 +

∫ t

0
(A(t− s)) b(s) s .

A = (aij)

X := �1 =

⎧⎨⎩x ∈ RN :
∑
j≥1

|xi| <∞
⎫⎬⎭

A

j

∑
i≥1
|aij | < ∞ .



A ∈ L(�1)
X = �1 A

i

∑
j≥1

|aij | < ∞ .

A x ∈ �1 Ax �1

x0 ∈ �1

A
D(A) = {x ∈ �1 : Ax ∈ �1}
x0 b(t) D(A)

�1 ⊂ �∞ =

{
x ∈ RN :

i
|xi| ≤ ∞

}
A ∈ L(�∞) �∞

A X
Y X Y

A = (aij) a1j = 1 j ≥ 2 ai1 = 1 i ≥ 2 aij = 0
A �1 �∞ x

ẋ = Ax x(0) = x0

xi(t) = x0i +

∫ t

0
x1(s) s i ≥ 2

ẋ1(t) =
∑
i≥2

xi(t) .

x1(t) ≡ 0
∑

i≥2 x01(t) = 0

x0 ∈ �1 x01 �= 0

A

(Xs)
0 ≤ α ≤ s ≤ β Xs ⊂ Xs′ s < s′

|x|s′ ≤ |x|s x ∈ Xs



A : I → L(Xs, Xs′) (s, s′) α ≤ s′ < s ≤ β

|A(t)|L(Xs,Xs′ ) ≤M/(s− s′) M s, s′

t

x0 ∈ Xβ b : I → Xβ

s ∈ [α, β) x : [0, δ(β − s))→ Xs

δ = {a, 1/(M×e)} s ∈ (α, β)

|x(t)− x0|Xs
=

(
|x0|Xβ

+
β − s

M [0,t]
|b(τ)|β

)
· M · e · t
β − s−M · e · t .

x0(t) ≡ x0

xk(t) = x0 +

∫ t

0
(A(τ)xk−1(τ) + b(τ)) τ k ≥ 1 .

xk(t) ∈ Xs s ∈ [α, β) k ≥ 0

Mt := |x0|β +
β − s

M
·

[0,t]
|b(τ)|β .

|xk(t)− xk−1(t)|Xs ≤ Mt ·
(
M · e · t
β − s

)k

k ≥ 1 .

|x1(t)− x0|Xs ≤ t ·
(

M

β − s
|x0|Xβ

+
[0,t]

|b(τ)|Xβ

)
≤ Mt · M · e · t

β − s
.

k

|xk+1(t)− xk(t)| ≤
∫ t

0
|A(τ) (xk(τ)− xk−1(τ)) |Xs τ

≤ M

ε

∫ t

0
|xk(τ)− xk−1(τ)|Xs+ε τ

≤ Mt ·
(

M · e · t
β − s− ε

)k

· M
ε
· tk+1

k + 1
.



ε = β−s
k+1

|xk+1(t)−xk(t)| ≤ Mt·
(
M · e · t
β − s

)k+1

·e−1·
(
1 +

1

k

)k

≤ Mt·
(
M · e · t
β − s

)k+1

.

xk → x(t) := x0 +
∑
k≥1

(xk(t)− xk−1(t))

[0, δ(β−s))

x(t) = x0 +

∫ t

0
(A(τ)x(τ) + b(τ)) τ [0, δ(β − s)) .

A(t)x(t) x(t) [0, δ(β − s− ε))
Xs+ε t→ A(t) ∈ L(Xs+ε, Xs) ε ∈ (0, β−

s) x
s ∈ (α, β) x : [0, η] → Xs

ẋ = A(t)x x(0) = 0 N := {t : x(t) = 0} N
[0, η] t0 ∈ N s′ < s

|x(t)|Xs′ ≤ M2 ·
(
M · e · |t− t0|

s− s′

)k

k ≥ 1 ,

M2 := {|x(t)|Xs : t ∈ [0, η]} |x(t)|Xs′ = 0
t ∈ [0, η] |t− t0| ≤ (M · e)−1(s− s′) N
N = [0, η]

ut = uxx + axux + bx2u

u(0, x) = φ(x) u
u(t, x) ≥ 0∫ ∞

−∞
u(t, x) x = 1 ,

un(t) =

∫ ∞

−∞
u(t, x)xn x .



xn R

u̇n = n(n− 1)un−2 − a(n+ 1)un + bun+2 ,

un(0) =

∫ ∞

−∞
φ(x)xn x ,

u−1(t) ≡ 0 u0(t) ≡ 1 A

Xs =

⎧⎨⎩u ∈ RN : |u|Xs =
∑
j≥1

|uj | (js)(j!)−1/2 <∞
⎫⎬⎭ 0 < α ≤ s ≤ β .

|u|Xs′ ≤ |u|Xs s′ < s u ∈ Xs

|A|L(Xs,Xs′ ) ≤ M · (s− s′)−1 , M := (2β) · (1 + |a|+ |b|) .

φ Xβ u Xs 0 ≤
t ≤ (M · e)−1(β − s)

A(t)x+ b(t)
f f : I ×Xs → Xs′

|f(t, x)− f(t, y)|Xs′ =
M

s− s′
· |x− y|Xs x, y ∈ Xs t ∈ I .

ẋ = F (t, x)
F

ε

F



X,Y Ω ⊂ X

f : Ω → Y

ε

d



☼ � �

�

☼
ẋ = x2 − 1

ẋ = t−2x− 1

ẋ = (t) (x)

ẋ = (tx)

ẋ = 2t+ x

ẋ = (3t)

☼ 3
v : R3 → R3 v(x) := ω × x

R3 ω ∈ R3

�

ẋ = |x|−3/4 + t (π/t) , x(0) = 0 .

ε→ 0
t ≥ 0 tk = kδ k = 0, 1, 2, . . . δ = (n+ 1/2)−1

n n ϕn(t)
ϕn(δ) = 0 ϕn(2δ) = δ2 ϕn(3δ) >

1
2δ

3/2 ϕn(t) ≥ t3/2/6

t < 1/2000 t ≥ 4δ ϕn(t) ≥ t3/2/6 ϕ̇n(t) >

ϕ
1/2
n (t− δ)− t > 1

2(t− δ)3/2 − t > t3/5/10 t3/5/10 > ( / t)(t3/2/6)

n ϕn(t) < −t3/2/6 3δ < t < 1/2000
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☼

ẋ = x2 , x(0) = 1 .



x0(t) = 1 x1(t)
x2(t) x3(t)

☼
ẋ = 2t (1 + x) , x(0) = 0 .

x0(t) = 0 x1(t) x2(t) x3(t) x4(t)

☼
x0(t) = x0

ẋ = t+ x , x(0) = 1 .

x0(t) = (t)

x0(t) = 1 + t

x0(t) = (t)

☼
ẋ =

t · | (tx)| R

x(0) �= 0

☼

ẋ1 = −k1x1 + k2x2 ,

ẋ2 = k1x1 − k2x2 ,

xi i i = 1, 2 ki

x1(0) = s1 x2(0) = s2 t→∞

☼

t

(
x(t)
y(t)

)
=

(
1 −1
0 2

)(
x(t)
y(t)

)
+

(
(t)
(t)

)
,



x, y : R→ R t ∈ R

☼
v ∈ Cd A ∈ Rd×d

λ ∈ C

ẋ = Ax + (ωt) v

x = β (ωt) v , ω �= λ x = βt (ωt) v , ω = λ .

β

ẋ =

⎛⎝ 2 0 1
0 2 0
0 1 3

⎞⎠x+ (2t)

⎛⎝ 2
0
1

⎞⎠ .

☼
v :

R2 → R2 v(0, 0) = (0, 0)T

v(x, y) =

(
y
−x

)
+
(
x2 + y2

) (
1√

x2 + y2

)(
x
y

)
,

(x, y) �= (0, 0)

☼
v : Ω → Rd Ω ⊂ Rd

α : Ω → R \ {0}
v αv

ψ αv ψ(τ0) = x0
τ = τ(t) ∫ τ

τ0

α (φ (s)) s = t − t0 ,

ϕ := ψ ◦ τ v ϕ(τ0) = x0

☼



☼

D (t, x) f
t x x t

m |f(t, x)| ≤ m(t)
(t, x) ∈ D ϕ ẋ = f(t, x) t ∈ (a, b)

ϕ(b− 0) (b, ϕ(b− 0)) ∈ D ϕ
(a, b+ δ] δ > 0

a
ϕ D

ϕM ϕm

☼
d

�

a C2 f : Rd → R

f ′′(a)
(x− a)T f ′′(a)(x− a) f

f : U → R C2
U 0 ∈ Rd f(0) = 0 f ′(0) = 0 f ′′(0)

ϕ : U0 → V U0 0
V 0

f ◦ ϕ−1(y) = y21 + · · ·+ y2k −
(
y2k+1 + · · ·+ y2d

)
.

A(x) ∈ Rd×d

C∞

f(x) = 1
2x

TA(x)x , A(0) = f ′′(0) .

x 0 A(x) B(x) := A(0)A(x)−1

B(0) = E



Q : U0 → Rn×n
s Q2 = B BA = ABT QA = AQT

S := Q−1 A = SA(0)ST ψ(x) := S(x)T

f(x) = 1
2ψ(x)

TA(x)ψ(x) .

ψ′(0) = E ψ ϕ 0

(f ◦ ϕ) (y) = 1
2y

TA(0)y .

☼
I

I

(ϕ,ψ) ψ
ϕ

ϕψ̇ − ψϕ̇

☼
R+ × R− R− × R+ R− × R−

☼
r

☼

�

X,Y Ω ⊂ X f : Ω →
Y f̃ : X → Y
f̃(X) ⊂ (f(Ω)) (f(Ω)) f(Ω)



☼



s s+ h∫ s+h

s
ẏ(t) t =

∫ s+h

s
f(t, y(t)) t ,

[s, s+ h]

y(s+ h) = y(s) +

∫ s+h

s
f(t, y(t)) t .



∫ s+h
s f(t, y(t)) t y(s + h)

y(s+h)

ẏ = f(t, y(t)), t ∈ [t0, te]



y(t0) = y0 ,

f : [t0, te] × Rm �→ Rm

λ

y, z
t, t0

||y(t)− z(t)|| ≤ ||y(t0)− z(t0)|| · eL·|t−t0|

0 < L ∈ R

t0 < t D(t) := ||y(t)−z(t)||
E(t) := e−Lt

∫ t
t0
D(t)dt

D(t) =
(
eLtE(t)

)′
= LeLtE(t) + eLtE′(t) .

s = t0 y(t) z(t)

D(t) ≤ ||y0− z0||+
∫ t

t0

||f(τ, y(τ))−f(τ, z(τ))||dτ ≤ ||y0− z0||+
∫ t

t0

LD(τ)dτ .

LeLtE(t) + LeLtE′(t) ≤ ||y0 − z0||+ LeLtE(t) ,

E′(t) ≤ ||y0 − z0||Le−Lt,
E(t) =

∫ t

t0

E′(τ)dτ ≤ ||y0 − z0||
(
e−Lt0 − e−Lt

)
.

E(t0) = 0

D(t) ≤ ||y0 − z0|| ·
(
eL(t−t0) − 1 + 1

)
.



x < x0 −x −f

te >> t0

t0 < t1 < . . . < tn = te hn = tn+1−tn
hi = h ∀i

yn ≈ y(tn)
Φf

yn+1 = yn + h · Φf (h, yh), n = 0, 1, . . . .

Φf f
h yh

k yh = (yn, yn−1, . . . , yn−k+1)

t

Φ



tn
tn+1

Φf yn

yn+1 = yn +Φf (hn, tn, y
n, f(tn, y

n)) .

ẏ =̇
yn+1 − yn

hn

n n+1
y tn+1

tn

yn+1 = yn + hn · f(tn, yn) .

∫ s+h

s
f(t, y(t)) t ≈ f(s, y(s)) · h ,

f

h



−

−

−

h

f yn

tn+1

f(tn+1, y
n+1)

f

yn+1 = yn +
hn
2
· [f(tn, yn) + f(tn+1, y

n + hn · f(tn, yn))] .

f



−

−

−

yn

s

yn+1 = yn + hn ·
s∑

j=1

bjY
′
nj .

Yni Y
′
ni

Yni = yn + hn

s∑
j=1

aijY
′
nj , Y

′
ni = f(tn + cihn, Yni) ∀i = 1, . . . , s .

Y1 = yn Y
′
1 = f(tn, Y1)

Y2 = yn + hn
2 Y

′
1 Y

′
2 = f(tn + hn/2, Y2)

Y3 = yn + hn
2 Y

′
2 Y

′
3 = f(tn + hn/2, Y3)

Y4 = yn + hnY
′
3 Y

′
4 = f(tn+1, Y4)



−

−
−
−

−

yn+1 = yn + hn

(
1

6
Y

′
1 +

1

3
Y

′
2 +

1

3
Y

′
3 +

1

6
Y

′
4

)
.

i Y
′
i

aij
bi ci p

c A
b

:=

c1 a11 a12 . . . a1s
c2 a21 a22 . . . a2s

cs as1 as2 . . . ass

b1 b2 . . . bs

.

A

p Y
′
ni

s
p

f



Φf

ξ, η

τ(h, ξ, η) =
1

h
[z(ξ + h)− z(ξ)]− Φf (h, z)

z(.) ż = f(., z), z(ξ) = η

s τ
yh Φf (h, yh)

Φf (h, z) (yn+1 − z(ξ))/h
yn = z(ξ)

τ(h, ξ, η) = (z(ξ + h)− yn+1)/h .

ξ
ξ+ h

hh · τ(hn, tn, yn) = z(tn + hn)− yn+1 .

Φf

τ ξ
η h→ 0

||τ(h, ξ, η)|| ≤ σ(h) h→ 0 ⇒ σ(h)→ 0

p σ(h) = O(hp)



t �= t0
e(h, t) := yn(h)− y(t)

nh = t− t0

e(h, t)

h

Φf

[t0, te]

h→ 0 ⇒ e(h, t)→ 0

t ∈ [t0, te] p

||e(h, t)|| ≤ s(t)hp s : [t0, te]→ R .

y(t)
yi

y0 = y0,

yn+1 = yn + hn · Φf (hn, y
n),

hn = tn+1 − tn, n = 0, 1, . . .

||f(t, y)− f(t, z)|| ≤ L||y − z|| ||τ(h, ξ, η)|| ≤ σ(h)

||y(tk)− yk|| ≤ σ(h ) ·
(
eL·|tk−t0| − 1

)
/L k .



t0 < tk hn
zn(t) zn(tn) =

yn, n = 0, . . . , k z0(t) = y(t)

hnτ(hn, tn, y
n) = zn(tn+1)− yn+1 = zn(tn+1)− zn+1(tn+1) .

||zn(tn+1)− zn+1(tn+1)|| ≤ hnσ(hn) ≤ hnσ(h ) .

zn
zn+1 tk+1 − tn+1

||zn(tk+1)− zn+1(tn+1)|| ≤ ||zn(tn+1)− zn+1(tn+1)|| · eL·|tk+1−tn+1| .

k

||y(tk)− yk|| = ||z0(tk)− zk(ttk)|| ≤
k−1∑
n=0

||zn(tk)− zn+1(tk)||

≤
k−1∑
n=0

||zn(tn+1)− zn+1(tn+1)||eL·|tk−tn+1|

≤ σ(h )

k−1∑
n=0

hn · eL·|tk−tn+1|

≤ σ(h )

k−1∑
n=0

∫ tn+1

tn

eL·|tk−t|dt = σ(h )

∫ tk

t0

eL·|tk−t|dt .

(
eL·|tk−t0| − 1

)
/L hn

τ(h, ξ, η) = τ · hp + . . .

p = 1 τ(h, ξ, η) = O(h) e(h, t) = O(h)
p = 2 τ(h, ξ, η) = O(h2) e(h, t) = O(h2)
p = 4 τ(h, ξ, η) = O(h4) e(h, t) = O(h4)

ẏ =
√

t2 + y2, y(0) = 0 ,



N h = 2/N h = 4/N h = 8/N

− −
− −
− −
− −
− −
− −
− −
− −
− −
− −
− −

e(h, t)
t = 2

N p = 1, 2, 4

L = 1
t = 2

e(h, t) t = 2

N f



ẏ = −0.5 · y ,

y(0) = 1 ,

h = 6 h = 1



hn

O(hn)

O (
h2n
)

O (
h3n
)

O (
h4n
)
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explicit Euler for dy/dt=−0.5*y

h=1.0
h=1.5
h=2.5
h=3.0
h=4.0
h=5.0
h=6.0
analytic sol.

ẏ = −0.5 · y
h

ẏ(t) = λ · y(t) , λ ∈ C .

y(t) = y0 · eλ·t



0 0.5 1 1.5 2 2.5 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

t

y(
t)

analytical solution of dy/dt = lambda*y

lambda = −1.2589
lambda = −10
lambda = −100

ẏ = λ · y, y0 = 1 λ =
−1.2589,−1,−100 3.0, 0.6, 0.1

y0 ∈ C, t ≥ t0 {λ} ≤ 0
λ

t

λ = −0.5

f tn f tn+1 yn+1

yn+1 = yn + hn · f(tn+1, y
n+1) .



yn+1

f
yn+1

F

p = 1

∫ s+h

s
f(t, y(t)) t ≈ 1

2 (f(s, y(s)) + f(s+ h, y(s+ h))) · h ,

yn+1 = yn +
hn
2
· (f(tn, yn) + f(tn+1, y

n+1)
)
.

p = 2
f yn+1

F
tn yn

f(t, y(t)) = −log(y(t))



−

−

−

−

F

−

10−11

e(h, t) t = 2

e



−

−

−

−

−

F

−

h = 6.0
h = 5.0



N h = 2/N h = 4/N

e(h, t)
t = 2 N

p = 1, 2
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4
implicit Euler for dy/dt=−0.5*y

TR, h=6.0
IE,  h=6.0
TR, h=5.0
IE,  h=5.0
analytic sol.

h = 5.0 h = 6.0

−

−



M · ÿ(t) + C · ẏ(t) +K · y(t) = F (t, y(t)) ,

y(t0) = y0 ,

ẏ(t0) = dy0 .

tn+1

ẏn+1 = ẏn + h · [(1− γ)ÿn + γÿn+1
]
,

yn+1 = yn + hẏn + h2 ·
[(

1

2
− β

)
ÿn + βÿn+1

]
.

tn+1

ÿn+1

ÿn+1

yn+1

ẏn+1 =
γ

βh
(yn+1 − yn)− γ − β

β
ẏn − γ − 2β

2β
hÿn ,

ÿn+1 =
1

βh2
(yn+1 − yn)− 1

βh
ẏn − 1− 2β

2β
ÿn .



yn+1

ki
:= ẏn+1 := ÿn+1

y

tn
tn+1

ÿ(t) + ·y(t) = 0 ,

y(0) = 0 ,

ẏ(0) = 1 ,

M = 1 K = 1 F = 0 te = 1
y(t) = sin(t)

te = 1
p = 2

N h = 2/N e(h, t = 1)

e(h, t)
t = 1 N h

p = 2

β γ

C = 0



−

−
−

−

−

−

− − − −

− − − −

α



y(t) = sin(t)

u(t)
v(t)

u̇ = u(v − 2) ,

v̇ = v(1− u) .

f

h = 0.12
y0 = (2, 2)T y0 = (4, 8)T



f

−
−

−

y0 = (2, 2)T y0 = (4, 2)T y0 = (6, 2)T

F
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explicit Euler
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implicit Euler
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u

v

symplectic Euler

h = 0.12 y0 = (2, 2)T

y0 = (4, 8)T y0 = (2, 2)T y0 =
(4, 2)T y0 = (6, 2)T

u, v

E =
u−u+2 v− v

E = H(p, q) = p2/2− q .

E

E



−

F

−

biaij + bjaji = bibj ∀i, j = 1, . . . , s



− −

− −
− −
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1
,

1 1

1
,

0
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1
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1
2

1
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,

0
1
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1
2

1
2 0 1

2

1 0 0 1
1
6

1
3

1
3

1
6
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☼ � �

�

☼
y(t)

ẏ =
√

t2 + y2, y(0) = 0 ,

y(t = 2) =

�

ẋ(t) = −20x− 19y , x(0) = 2
ẏ(t) = −19x− 20y , y(0) = 0

.

x(t) = (−39t) + (−t)
y(t) = (−39t)− (−t) .

(−39t) t
0

x(t) = −y(t) = (−t) ,

h

xn

yn h n



h

h

2× 2

n
h

t

�

ṗ =
(
1− p

10

)
· p

p(0) = 1.

p(t) =
10

1 + 9e−t
.

p(t)

ẏ = f(y), y(0) = y0.

hn te



f(y)
y0 hn te

y

te = 5
hn = 1, 12 ,

1
4 ,

1
8

E =

√
hn
5

∑
k

(pk − pk,exact)
2,

pk pexact,k
t = hn · k

hn

hn

Ẽ =

√
hn
5

∑
k

(pk − pk,best)
2,

pk hn pbest,k
t = hn · k

Ẽ



hn

hn

hn



☼

ṗ = 7
(
1− p

10

)
· p

p(0) = 20.

p(t) =
200

20− 10e−7t
.

p(t)

te = 5 hn = 1, 12 ,
1
4 , . . . ,

1
32

t ∈ [0, 5] p ∈ [0, 20]

hn te

ẏ = f(y), y(0) = y0

f
y y0 hn

te
y 10−4

hn = 1
2 ,

1
4 ,

1
8 ,

1
16 ,

1
32



E =

√
hn
5

∑
k

(pk − pk,exact)
2

hn = 1
2 ,

1
4 ,

1
8 ,

1
16 ,

1
32 pk p(hn ·

k) pexact,k p t = hn · k

hn

hn



hn
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1
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1
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1
16

1
32

hn
1
2

1
4

1
8

1
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1
32

hn
1
2

1
4

1
8

1
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1
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1
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hn = 1
2

hn = 1
4

hn = 1
8

hn = 1
16

hn = 1
32



☼
t ∈ R

ÿ(t) + 2cdẏ(t) + d2y(t) = f(t) , x ∈ C2(R,R) ,
f(t) = e−0.1t (10t) c = 0.64 d = 15.56

y(0) = 3 10−2 10−4

t ∈ [0, 10] y ẏ

y(0) = 3 10−2 10−4

t ∈ [0, 10] y ẏ

E(ẏ, y, t) = 1
2 (ẏ(t))

2 + 1
2d

2 (y(t))2 .

heat
in-flow

heat
out-flow

zero Dirichlet boundary

zero Dirichlet boundary

0 1 2 3

0

1

0

1

change of the heat in-flow over time
(time dependent Dirichlet boundary)

time

�

Δt
(x, y) ∈ [0, 3] × [0, 1] u(0, x, y) = 0

u(t, x, y) = 0 (x, y) ∈ [0, 3] × {0}

f



(x, y) ∈ [0, 3]×{1} (x, y) ∈ {3}× [0, 1]

u(t, x, y) = f(t) = 2
π (t) (x, y) ∈ {0} × [0, 1]

hx = hy = 0.25

Δt = 0.1
Δt

Δt = 0.03 Δt = 0.001
t ∈ {0, 0.5, 1, 5} x y



(X,T, St)
X t ∈ T T = R+

0 T = R

T = N0 T = Z

St t0 = 0
t



(X,R+
0 , St)

(X, )

(X,T, St) T =
R+
0 T = R X St : X → X

t ∈ R+
0

St : X → X St(x)
t ∈ T x ∈ X

({St}t∈T, ◦) S0 = idX St+s = St ◦ Ss

t, s ∈ T ◦
X

x∗ ∈ X Stx
∗ = x∗ t ∈ T

STx = x T > 0 {Stx ∈ X : t ∈ [0;T ]}
x ∈ X T > 0

St t ∈ T

T = R S−t :=( St)
−1 t ≥ 0



0

Rd

R

x0

t t+s-t

S-t x0

St x0 Ss (St x0) = St+s x0

γ(x0)

S-t

St

Ss

St+s

St Rd

({St}t∈T, ◦) S0 = idX St+s = St ◦Ss t, s ∈ T

St X

f ∈ Ck(Rd,Rd) 1 ≤ k ≤ ∞

ẋ = f(x) x(0) = x0

x(t) x0 ∈ Rd t ∈ R

x(t)
St

Stx0 := x(t) .

({St}t∈R, ◦)

ẋ = x2

x(t) =
1

x−10 − t

tmax := x−10 X =
R−0

t0 = 0



ẋ = f(t, x)

ẋ = f(t, x) ṫ = 1
ẏ = F (y) y = (t, x)T

F (y) := F (t, x) = (1, f(t, x))T

t→∞

u = u(t, x) x ∈ (0, π)⎧⎨⎩
ut = αuxx

u(0, x) = u0(x)
u(t, 0) = u(t, π) = 0 , t ≥ 0

,

X = L2(0, π)
u0 ∈ L2(0, π) Stu0 := u(t, ·)
X u0 :=

∑∞
k=1 ak (kx) u(x, t) =∑∞

k=1 ak (−k2αt) (kx)

x ∈ Rd St t ∈ R

γ(x)

γ(x) := {Stx : t ∈ R} .

x
O+ = ∪t≥0Stx ⊂ Rd

t ∈ R

ẋ = f(x)

ẋ =
f(x)

1 + ‖f(x)‖2 =: g(x) ,

g ∈ Ck(Rd,Rd) f ∈ Ck(Rd,Rd) g f

‖g(x)‖ ≤ 1
2

t ∈ R

α ω



ω-limit ω(x)

α-limit α(x)

R+ R+0 0s t

x

Ss x

St x
v1

v2

t1t2

St1 v1

St2 v2

ω α

α ω (Rd,R, St)
B ⊂ Rd ω ω(B) α

α(B)

w ∈ ω(B) ⇐⇒ ∃ tn n→∞−→ ∞, xn ∈ B : Stnxn
n→∞−→ w

v ∈ α(B) ⇐⇒ ∃ tn n→∞−→ −∞, xn ∈ B : Stnxn
n→∞−→ v .

ω ω(x) := ω({x}) α α(x) := α({x})
x ∈ Rd

w ∈ ω(x) ⇐⇒ ∃ tn n→∞−→ ∞ : Stnx
n→∞−→ w

v ∈ α(x) ⇐⇒ ∃ tn n→∞−→ −∞ : Stnx
n→∞−→ v .

α ω

α ω

(Rd,R, St) B ⊂
Rd

B StB ⊂ B t ≥ 0

B StB ⊃ B t ≥ 0

B StB = B t ≥ 0

B B int(B)



dist(A,B) A,B ⊂ Rd

(A,B) :=
x∈A

(x,B) :=
x∈A y ∈B

‖x− y‖ .

(Rd,R, St)
A,B ⊂ Rd A A B
dist(Stp,A)→ 0 t→∞ p ∈ B

(Rd,R, St) I

x ∈ Rd

Stx := xe−t , Stx := xt , Stx := x(t+ 1) , Stx := x .

ẋ = x2 x ∈ R

ẋ = (x)
x ∈ R

dist(A,B) = 0 A ⊂ B
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Time

V

U

x

x0

γ(x0)

I V I
U I StU ⊂ V t ≥ 0

I I
W I I W

I
I I

I
I

C1



V ∈ C(Rd,R)
x0 ∈ Rd

ẋ = f(x)

V ′(x) := 〈∇V (x), f(x)〉 < 0 x ∈ K \ {x0}
V (x) > V (x0) x ∈ K \ {x0}
K ⊂ Rd x0 V ′

V ẋ = f(x) V

Rd
K := {x ∈ Rd : ‖x‖ < K}

K > 0

x(t;x0, t0) ẋ = f(x, t)
t0 ∈ I x0 = xt0 f : Rd

K × I → Rd

fxi = ∂
∂xi

f i = 1, 2, . . . , d

‖x(t;x0, t0)‖ ≤ b‖x0‖ (−a(t− t0) , t ≥ t0 ‖x0‖ < H

H ≤ b−1K a, b > 0
V (x, t) : Rd

H×I → R

c1‖x‖2 ≤ V (x, t) ≤ c2‖x‖
Vt(x, t) + V ′(x, t) ≤ −c3‖x‖
‖(Vx1(x, t), . . . , Vxd

(x, t))‖ ≤ c4‖x‖
x ∈ Rd

H t ∈ I c1, c2, c3 c4 Vt =
∂
∂tiV

K = H =∞



Lyapunov-function
V(x)

V(x) = c

V(x)

x0

γ(x0)

x

x1 x2

V : R2 → R

V
N x0

ε0 Nε0 := {x :
(x, x0) < ε0} Nε0 ⊂ N ε ≤ ε0 μ := {V (x) :
(x, x0) = ε} V V (x) = 0

x = x0 δ > 0 δ ≤ ε V (x) < μ
x ∈ Nδ := {x : (x, x0) < δ}

x ∈ Nδ Stx ∈ Nε

t0 ≥ 0
(St0x, x0) = ε (Stx, x0) < ε t ∈ [0, t0) V (Stx)

t ∈ [0, t0) V (x) < μ V (St0x) < μ
μ := {V (x) : (x, x0) = ε} (St0x, x0) = ε

ẋ = Ax V (x) := xTPx
P

V̇ (x) = ẋTPx+ xTPẋ = xT
(
ATP + PA

)
x .

Q

ATP + PA =: −Q ,

Q ẋ = Ax

(P,Q)



P
Q Q

A
P

Q

A
Q P

Q = I P

A ∈ Rd×d

Q P

P Q

P =

∫ ∞

0
(AT t)Q (At) t .

P P

ATP+PA =: −Q

P (
ẋ
ẏ

)
=

(
0 1
−6 −5

)(
x
y

)
Q = I

P =

(
67/60 1/12
1/12 7/60

)
.



x0

V ∈ C1(Rd,R)
V ′(x) = 0 V

V

C
V : C → R C1 V ′(x) ≤ 0 x ∈ C

ω(x) ⊂ {y ∈ U : V ′(y) = 0} x ∈ C

x ∈ C z ∈ ω(x)
V ′(z) < 0 τ > 0 V (Sτ ) < V (z) z ∈ ω(x)

{tn} tn → ∞ n → ∞ Stnx → z
tn+1 − tn > τ n ∈ N

V (Stnx) ≤ V (Sτ+tnx) V ′(y) ≤ 0 y ∈ C
Sτ+tnx → Sτz V (Sτ+tnx) → V (Sτz) V (z) ≤ V (Sτz)

V
N x0 V

V x0
x0

ẋ = Ax



M := {x ∈ N \ x0 : V ′(x) = 0} x0
K ⊂ N K

K ⊂ A
V

M = {}
x0 ε > 0 Nε :=

{x : (x, x0) < ε0} Nε Nε ⊂ N μ :=

x : (x,x0)=ε V (x) V V (x) = 0

x = x0 μ > 0 K̃ := {x ∈ Nε : V (x) ≤
μ} ⊂ N x0

ω(x) ⊂ {x ∈ N : V ′(x) = 0} =
I
·∪ M x ∈ K

z ∈ ω(x)∩M γ+(z) ∈ ω(x)∩M x0

γ+ ⊂ ω(x) ⊂ I
·∪M Stz = x0 t ≥ 0 z = x0

Rd z ∈ M
ω(x) = x0

ω(x) = x0 Stx→ x0 x0
ε > 0

tn →∞ (Stnx, x0) ≥ 2ε x0 ε
δ > 0 (y, x0) < δ (Sty, x0) ≤ ε t ≥ 0
ω(x) = x0 T0 ST0x ∈ Nδ := {x : (x, x0) < δ}

ST0+tx ∈ Nε t ≥ 0

K

x

V :
N → R N α > 0

K ⊂ N K �= N V (x) ≥ α x ∈ N \K

V (x, y) = y2 +
x2

1 + x2

R2 α = 2
K ⊂ BR(0) R > 0 V (x) ≥ 2

x �= K (R+1, 0) V (R+1, 0) ≤ 1



V : N → R

N
x0 N ⊂ A(x0)

V
N α > 0 Kα := {x ∈ N : V (x) ≤ α}

V
Kα ∈ A(x0) N = ∪n∈NKn N ⊂ A(x0)

x∗ ∈ Rd d ∈ N

x∗



ẋ = f(x) f ∈ C2(Rd,Rd) U
x∗ T : U ⊂ Rd → Rd T (x) := x̃ := x − x∗

f
f̃ x̃

f̃
x̃∗ = 0

ẋ = f(x) � ˙̃x = Ax̃ ,

A f̃(0) f̃
x̃

ẋ = Ax x(0) = x0

x(t) = eAtx0
A ∈ Rd×d

x∗ = 0

x∗ = 0

ẋ = Ax
A ∈ Rd×d

(λ) > 0 λ A (λ) = 0
λ A

λ A (λ) ≤ 0
(λ) = 0

(λ) < 0 λ A



λ A
(λ) > 0

(λ) < 0 (λ) = 0

x∗

ẋ = f(x) f ∈ C1(Rd,Rd) x∗

(λ) �= 0 λ f(x∗) x∗

ẋ =
f(x) Rd f ∈ C2(Rd,Rd) x∗ ∈ Rd

Φ(t;x) Ψ(t;x)
ẋ = f(x∗)(x− x∗) x∗

U ⊂ Rd x∗ ∈ U h : U → h(U) ⊂ Rn

Ψ(t;h(x)) = h(Φ(t;x)) x ∈ U



0  0
0  0A =a  0

0  0A = -a  0
 0  0A =

a  0
0  aA = a   0

0  -bA = -a   0
 0  -aA =

a 1
0 aA =

0  1
0  0A =

a1+ib1   0
    0    a2+ib2

A = -a1+ib1    0
     0    -a2+ib2

A =

unstable

(Lyapunov) stable

asymptotically (Lyapunov) stable

Real constants:
a, a1, a2, b, b1, b2 > 0

direction of the flow

ib   0
 0  ibA =

-a  1
 0 -aA =

a 0
0 bA = -a  0
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σ(A) d × d A
A

f(z) = a0z
n + b0z

n−1 + a1z
n−2 + b1z

n−3 + . . . , (a0 �= 0) ,

ẋ = y , ẏ = − (x)− 0.1y .



a0, b0, . . . n

H :=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b0 b1 b2 . . . bn−1
a0 a1 a2 . . . an−1
0 b0 b1 . . . bn−2
0 a0 a1 . . . an−2
0 0 b0 . . . bn−3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

{
ak = 0 k >

[
n
2

]
bk = 0 k >

[
n−1
2

] .

b0 �= 0 c0 := a1 − a0b1b
−1
0 �= 0 d0 := b1 − b0c1c

−1
0 �= 0

a0b
−1
0

c0, c1, . . . ck = 0 k >
[
n
2

] − 1

b0c
−1
0

H �

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b0 b1 b2 . . . bn−1
0 c0 c1 . . . cn−2
0 b0 b1 . . . bn−2
0 0 c0 . . . cn−3
0 0 b0 . . . bn−3

⎞⎟⎟⎟⎟⎟⎟⎟⎠
�

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b0 b1 b2 . . . bn−1
0 c0 c1 . . . cn−2
0 0 d0 . . . dn−3
0 0 c0 . . . cn−3
0 0 d0 . . . dn−4

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

n

R :=

⎛⎜⎜⎜⎝
b0 b1 b2 . . .
0 c0 c1 . . .
0 0 d0 . . .

⎞⎟⎟⎟⎠ ,

n × n A
B 1 ≤ k ≤ n

k k

A

[
1 2 . . . k
i1 i2 . . . ik

]
= B

[
1 2 . . . k
i1 i2 . . . ik

]
,

1 ≤ ik ≤ n k = 1, 2, . . . , n



k k k = 1, 2, . . . , n

H

[
1 2 . . . k
i1 i2 . . . ik

]
= R

[
1 2 . . . k
i1 i2 . . . ik

]
,

1 ≤ ik ≤ n k = 1, 2, . . . , n

R H
f(z)

H

[
1
1

]
= b0 , H

[
1 2
1 2

]
= b0c0 , H

[
1 2 3
1 2 3

]
= b0c0d0 ,

H

[
1
2

]
= b1 , H

[
1 2
1 3

]
= b0c1 , H

[
1 2 3
1 2 4

]
= b0c0d1 ,

H

[
1
3

]
= b2 , H

[
1 2
1 4

]
= b0c2 , H

[
1 2 3
1 2 5

]
= b0c0d2 ,

.

H

Δ1 = H

[
1
1

]
= b0 ,

Δ2 = H

[
1 2
1 2

]
=

(
b0 b1
a0 a1

)
= a1b0 − a0b1 = b0c0 ,

Δn = H

[
1 2 . . . n
1 2 . . . n

]
=

⎛⎜⎜⎜⎜⎜⎝
b0 b1 b2 . . . bn−1
a0 a1 a2 . . . an−1
0 b0 b1 . . . bn−2
0 a0 a1 . . . an−2

⎞⎟⎟⎟⎟⎟⎠ .

b0, c0, d0, . . .

Δ1 = b0 �= 0 , Δ2 = b0c0 �= 0 , Δ3 = b0c0d0 �= 0 , . . . Δn �= 0 .

b0 = Δ1 , c0 =
Δ2

Δ1
, d0 =

Δ3

Δ2
, . . . .



k
f(z) = a0z

n + . . .

k = V

(
a0,Δ1,

Δ2

Δ1
,
Δ3

Δ2
, . . . ,

Δn

Δn−1

)

k = V (a0,Δ1,Δ3, . . . ) + V (1,Δ2,Δ4, . . . ) ,

V (x1, . . . , xn)
x1, . . . , xn

f(z) (z) <
0 k = 0

f(z) = a0z
n + . . . a0 �= 0

a0Δ1 > 0, Δ2 > 0, a0Δ3 > 0, Δ4 > 0, . . .

{
a0Δn > 0 n

Δn > 0 n

a0 > 0 Δi > 0 i = 1, 2, . . . , n

f(z)

f(z) = αnz
n + αn−1zn−1 + αn−2zn−2 + . . . + α0 , αn > 0 ,

Δ1 = αn−1 > 0 , Δ2 =

(
αn−1 αn−3
αn αn−2

)
> 0 ,

Δ3 =

⎛⎝ αn−1 αn−3 αn−5
αn an−2 αn−4
0 αn−1 αn−3

⎞⎠ > 0 ,



Δn =

⎛⎜⎜⎜⎝
αn−1 αn−3 αn−5 . . .
αn an−2 αn−4 . . .
0 αn−1 αn−3 . . .

⎞⎟⎟⎟⎠ > 0 .

Δi > 0 i = 1, 2, . . . , n
f(z) αn

z+ γ2 z2 + γ1z+ γ0 β0, β1, β2 > 0 f(z)
αi > 0 i = 1, 2, . . . , n

Δi > 0 i = 1, 2, . . . , n
αi > 0 i = 1, 2, . . . , n

f(z)
ai > 0 i = 1, 2, . . . , n

Δi > 0 i = 1, 2, . . . , n n = 4
Δ3 > 0

n = 5 Δ2 > 0 Δ4 > 0 n = 6
Δ3 > 0 Δ5 > 0

f(z) = αnz
n+αn−1zn−1+αn−2zn−2+

· · ·+α0 αn > 0

α0, α2, α4, · · · > 0 Δ1,Δ3, · · · > 0

α0, α2, α4, · · · > 0 Δ2,Δ4, · · · > 0

α0, α1, α3, · · · > 0 Δ1,Δ3, · · · > 0

α0, α1, α3, · · · > 0 Δ2,Δ4, · · · > 0

α0, α2, α4, . . . α0, α1, α3, . . .
Δi > 0 i = 1, 2, . . . , n



Kd×d

d × d K = R

K = C A ∈ Kd×d Kd

∧ Kd

1 ≤ k ≤ d k A[k] A
k ∧kKd k

∧kKd k

A[k](u1 ∧ · · · ∧ uk) =

k∑
i=1

u1 ∧ · · · ∧Aui ∧ . . . uk ,

u1 ∧ · · · ∧ uk A[k]

∧kKd

A[k] A = (aij)

i = 1, . . . ,
(d
k

)
(i) = (i1, . . . , ik) i
k 1 ≤ i1 < · · · < ik ≤ d

i j Z = (zij) = A[k]

zij =

⎧⎪⎪⎨⎪⎪⎩
ai1,i1 + · · ·+ aik,ik , (i) = (j) ,
(−1)r+sajr,is , is (i)

(j) jr (i) ,
0 , (i) (j) .

A[1] = A A[d] = (A)

A
[2]
d d × d A = (aij)

d = 2, 3, 4

A[k]

σ(A) = {λi : i = 1, . . . , d} A[k] σ(A[k]) =
{λi1 + · · ·+ λik : 1 ≤ i1 < · · · < ik ≤ d}

‖ · ‖ Kd

Kd×d

μ Kd×d ‖ · ‖

μ(A) =
h→0+

‖I + hA‖ − 1

h
,



A
[2]
2 = a11 + a22 = (A)

A
[2]
3 =

⎛⎝ a11 + a22 a23 −a13
a32 a11 + a33 a12
−a31 a21 a22 + a33

⎞⎠

A
[2]
4 =

⎛⎜⎜⎜⎜⎜⎜⎝

a11 + a22 a23 a24 −a13 −a14 0
a32 a11 + a33 a34 a12 0 −a14
a42 a43 a11 + a44 0 a12 a13
−a31 a21 0 a22 + a33 a34 −a24
−a41 0 a21 a43 a22 + a44 a23
0 −a41 a31 −a42 a32 a33 + a44

⎞⎟⎟⎟⎟⎟⎟⎠

A
[2]
d d× d A = (aij)

d = 2, 3, 4

A ∈ Kd×d

μ(A) s(A)

A ∈
Kd×d | · | Kd×d μ s(A) ≤ μ(A) ≤
|A|

A = (aij)

‖x‖∞ = i{|xi| : i = 1, . . . d} ‖x‖1 =
∑d

i=1 |xi| ‖x‖2 =(∑d
i=1(xi)

2
)1/2

Kd

μ∞(A) =
i=1,...,d

⎧⎨⎩ (aii) +

d∑
k=1, k �=i

|aik|
⎫⎬⎭ ,

μ1(A) =
k=1,...,d

⎧⎨⎩ (akk) +

d∑
i=1, i �=k

|aik|
⎫⎬⎭ ,

μ2(A) = s
(
1
2 (A+A∗)

)
,



A∗ A A
μ2(A) = s(A) A μ∞(A) < 0

μ1(A) < 0 aii < 0 i = 1, . . . , d
P ∈ Kd×d ‖ · ‖P ‖x‖P := ‖Px‖

μP

P ∈ Kd×d μP (A) = μ(PMP−1)
μ

A ∈ Kd×d

s(A) =
{
μ(A) : μ Kd×d

}
.

K = C

μ∞ μ1

A
A

Cd×d μ(·)
|μ(A)− μ(B)| ≤ ‖A−B‖

A ∈ Rd×d s(A) = {μC(A)} μC

‖ · ‖C Cd

Rd ‖ · ‖C ‖ · ‖R Rd μR

μC(A) ≥ μR(A) A ∈ Rd×d

‖A‖C ≥ ‖A‖R
K = R

K = C

s(A) =
{
μ∞

{
PMP−1

)
: P ∈ (d,C)

}
,

(d,C)
μ∞ μ1 K = R

A ∈ Kd×d s(A) < 0 ⇔ μ(A) < 0
μ Kd×d

A ∈ Rd×d



s(A) < 0 s(A[2]) < 0
(−1)d (A) > 0

A[2]

s(A[2]) < 0 A

(−1)d (A) > 0

(−1)d (A) > 0
A μ(A[2]) < 0 μ

RN×N N =
(
d
2

)
3× 3

A(t) =

⎛⎝ −1 −t2 −1
t −t− 1 t
t2 1 −t2 − 1

⎞⎠
t > 0

A[2](t) =

⎛⎝ −2− t −t 1
1 −2− t2 −t2
−t2 t −2− t− t2

⎞⎠ .

A[2](t) μ
‖x‖∞ = {|x1|, |x2|, |x3|}

μ(A[2](t)) = −1 < 0 (A(t)) = −2t5 − 3t3 − 2t2 − t − 1 < 0
t > 0 A(t)



☼ � �

�

☼
B B int(B)

☼

ẋ = −x− xy2 , ẏ = −y − x2y ,

ẋ = −xy − x , ẏ = y3 − xy3 + xy − y ,

V (x, y) = −x − (1 − x) − y − (1 − y)
(x, y) = (0, 0)



☼ �

S
N

dS

dt
=

1

10
S − 1

20
S ×N

dN

dt
=

1

100
N − 1

100
N2 − 1

100
S ×N

N = 2 N + S = 1
dS/dt dN/dt

S(t) N(t)

S(t) N(t)



N

S

2

1

10

I

II

III

S > 0
N > 0

S > 0
N < 0

S < 0
N < 0

S(t) → ∞ S(t) N(t)
S(t0) N(t0) N(t)

≤ 2 t→∞
N(t) → 0 t0 dN/dt ≤

−N t ≥ t0 N(t)→ 0 t→∞

☼

p(x) = 3x+ 5

p(x) = −2x2 − 5x− 100

p(x) = 523x2 − 57x+ 189

p(x) = (x2 + x− 1)(x2 + x+ 1)

p(x) = x3 + 5x2 + 10x− 3

☼
4



ẍ(t) + 2cdẋ(t) + d2x(t) = 0 , x ∈ C2(R,R) ,

c = 0.64 d = 15.56

c d
(c, d) ∈ R2 c d

c d

☼

ẋ =

(
c+

y

1 + y

)
x− x2 , ẏ = β

(
1− d

x

1 + y

)
y ,

c ∈ R β, d > 0 x
y

☼

ẋ = y , ẏ = − (x) .

☼



ẋ = Ax , A =

(
a b
c d

)
.

a, b, c, d
[−1, 1]







(kf) (kf) k =
0, 1, 2, . . . , 15 f



�

t ∈ [0, 2π]

y1(t) = (t)

y3(t) = (t) +
1

3
(3t)

y5(t) = (t) +
1

3
(3t) +

1

5
(5t)

y7(t) = (t) +
1

3
(3t) +

1

5
(5t) +

1

7
(7t)

y31(t) = (t) +
1

3
(3t) +

1

5
(5t) +

1

7
(7t) + . . .+

1

31
(31t)



y131(t) = (t) +
1

3
(3t) +

1

5
(5t) +

1

7
(7t) + . . .+

1

131
(131t)

y1 y7 y131
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z z∗

x− iy z = x+ iy



Rd d ∈ N L1(Rd)
a, b ∈ Rd < a, b >

f ∈ L1(Rd)

f f̂ : Rd → C

f̂(x) :=
1

(2π)d/2

∫
Rd

f(t)e−i<x,t>dt, x ∈ Rd

f̂ f
d = 1

f̂(x) =
1√
2π

∫
R

f(t)e−ixtdt, x ∈ R .

√
2π
−1

f(t) = e−at2 , a > 0

f̂(x) =
1√
2π

∫ ∞

−∞
e−at

2
e−ixtdt =

1√
2π

e−x
2/4a

∫ ∞

−∞
e−a(t+ix/2a)2dt .

∫ ∞

−∞
e−a(t+ix/2a)2dt =

∫ ∞

−∞
e−at

2
dt =

√
π

a
,



f̂(x) =
1√
2a

e−x
2/4a .

a = 1/2

f̂ = f
d > 1 f(t) = e−‖t‖2/2

f̂ f

f ∈ L1(Rd) f̂
L1(Rd)

f(t) =
1

(2π)d/2

∫
Rd

f̂(x)ei<x,t>dx

1/
√
2π

̂̂
f (t) = f(−t) ,

f(t) =
1√
2π

∫ ∞

−∞
f̂(x)eixtdx, t ∈ R .



N
(f0, . . . , fN−1)

(F0, . . . , FN−1)

Fk =
1

N

N−1∑
n=0

fne
−i2πnk/N .

N gk(x) := eikx kx ∈ [0, 2π] k = 0, . . . , N −
1

N xn := 2πn/N n = 0, . . . , N − 1

fn n = 0, . . . , N − 1 N

N Fk xn

fn =
N−1∑
k=0

Fkgk(xn) ⇔ fn =
N−1∑
k=0

Fke
i2πnk/N

fn f(x) f(x) =
N−1∑
k=0

Fkgk(x) gk

eikx = (kx) + i (kx) .

Fk

k

Fk



space
domain

frequency
domain

Problem

Solutionsolution

problem

DFT

fn =
N−1∑
k=0

Fkω
nk
N , n = 0, . . . , N − 1 ,

ωN := ei2π/N ωnk
N = ei2πnk/N fn Fk

:= (f0, . . . , fN−1) := (F0, . . . , FN−1)

= ,

Wnk := ωnk
N

N Fk

O(N3)

=

⎛⎜⎜⎜⎜⎜⎜⎝
ω0
N ω0

N ω0
N . . . ω0

N

ω0
N ω1

N ω2
N . . . ω

(N−1)
N

ω0
N ω2

N ω4
N . . . ω

2(N−1)
N

ω0
N ω

(N−1)
N ω

2(N−1)
N . . . ω

(N−1)(N−1)
N

⎞⎟⎟⎟⎟⎟⎟⎠
= T(
T
)∗

= H = N



H

[
H
]
kl
=

N−1∑
j=0

ωkj
N

(
ωlj
N

)∗
=

N−1∑
j=0

ω
(k−l)j
N =

{
N k = l
0 k �= l.

−1 =
1

N
H ,

−1 =
1

N

⎛⎜⎜⎜⎜⎜⎜⎝
ω0
N ω0

N ω0
N . . . ω0

N

ω0
N ω−1N ω−2N . . . ω

−(N−1)
N

ω0
N ω−2N ω−4N . . . ω

−2(N−1)
N

ω0
N ω

−(N−1)
N ω

−2(N−1)
N . . . ω

−(N−1)(N−1)
N

⎞⎟⎟⎟⎟⎟⎟⎠

=
1

N
H Fk =

1

N

N−1∑
n=0

fnω
−nk
N .

O(N2)

Fk

fn

(F0, . . . , FN−1)
(f0, . . . , fN−1)

fn =

N−1∑
k=0

Fke
i2πnk/N .

Fk =
1

N

N−1∑
n=0

fne
−i2πnk/N , fn =

N−1∑
k=0

Fke
i2πnk/N .



f̂(x) = 1√
2π

∫
R
f(t)e−ixtdt f(t) = 1√

2π

∫∞
−∞ f̂(x)eixtdx

Fk = 1
N

N−1∑
n=0

fne
−i2πnk/N fn =

N−1∑
k=0

Fke
i2πnk/N

= ( ( )) = ( ( )) .

:= (f0, . . . , fN−1) := (F0, . . . , FN−1)

=
1

N
H , = .

fn Fk

ωnk
N = ω

n(k+N)
N = ω

(n+N)k
N

fn+N = fn, Fk+N = Fk ∀k, n ∈ Z .

1
N

1√
N

j



−
−

−

−
−

−

Fk+1 =
1

N

N−1∑
n=0

fn+1e
−i2πnk/N k = 0, . . . , N − 1

fn+1 =

N−1∑
k=0

Fk+1e
i2πnk/N n = 0, . . . , N − 1



ωN

ωn
N

Fk+1 =
N−1∑
n=0

fn+1e
−i2πnk/N k = 0, . . . , N − 1

fn+1 =
1

N

N−1∑
k=0

Fk+1e
i2πnk/N n = 0, . . . , N − 1

1/N

N = N1 = N2

F̃kl =
1

N2︸︷︷︸
=:A

N−1∑
n=0

N−1∑
m=0

fnme−i2πnk/Ne−i2πmk/N

1

N

N−1∑
n=0

(
1

N

N−1∑
m=0

fnme−i2πmk/N

)
︸ ︷︷ ︸

:= F̂nl

e−i2πnk/N ,

−
−



n F̂nl

N
d > 2 A = N1N2, N1 �= N2

N

ωN = ei2π/N

n−1∑
k=0

ωN
kl =

{
n, l = 0
0, l = 1, . . . , n− 1

n−1∑
k=0

ωkl
N ωN

kj =

{
n, l = j
0, l �= j

.



O(N (N))

(f) =
1

N
(f)

:=
:= N = 2p

n = 0, 1, . . . , N2 −1

xn =

N−1∑
k=0

Xkω
nk
N =

N
2
−1∑

k=0

(
X2kω

2nk
N +X2k+1ω

(2k+1)n
N

)
.

Yk := X2k Zk := X2k+1 ω2nk
N = ωnk

N/2
N
2

xn =
N−1∑
k=0

Xkω
nk
N =

N
2
−1∑

k=0

Ykω
nk
N/2︸ ︷︷ ︸

:= yn

+ωn
N

N
2
−1∑

k=0

Zkω
nk
N/2︸ ︷︷ ︸

:= zn

.

N
2 , . . . , N−1

xn+N
2

= yn+N
2
+ ω

(n+N
2 )

N zn+N
2

ω
(n+N

2 )
N = −ωn

N yn zn
N
2

xn = yn + ωn
Nzn



zn yn − ω
n
zn

yn yn + ω
n
zn

ω
n

xn+N
2

= yn − ωn
Nzn .

(x0, x1, . . . , . . . , xN−1) = (X0, X1, . . . , . . . , XN−1)
⇓

(y0, y1, . . . , yN
2
−1) = (X0, X2, . . . , XN−2)

(z0, z1, . . . , zN
2
−1) = (X1, X3, . . . , XN−1) ,

N = 2p p

N = 4 p = 2

C(N) N = 2p

C(N) =

{
O(1) N = 1

O(N) + 2C
(
N
2

)
N > 1



yy0

yy1

zz0

zz1 x3

x2

x1

x0y0

y1

z0

z1X3

X1

X2

X0X0

X1

X2

X3

N = 4

C(N) = O(N) + 2C
(
N
2

)
= O(N) + 2O(

N

2
) + 4C

(
N
4

)
N = 2p p = N

2

C(N) = O(N N)



−

−

N = 8 Xk

O(p) = O( N)
O(N N)



X0(000) X0(000) X0(000)

X1(001) X2(010) X4(100)

→
X2(010) X4(100) X2(010)

X3(011) X6(110) X6(110)

→
X4(100) X1(001) X1(001)

X5(101) X3(011) X5(101)

→
X6(110) X5(101) X3(011)

X7(111) X7(111) X7(111)

N = 8
Xk

−

− −



−

−
−

− −

−

N = 3p

N = N1N2

xn =

N−1∑
k=0

Xkω
nk
N = xn1+n2N1 =

N2−1∑
k2=0

⎡⎣⎛⎝N1−1∑
k1=0

Xk1N2+k2ω
n1k1
N1

⎞⎠ωn1k2
N

⎤⎦ωn2k2
N2

n



N
N

N = 4 = 22

f



fn ∈ R

fn = −f−n

fn = f−n

N
n = −N

2 + 1, . . . , 0, . . . , N2

fn ∈ R ∀n f∗n :=
fn = fn

Fk =
1

N

N
2∑

n=−N
2
+1

fne
−i2πnk/N =

1

N

N
2∑

n=−N
2
+1

fn

( (
2πnk

N

)
− i

(
2πnk

N

))
.

{Fk} = 1
N

N
2∑

n=−N
2
+1

fn
(
2πnk
N

)
{Fk} = − 1

N

N
2∑

n=−N
2
+1

fn
(
2πnk
N

)
N

F ∗k =
1

N

∑
f∗n

{
ω−nkN

}∗
=

1

N

∑
fnω

−n(−k)
N = F−k .

N fn N
Fk

{
f−N

2
+1, . . . , f0, . . . , fN

2

}
⇓ ⇑



{
F0, {F1}, {F1}, . . . , {FN

2
−1}, {FN

2
−1}, FN

2

}

F−k = F ∗k 2N

fn =

N∑
k=−N+1

Fke
i2πnk/2N

= F0 +
N−1∑
k=1

(
Fke

i2πnk/2N + F−ke−i2πnk/2N
)
+ FNei2πnN/2N

= F0 +

N−1∑
k=1

(
Fke

i2πnk/2N +
{
Fke

i2πnk/2N
}∗)

+ FNeiπn

= F0 + 2

N−1∑
k=1

{
Fke

i2πnk/2N
}
+ FNeiπn

= F0 + 2

N−1∑
k=1

(
{Fk}

(
πnk

N

)
− {Fk}

(
πnk

N

))
+ FN (πn) .

ak := 2 {Fk} bk := −2 {Fk} a0 := {F0} aN :=
{FN}

fn = a0 +

N−1∑
k=1

(
ak

(
πnk

N

)
+ bk

(
πnk

N

))
+ aN (πn)

Fk

ak =
1

N

N∑
n=−N+1

fn

(
πnk

N

)
, bk =

1

N

N∑
n=−N+1

fn

(
πnk

N

)
.

N



2N N

f

fn = −f−n fn = f−n

:

:

:

: .



N 5×N − 1, 10×N
1×N + 1

2N

f−N+1, . . . , fN ∈ R,

f−n = −fn,
f0 = fN = f−N = 0

k = −N + 1, . . . , N

Fk =
1

2N

N∑
n=−N+1

fnω
−nk
2N

=
1

2N

⎛⎝ f0︸︷︷︸
=0

+

N−1∑
n=1

(
fnω

−nk
2N + f−nωnk

2N

)
+ fN︸︷︷︸

=0

ω−Nk
2N

⎞⎠
=

1

2N

N−1∑
n=1

fn

(
ω−nk2N − ωnk

2N

)
=
−i
N

N−1∑
n=1

fn

(
πnk

N

)
.

Fk

F−k =
−i
N

N−1∑
n=1

fn

(
πn(−k)

N

)
=
−i
N

N−1∑
n=1

fn

(
− πnk

N

)
= −Fk .

k = 1, . . . , N − 1

F0 =
−i
N

N−1∑
n=1

fn (0) = 0, F±N =
−i
N

N−1∑
n=1

fn

(
π ±N(−k)

N

)
= 0 .



0 N

n

0

n

0 N

n

0

n

0

n
0 N

n

0

n

0 N

n



0 N

n

0

n

0 N

n 0

n

0

n

0 N

n

0

n
0 N

n



fn = 2i

N−1∑
k=1

Fk

(
πnk

N

)
, n = 1, . . . N − 1 .

F̂k := iFk

F̂k =
1

N

N−1∑
n=1

fn

(
πnk

N

)
, k = 1, . . . , N − 1 ,

fn = 2

N−1∑
k=1

F̂k

(
πnk

N

)
n = 1, . . . N − 1 .

f 2N x

x−n = −xn n = 1, . . . N − 1

x0 = xN = 0

Xk x

X̂k = − {Xk} k = 1, . . . , N − 1



0 N

n

8×8

f 2N

fn = f2N−n−1, n = 0, . . . , N ,

fN = fN−1 ,
f0 = f−1 = f2N = F2N−1 .

Fk =
1

2N

2N−1∑
n=0

fnω
−nk
2N =

1

2N

N−1∑
n=0

fnω
−nk
2N +

1

2N

2N−1∑
n=N

fnω
−nk
2N

n�2N−n−1
=

1

2N

N−1∑
n=0

fnω
−nk
2N +

1

2N

0∑
n=N−1

f2N−n−1ω
−(2N−n−1)k
2N

=
1

2N

N−1∑
n=0

fnω
−nk
2N +

1

2N

N−1∑
n=0

fnω
k
2Nωnk

2N ω−2Nk
2N︸ ︷︷ ︸

=e0=1

=
1

2N

N−1∑
n=0

fn

(
ω−nk2N + ωk

2Nωnk
2N

)

=
1

2N
ω
k/2
2N

N−1∑
n=0

fn

⎛⎝ω
−k/2
2N ω−nk2N︸ ︷︷ ︸

=:z

+ω
k/2
2N ωnk

2N︸ ︷︷ ︸
=:z̄

⎞⎠



z + z̄ = 2 {z}

Fk = ω
k/2
2N

1

N

N−1∑
n=0

fn

(
π

N
(n+

1

2
)k

)
︸ ︷︷ ︸

=:F̃k

, k = 0, . . . , 2N − 1

F̃k Fk = ω
k/2
2N F̃k

1/2

F̃−k = F̃k, k = 0, . . . , N − 1 ,

F̃N =
1

N

N−1∑
n=0

fn

(
πN

N
(n+

1

2
)k

)
= 0 .

F̃k N k = 0, 1, . . . , N − 1

fn = F̃0 + 2 ·
N−1∑
k=1

F̃k

(
π

N
n(k +

1

2
)

)
, n = 1, . . . N − 1 .

F̃K =
1

N

N−1∑
n=0

fn

(
π

N
(n+

1

2
)k

)
k = 0, . . . , N − 1 ,

fn = F̃0 + 2 ·
N−1∑
k=1

F̃k

(
π

N
n(k +

1

2
)

)
, n = 1, . . . , N − 1 .



(V, 〈·, ·〉) A : V → V
V = n < ∞ {v1, . . . , vn}

A {λ1, . . . , λn}

V
d

dt
w = Aw , w(0) = g ∈ V .

ai := 〈g, vi〉 g =
∑n

i=1 aivi

w(t) =

n∑
i=1

aie
λi·tvi

d2

dt2
w = Aw , w(0) = g,

d

dt
w(0) = h ∈ V.

F̂k

F̃k



d
dt w(0) = h

⎧⎨⎩
utt − uxx = 0 [0, 2π]× (0,∞),
u = g, ut = h [0, 2π]× {0},

Dα
xu(t, 0) = Dα

xu(t, 2π) t ∈ [0,∞), |α| ≤ 2.

V := {v ∈ C2([0, 2π],C) |Dαv(0) =
Dαv(2π) |α| ≤ 2} 〈f1, f2〉 := 1

2π

∫
f1(x)f2(x) x

V

A :=
d2

dx2
: V ⊂ L2[0, 2π]→ L2[0, 2π].

g, h ∈ V

{eikx}k∈Z A

v ∈ V
v(x) =

∑
k∈Z ck e

ikx

〈·, ·〉

0 < x < 2π g(x) = x2(x − 2π)2 h ≡ 0 g
V

{eikx}k∈Z g h

Ω =
(0, 2π) ⊂ R+⎧⎨⎩

ut − uxx = 0 t > 0 x ∈ Ω,

u(0;x) = x2(x− 2π)2 x ∈ Ω,
∂k
xu(t; 0) = ∂k

xu(t; 2π) t ≥ 0 k = 0, 1, 2.



⎧⎨⎩
ut − uxx = 0 (0,∞)× [0, π],

u = g {0} × [0, π],
ux(0, t) = ux(π, t) = 0 t ≥ 0,

g

V

V
A

vk ∈ V A Avk = λvk

u(t;x) ∈ C1,2t,x (R+ × Ω)

u(t;x) → C t→∞ .

C ∈ R

g(x) = x

0 < a 0 < t 0 < x < l1 0 < y < l2

ut = a2Δu

u(t, 0, y) = u(t, x, 0) = 0 u(t, l1, y) = u(t, x, l2) = 0

u(0, x, y) = f(x, y) 0 < x < l1 0 < y < l2
u(t, x, y) = T (t) · X(x) · Y (y)



Δu(x) = f(x), x ∈ Ω := [0, 1]2 ,

u(x) = 0, x ∈ Γ := ∂Ω ,

un+1 − 2un + un−1 = fn, n = 1, . . . , N − 1 ,

u1, . . . , uN−1 fn fn :=
h2 · f(xn) h

u0 = uN = 0 0 N
f1 fN−1

u f

un = 2

N−1∑
k=1

Uk
πnk

N
, fn = 2

N−1∑
k=1

Fk
πnk

N

Uk Fk

Uk =
Fk

2 πk
N − 2

k = 1, . . . , N − 1 .

Uk Fk



un,m+1+un+1,m−4un,m+un−1,m+un,m−1 = fn,m, n,m = 1, . . . , N−1 ,

fn,m := h2 · f(xn, ym) hx = hy = h

u
f

un,m = 2

N−1∑
k=1

N−1∑
l=1

Uk,l
πnk

N

πml

N
,

fn,m = 2

N−1∑
k=1

N−1∑
l=1

Fk,l
πnk

N

πml

N

Uk,l Fk,l

Uk,l =
Fk,l

2 πk
N + 2 πl

N − 4
k, l = 1, . . . , N − 1 .

Uk,l Fk,l



☼ � �

�

☼
s1 s2 s3

f1 f2 f3
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3D curve of signal s1
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Im
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☼

(f) =
1

N
(f̄) .

☼
α, β ∈ C

(αf + βg) = α (f) + β (g)

(αf + βg) = α (f) + β (g) .



δ



L2(Ω,F ,P)

(Ω,F ,P) 〈X,Y 〉 := E(XY ) = Cov(X,Y )
〈·, ·〉 〈X,X〉 = 0 P(X = 0) = 1

X ∼ Y P(X = Y ) =
1

Π := [−π, π]
{Z(λ), λ ∈ [−π, π]}

〈Z(λ), 1〉 = E(Z(λ)) = 0 λ ∈ [−π, π]
‖Z(λ)‖2 = E(Z(λ)Z(λ)) <∞ λ ∈ [−π, π]
〈Z(λ2)− Z(λ1), Z(μ2)− Z(μ1)〉 = 0 (λ1, λ2] ∩ (μ1, μ2] = {}



{Z(λ), λ ∈ [−π, π]}

‖Z(λ+ δ)− Z(λ)‖2 = E

(
|Z(λ+ δ)− Z(λ)|2

)
→ 0 , δ → 0 .

Z := {Z(λ), λ ∈ [−π, π]}
[−π, π] Z F

F (λ) = 0 λ ≤ −π F (λ) = F (π) λ ≥ π

F (μ)− F (λ) = ‖Z(μ)− Z(λ)‖2 = Var (Z(μ)− Z(λ))

Z := {Z(λ), λ ∈ [−π, π]}
F f ∈ L2(F )∫

Π
f(λ) F (λ) < ∞ ,

I(f) =

∫
Π
f(λ) Z(λ)

f(λ) :=

n∑
i=1

αiI(λi,λi+1](λ) ,

αi ∈ C −π < λ1 < λ2 < · · · < λn ≤ π

I(f) :=
n∑

i=1

αi (Z(λi+1)− Z(λi)) .

〈I(f), I(g)〉L2(Ω,F ,P) = 〈f, g〉L2(F )

L2(F ) f ∈ L2(F )
fn ‖fn−f‖ → 0

‖I(fn)− I(fm)‖L2(Ω,F ,P) = ‖fn − fm‖L2(F ) → 0 ,

I(fn

I(f) :=
n→∞ I(fn) .



xt
Zx := {Zx(λ), λ ∈ Π = [−π, π]}

Fx

xt =

∫
Π

(iλt) Zx(λ) , .

Yx = {Yx(λ), λ ∈ Π} Zx = {Zx(λ), λ ∈ Π}

P (Yx(λ) = Zx(λ), λ ∈ Π) = 1 .

xt

γ(τ) =

∫
Π

(iλτ) Fx(λ) .

F xt
Fx fx

Fx(λ) =

∫ λ

−π
fx(μ) μ ,

fx xt

γ(τ) =

∫
Π
fx(λ) (iλτ) λ .

Xt t ∈ I
mx(t) I

(t2− t1)
CX(t1, t2) = CX(t2 − t1) CX(t)

K(t1, t2)
t2− t1 C(τ) = C(t1, t1+ τ) I m(t) = m

m C(t1, t2)

C(t1, t2)

C(τ)



Xt

CX
k,l(τ) =

∫ ∞

−∞
(iλτ) FX

k,l(λ) , k, l = 1, 2, . . . , d ,

FX =
(
FX
k,l

)
k,l=1,2,...,d

Xt

FX(λ2)− FX(λ1) λ1 < λ2

FX
k,k

(F (+∞)− F (−∞)) < ∞

ΦX
k,l R

FX
k,l(λ) =

∫ λ

−∞
ΦX
k,l(ρ) ρ , λ ∈ R ,

ΦX =
(
ΦX
k,l

)
k,l=1,2,...,d

Xt

∫ ∞

−∞
‖CX(τ)‖ < ∞ .

Xt

∫ ∞

−∞
λ2 FX

k,k(λ) < ∞ , k = 1, 2, . . . , d ,

Ẋt

X
(k)
t

k
Xt Zt

Zt :=

m∑
k=0

bkX
(k)
t , t ∈ I , m ≥ 0 ,



bk k = 1, 2, . . . ,m
Zt

FZ(λ) =

∫ λ

−∞

∣∣∣∣∣
m∑
k=0

bk(iρ)
k

∣∣∣∣∣
−2

FX(ρ) .

mZ(t) =

m∑
k=0

bk

k

tk
mX(t) , t ∈ I .

Cτ = C (−ρ|τ |) C, ρ > 0

ϕ(λ) =
D

ρ2 + λ2
, D =

Cρ

π
.

Cτ = C (−ρ|τ |) (βτ) C, ρ > 0

ϕ(λ) =
D(λ2 + b2)

λ4 + 2aλ2 + b4
, D =

Cρ

π
,

b =
√
ρ2 + β2 a = ρ2 − β2

D, b > 0
√
b+ a > 0

ϕ(λ) =
D

λ4 + 2aλ2 + b

√
b = ω2

√
b+ a = 2ρ2

ϕ(λ) =
D

(λ2 − ω2) + 4ρ2λ2
,

ω2 − ρ2 = −β2 < 0

C(τ) =
Dπ

4ρβ1ω2
((ρ+ β1) (−(ρ− β1)|τ |)− (ρ− β1) ((ρ+ β1)|τ |)) ,

ω2 = ρ2

C(τ) =
Dπ

2ρ3
(−ρ|τ |) (1 + ρ|τ |) ,



ω2 − ρ2 = β2 > 0

C(τ) =
Dπ

2ρω2
(−ρ|τ |)

(
(βτ) +

ρ

β
(β|τ |)

)
.

Xt t ∈ I θ

mX(t1 + θ) = mX(t1) , CX(t1 + θ, t2 + θ) = CX(t1, t2) , t1, t2 ∈ I ,

θ
θ > 0 Xt

k→∞X
(k)
t → Xt {X(k)

t }k=1,2,... θ
Xt θ

I0 R [t0,∞)
Xt t ∈ I0 θ

F (x1, x2, . . . , xk ; t1 + τ, t2 + τ, . . . , tk + τ) , t1, t2, . . . , tk ∈ I

θ τ θ

X
(k)
t k = 1, 2, . . . θ Xt

k→∞X
(k)
t =̂Xt t ∈ I0 Xt θ

θ θ
Xt t ∈ I θ y : I0 × Rd → Rm

θ x ∈ Rm Rd t ∈ I0
Yt = y(t,Xt) θ

Xt = (X
(1)
t , X

(2)
t , . . . , X

(k)
t ) m

X
(i)
t

∑k
i=1 aiX

(i)
t θ

Xt t ∈ I0 θ m

ψ(t) = E (ϕ (Xt+t1 , Xt+t2 , . . . , Xt+tr))

θ r ∈ N ϕ
Rm·r tρ ∈ I0 ρ = 1, 2, . . . , r

Xt t ∈ I
F (x1, . . . , xk; t1+τ, . . . , tk+τ)

τ
θ θ > 0



∫ ∞

−∞
|x(t)|2 t .

x(t)

x(t) x̂(ω)∫ ∞

−∞
|x(t)|2 t =

1

2π

∫ ∞

−∞
|x̂(ω)|2 ω ,

ω
|x̂(ω)|2



ω
x(t)

Sxx(ω) = |x̂(ω)|2 =

∣∣∣∣∫ ∞

−∞
x(t)e−iωt t

∣∣∣∣2 .

V (t)

Z

t V (t)2/Z
V (t)2/Z

Sxx(ω) ω

Δω
E(ω)

ω E(ω)/Δω
V (t)2/Z V 2Ω−1 E(ω)

V 2sΩ−1 = J E(ω)/Δω
JHz−1

Z
V 2sHz−1

P
x(t)

P :=
T→∞

1

2T

∫ T

−T
x(t)2 t .

x(t)
x̂(ω)



x̂T (ω)
[0, T ]

x̂T (ω) =
1√
T

∫ T

0
x(t)e−iωt t .

Sxx(ω) :=
T→∞

E
(|x̂T (ω)|2) ,

E
(|x̂T (ω)|2) = E

(
1
T

∫ T

0
x∗(t)eiωt t

∫ T

0
x(t′)e−iωt

′
t′
)

= 1
T

∫ T

0

∫ T

0
E
(
x∗(t)x(t′)

)
eiω(t−t

′) t t′ .

f(ω)

γ(τ) := E (X(t)X(t+ τ))

γ(τ)

Sxx(ω) =

∫ ∞

−∞
γ(τ) (−iωτ) τ = γ̂(ω) .

γ

γ

F

[ω1, ω2]

∫ ω2

ω1

(Sxx(ω) + Sxx(−ω)) ω = F (ω2)− F (−ω2) ,



F Sxx

∫ ∞

−∞
|f(t)|2 t =

∫ ∞

−∞
ESD(ω) ω .

Sxx(−ω) = Sxx(ω)

Var(Xn) = γ0 = 2

∫ 1/2

0
Sxx(ω) ω .

γ γ(τ) =
α1γ1(τ) + α2γ2(τ) f = α1Sxx,1 + α2Sxx,2

F (ω)

F (ω) =

∫ ω

−∞
Sxx(ω

′) ω′ .

x(t) y(t)
Sxx(ω) Syy(ω)

Sxy(ω) =
T→∞

E

((
F T
x (ω)

)∗
F T
y (ω)

)
.

Sxy(ω) =

∫ ∞

−∞
Rxy(t)e

−jωt t =

∫ ∞

−∞

(∫ ∞

−∞
x(τ) · y(τ + t)dτ

)
(−jωt) t ,

Rxy(t) x(t) y(t)



Sxy(ω)

x(t) = y(t)

1

Ÿ = m−1F (Ẏ , Y, t) = m−1
(
−ãẎ + b̃ξt

)
,

Yt : [0, T ] → R Xt := Ẏt : [0, T ] → R

m > 0 F (x, t) :
R × [0, T ] → R

f1(x, t) = −ãx ã > 0
f2(x, t) = b̃ξt b̃ ∈ R \ {0}

ξt
ξt = wt

Y0 Y1

(
Yt
Xt

)
=

(
Xt t

−aXt t+ b Wt

)
,

(
Y (0)
X(0)

)
=

(
Y0
Y1

)
,

a := m−1ã b := m−1b̃ Xt Yt

Yt = Y0 +

∫ t

0
Xt t .

Xt

Xt = −aXt t + b Wt X(0) = X0 ,

X0 := Y1

Xt = e−atX0 + b

∫ t

0
e−a(t−s) Wt , t ≥ 0 ,



X0 = Y1
Xt

t ≥ 0
E(Xt) = e−atE(X0)

E(X2
t ) = E

(
e−2atX2

0 + 2be−atX0

∫ t

0
e−a(t−s) Ws + b2

(∫ t

0
e−a(t−s) Ws

)2
)

=e−2atE
(
X2

0

)
+2be−2atE

(
X2

0

)
E

(∫ t

0
e−a(t−s) Ws

)
+ b2

∫ t

0
e−2a(t−s) s

= e−2btE
(
X2

0

)
+

b2

2a

(
1− e−2bt

)
.

V ar(Xt) = E(X2
t )− E2(Xt)

V ar(Xt) = e−2btV ar (X0) +
b2

2a

(
1− e−2bt

)
,

V ar(X0) < ∞ X0

E(Xt)
t→∞−→ 0 V ar(Xt)

t→∞−→ b2

2a
.

Xt

N (0, b2

2a) t→∞

b2

2a
b Wt

−aXt

Yt

E(Yt) = E(Y0) +

∫ t

0
E(Xs) s = E(Y0) +

∫ t

0
e−asE(Y1) s

= E(Y0) +
1− e−at

a
E(Y1) ,

V ar(Yt) = . . . = V ar(Y0) +
b2

a2
t +

b2

2a3
(−3 + 4e−at − e−2at

)
.
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f
f−β

β = 0

β = 1

β = 2

β < 0.5
β ≈ 1 β ≈ 2

β

β = 3

β ≈ 0.5



mü + cu̇ + ku = p(t) ,

p(t) ωn :=√
m−1k ζ = c(2mωn)

−1

p(t) = (ωt)

us(t) =
1

k

(1− (ω−1n ω)2) (ωt)− (2ζω−1n ω) (ωt)

(1− (ω−1n ω)2)2 + (2ζω−1n ω)2
,

p(t) = (ωt)

uc(t) =
1

k

(1− (ω−1n ω)2) (ωt) + (2ζω−1n ω) (ωt)

(1− (ω−1n ω)2)2 + (2ζω−1n ω)2
.



Signal Input
p(t)

complex frequency response function
H(ω)

Output
u(t)

System

p(t) u(t)

ω

u(t) = uc(t) + ius(t) = H(ω)eiωt ,

H(ω)
eiωt u(t) p(t) = eiωt

H(ω)
u(t) = H(ω)eiωt u(t)

u̇ = iωH(ω)eiωt , ü = −ω2H(ω)eiωt ,

(−ω2m+ iωc+ k)H(ω)eiωt = eiωt .

eiωt H(ω)
ω

H(ω) =
1

−ω2m+ iωc+ k
=

1

k

1

(1− (ω−1n ω)2) + i(2ζω−1n ω)

=
1

k

(1− (ω−1n ω)2)− i(2ζω−1n ω)

(1− (ω−1n ω)2)2 + (2ζω−1n .ω)2

L p(t)
[0, T ]

Lu = p(t) =
∞∑

k=−∞
p̂ke

i(kω0)t , p̂k := 1
T

∫ T

0
p(t)e−i(kω0)t t , k ∈ Z ,



Time Domain Frequency Domain

p(t)

u(t)

pk

uk

H(ω)

p(t)

ω0 p u

u(t) =
∞∑

k=−∞
H(kω0)p̂ke

i(kω0)t ,

H(ω)
L

p(t)

p̂k k ∈ Z k
uk = H(kω0)p̂k

u(t)

mü + ku = p(t) =

{
p0 0 ≤ t ≤ T/2
−p0 T/2 ≤ t ≤ T

,

p0 > 0
p

p̂k = 1
T

∫ T

0
p(t)e−i(kω0)t t =

−p0
ikω0T

(
e−i(kω0)t

∣∣∣T/2

0
− e−i(kω0)t

∣∣∣T
T/2

)
.



ω0T = 2π

eikω0T/2 = eikπ =

{
+1 k
−1 k

,

e−ikωT = e−i2kπ = 1

p̂k =
−p0i
kπ

, k , p̂k = 0 k ,

p(t)

H(kω0) =
1

k

1

1− β2
k

, βk := 1
ωn

kω0 , ωn :=
√
m−1k ,

u(t) =
−2p0i
π

∞∑
k=−∞

1
k

1

1− β2
k

e−i(kω0)t .

p(t)
p̂(ω)

p(t) =
1

2π

∫ ∞

−∞
p̂(ω)eiωt ω , p̂(ω) =

∫ ∞

−∞
p(t)e−iωt t .

p(t)

p̂(ω)eiωt

H(ω)p̂(ω)eiωt

u(t) = 1
2π

∫ ∞

−∞
H(ω)p̂(ω)eiωt ω .
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Exciation Input:
white noise

Exciation Input:
white noise

Kanai-Tajimi

Clough-Penzien

1-story
building

Output:
z(t)

"Black-Box"

m

z(t) m

STK

SCP

ẍ+ 2abẋ+ b2x = −wt

ÿ + 2cdẏ + d2x = ẍ+ wt

mz̈ + 2ef ż + f2x = ÿ

wt

Swt(ω) = ŵt = D0 ẍ + wt ÿ(t)

H0(ω; a, b) =
1

b2 − ω2 + 2iabω

x(t) = 1
2π

∫ ∞

−∞
−D0

1

b2 − ω2 + 2iabω︸ ︷︷ ︸
=:Sx(ω)

eiωt ω ,

H1(ω) ẍ+ wt

Hx(ω) = −ω2Sx(ω) +D0 = D0
ω2 + b2 − ω2 + 2iabω

b2 − ω2 + 2iabω



= D0
b4 + (4a2 − 1)b2ω2 − 2iabω3

(b2 − ω2)2 + 4a2b2ω2

−ω2

z

z(t) = 1
2π

∫ ∞

−∞
Hy(ω)

m−1f2 − ω2 − 2iem−1fω
(m−1e2 − ω2)2 + 4e2m−2f2ω2

eiωt ω .

L
xt yt

yt = Lxt , t ∈ T .

T = Z T = R

E
L

L : E → E
L(αxt) = αL(xt)

L(xt + yt) = L(xt) + L(yt)

L(Bkxt) = BkL(xt) k ∈ Z B
xt Bkxt = xt−k

yt = Lxt := 1
4xt+1 +

1
2xt +

1
4xt−1 , t ∈ Z ,

yt = Lxt := xt − xt−1 .



L eω(t) := (iωt)
eω L

A(ω) := L(eω(0))
A(ω) L

L(Bkeω) = L( (−iωk)eω) = (−iωk)L(eω) = BkL(eω) .

k = t

L(eω(t)) = (iωt)L(eω(0)) = A(ω)eω(t) ,

xt

xt =

∫
R

(iωt) Zx(λ)

Fx A ∈ L2(Fx)

yt = L(x(t)) =

∫
Π
A(λ) (iλt) Zx(λ) ,

Fy(λ) =

∫ λ

−π
|A(μ)|2 Fx(μ) .

L A(λ)
A ∈ L2(Fx) A(λ) =

∑
k∈Z a(k) (−iλk)

yt = L(xt) =
∑
k∈Z

a(k)xt−k .

a L yt = a(t)
xt = δ0

A(λ) =

{
1 λ ≤ λ0

0 λ > λ0



λ0 ∈ (0, π)

−

−

− −
− − −

− −

−
−
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L

�

☼

Sxx(−ω) = Sxx(ω)

Var(Xn) = γ0 = 2
∫ 1/2
0 Sxx(ω) ω

γ γ(τ) =
α1γ1(τ) + α2γ2(τ) f = α1Sxx,1 + α2Sxx,2

☼

☼

ẋ+ 5x = 4ṗ+ 12p ,

p(t) := 20 (4t)



☼
p(t) = P0 (ωt)

mẍ+ bẋ+ kx = p(t)

x





I ⊂ R

I := [0, 1]

f : I → Rn f∗(I) :=
{f(t) ∈ Rn | t ∈ I} f

f : I → Rn

f∗(I) x = f(t), t ∈ I

Rn

f : I →
Rn n ≥ 2 f∗(I)
Jn (f∗(I)) > 0

Jn n = 2
Rn

Q :=
f∗(I) = [0, 1]n f f∗(I)

Q

Q = [0, 1]2



I = [0, 1]

I
Q

h : I → Q

t ∈ I = [0, 1]

I ⊃ [a1, b1] ⊃ . . . ⊃ [an, bn] ⊃ . . . ,

q q ∈ Q :=
[0, 1]× [0, 1] q h(t)



h : I → Q

h

n > 2



[0, 1] [0, 1]2

f : I → Q ⊂ Rn

Q

[0, 1]2





A
p 2p×2p

A
A

A L + U

L+U

\

A

\

A
A

p A
2× 2p × 2p

A L+U
p A
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h(t) t

A B C H

←, ↑,→, ↓



A
H A

AC

B
B

B

H

C

C
C C

A B

H
H H

A B

A B C H
{←, ↑,→, ↓}

H ←− A ↑ H → H ↓ B
A ←− H → A ↑ A← C

B ←− C ← B ↓ B → H

C ←− B ↓ C ← C ↑ A
←−

H



H A B C

−
−
−
−

−
−
−
−

−
−
−
−

−
−
−
−



−

−

t h(t)



h̃−1 h
h−1

h̃−1

t

t

Q = [0, 1]2 I = [0, 1]
t ∈ I
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y

Hilbert curve for depth 4

{0, . . . , 3} [
1
4 ,

2
4

]
= [04.1, 04.2] ,

[
3
4 , 1

]
= [04.3, 14.0]

Q

Hi, i ∈ {0, . . . , 3},

H0 :=

(
0 1

2
1
2 0

)(
x

y

)
, H1 :=

(
1
2 0
0 1

2

)(
x

y

)
+

(
0
1
2

)
,

H2 :=

(
1
2 0
0 1

2

)(
x

y

)
+

(
1
2
1
2

)
, H3 :=

(
0 −1

2
−1

2 0

)(
x

y

)
+

(
1
1
2

)
.



P

Q

P S

R

S P

Q

P

P
Q

P

Q

R

S

R

Q

P

Q

Q

R Q R

SPS

R Q R

R
S P S

RQR

S P S

S

P Q R S

{←, ↑,→, ↓}

Hi

Hi

Q

Hi Hi

i
t t

h(04.q1q2q3q4 . . .︸ ︷︷ ︸
=: t

) = Hq1 ◦ h(04.q2q3q4 . . .︸ ︷︷ ︸
=: t̃

).

t̃ = 04.q2q3q4 . . .
[04.q1, 04.(q1 + 1)]

h(t̃)
Q1 Hq1 h(t̃)



Q

h(04.q1q2q3q4 . . .) = Hq1 ◦Hq2 ◦Hq3 ◦Hq4 ◦ · · ·

t

q
�4t� t

4 · t = 4 · 04.q1q2q3q4 . . . = (q1.q2q3q4 . . .)4

4t
t̃

r t̃

t
t = 1 �4t� = 4

t = 1 h(t) = (1, 0)
h(t)

t

t
h(t)

(
0
0

)
H0 H0

(
0
0

)
=
(
0
0

)
0.99̄

t = 04.q1 . . . qn t̃ = 04.q1 . . . qn−1(qn − 1)333 . . .

qn �= 0

h(04.q1 . . . qn) = h(04.q1 . . . qn−1(qn − 1)333 . . .),

Hqn ◦
n→∞Hn

0 = Hqn−1 ◦
n→∞Hn

3 .



−

−

− −

t = 09.n1n2n3n4 . . . .

p(09.n1n2n3n4 . . .) = Pn1 ◦ Pn2 ◦ Pn3 ◦ Pn4 ◦ · · ·
(
0

0

)
,



Pni

P2

(
x
y

)
=

(
1
3x+0

1
3y+

2
3

)
, P3

(
x
y

)
=

(
1
3x+

1
3

−1
3y+1

)
, P8

(
x
y

)
=

(
1
3x+

2
3

1
3y+

2
3

)
,

P1

(
x
y

)
=

(−1
3x+

1
3

1
3y+

1
3

)
, P4

(
x
y

)
=

(−1
3x+

2
3

−1
3y+

2
3

)
, P7

(
x
y

)
=

(−1
3x+1

1
3y+

1
3

)
,

P0

(
x
y

)
=

(
1
3x+0

1
3y+0

)
, P5

(
x
y

)
=

(
1
3x+

1
3

−1
3y+

1
3

)
, P6

(
x
y

)
=

(
1
3x+

2
3

1
3y

)
.

H

H ←− A ↑ H → H ↓ B

t = 0.5

h(t = 1
4)



☼ � �

�

☼

�

x = (0.5, 0)

�
H1, H2, H3, H4

(
(α) − (α)

(α) (α)

)
,

( ±1 0

0 ±1

)
,



α

�

�

d f(x) : R→ Rd

||f(x)− f(y)|| ≤ c · |x− y| 1d .

c









Ẋt = A(t)Xt + Zt ,

A(t) : I → Rd×d Zt d

(
ż1
ż2

)
=

(
0 −1
ω2
g −2ζgωg

)(
z1
z2

)
+

(
Ot

(1− 2ζgωg)Ot

)
.

Zt

θ



θ

θ

I

ẋ(t) = A(t)x(t)

d d
Φ(t)

Φ(t0) = I

Φ̇(t) = A(t)Φ(t) .



d Zt I
f(t, x) I ×Rd Yt

Yt
I
=

∫ t

a
f(τ, Zτ ) τ ,

a ∈ R a = −∞∫ t
−∞ f(τ, Zτ ) τ ω ∈ Ω t ∈ I

Ẋt = A(t)Xt + Zt

Zt I

Xt = Φ(t)X0 + Φ(t)

∫ t

t0

Φ−1(τ)Zτ τ

(X0, t0) ∈ Sd × I

Zt

Xt = Φ(t)X0 + Φ(t)−
∫ t

t0

Φ−1(τ)Zτ τ

(X0, t0) ∈ Sd × I

Zt

(X0, t0) ∈ L2
d × I

A(t) ≡ A Φ(t) Φ(t) =
(A(t− t0))

Xt = (A(t− t0))X0 +

∫ t

t0

(A(t− τ))Zτ τ .



Xt = (A(t− t0))X0 + −
∫ t

t0

(A(t− τ))Zτ τ .

Φ(t)

Zt

Xt

Xt

P (Xt ∈ B) = P

(
ω ∈ Ω : Xt = Φ(t)X0 + Φ(t)

∫ t

t0

Φ−1(τ)Zτ τ ∈ B

)
,

B ∈ Bd (X0, Zτ )
τ ∈ [t0, t]

Ẋt = A(t)Xt+Zt

Zt

Xt

Ẋt = A(t)Xt+Zt

Zt

Xt

A(t) ≡ A

Ẋt = A(t)Xt + Zt



Zt

Yt = Φ(t)

∫ t

t0

Φ−1(τ)Zτ τ ,

Yt = Φ(t)−
∫ t

t0

Φ−1(τ)Zτ τ ,

Xt =
Φ(t)X0 + Yt

H G R Rm

K := H × G g K × Rd BK × Bd

Xt K
h(t) = E(g(t,Xt)) t ∈ K h BK∫

D
E
(∥∥g ((t1, t2), X(t1,t2)

)∥∥) t1 < ∞
D ∈ BH t2 ∈ G ω ∈ Ω∫

D
g
(
(t1, t2), X(t1,t2)

)
t1 < ∞ ,

E

(∫
D
g
(
(t1, t2), X(t1,t2)

)
t1

)
=

∫
D
E
(
g
(
(t1, t2), X(t1,t2)

))
t1 .

Yt
Zt

∫ t

t0

E (‖Zτ‖) τ < ∞ , t ∈ I ,

Zt

E (Yt) = Φ(t)

∫ t

t0

Φ−1(τ)E(Zτ ) τ .



(X0, t0) ∈ L1
d × I

(X0, t0) ∈ L2
d × I

mX(t)

t
= A(t)mX(t) +mZ(t)

mX(t0) = E(X0)
Yt

Zt

∫ t1

t0

∫ t2

t0

E (‖Zτ1Zτ2‖) τ1 τ2 < ∞ , t1, t2 ∈ I

Zt

I

E

((
−
∫ t1

t0

Zτ1 τ1

)(
−
∫ t2

t0

Zτ2 τ2

))
=

∫ t1

t0

∫ t2

t0

E
(
Zτ1Z

T
τ2

)
τ1 τ2

CY (t1, t2) = Φ(t1)

(∫ t1

t0

∫ t2

t0

Φ−1(τ1)CZ(τ1, τ2)Φ
−T (τ2) τ1 τ2

)
ΦT (t2) .

CY Z(t1, t2) = E
(
Yt1Z

T
t2

)−mY (t1)m
T
Z(t2)

Yt Zt

Zt ∫ t1

t0

E
(∥∥ZτZ

T
t2

∥∥) τ < ∞ , t1, t2 ∈ I ,

Zt

I

CY Z(t1, t2) = Φ(t1)

∫ t1

t0

Φ−1(τ)CZ(τ, t2) τ .



t2 CY Z(t1, t2)

CY Z(t1, t2)

t1
= A(t)CY Z(t1, t2) + CZ(t1, t2)

CY Z(t0, t2) = 0

Yt Zt

Yt Zt

Zt

Zt∫ t
t0
‖Φ(t)Φ−1(τ)‖ τ ≤ H <∞ t ≥ t0

(t−τ)→∞ ‖Φ(t)Φ−1(τ)‖ = 0

(t−τ)→∞ ‖CZ(τ, t)‖ = 0

(t1−t2)→∞
CY Z(t1, t2) = 0

Yt
Yt

t2 ≥ t1 ε > 0
t2 < t∗ < t1

‖CY Z(t1, t2)‖ ≤ (t∗ − t0)
τ∈[t0,t∗]

∥∥Φ(t1)Φ−1(τ)∥∥ · ‖CZ(τ, t2)‖

+H
τ∈[t∗,t1]

‖CZ(τ, t2)‖ .

t∗ > t2
ε/2 t1 > t∗ tε > t∗ > 0



ε/2 t1 > tε
ε > 0 tε > t2 ‖CY Z(t1, t2)‖ < ε t1 > tε

Xt Ẋt = A(t)Xt+Zt

Zt

E(Xt)

Xt

Ẋt = A(t, ω)Xt+Zt A(t, ω)

CXZ Xt Ẋt = A(t)Xt+Zt

Zt

CXZ

CXZ t→∞

Zt

Yt
I
=
∫ t
t0
f(τ, Zτ ) τ

2d Wt = (Yt, Zt)

mW (t) = (mY (t),mZ(t)) ,

CW (t1, t2) =

(
CY (t1, t2) CY Z(t1, t2)
CZY (t1, t2) CZ(t1, t2)

)
.



Wt = (Yt, Zt)
Zt

Yt
Wt = (Yt, Zt)

1

Sr(t) = Φ(t)

Nr∑
i=1

Φ−1(τr,i)Zτr,i (τr,i+1 − τr,i) .

Zt (Sr(t), Zt)
Wt = (Yt, Zt)

Xt

Ẋt =

(
1 0
0 1

)
Xt +

(
0
1

)
Wt ,

Wt

E(Xt) CX(t1, t2)
Xt

Lt := (Xt,Wt) mL(t)
CL(t1, t2) Lt

Ẋt = A(t)Xt + Zt ,



A(t) : I → Rd×d

Zt d

A(t) ≡ A Zt

Φ(t)

ẋ(t) = A(t)x(t) ,

A(t) θ

Φ(t) = P (t) · (Rt) ,

P (t) 2θ R
R A(t)

α ∈ R Φ(t)Φ−1(t − α) θ
A Φ(t) = (At)

A

θ

A(t) θ I

Zt I∫ t0
∞ E

(∥∥ (−Pτ)P−1(τ)Zτ

∥∥) τ <∞

Y 0
t = P (t)

∫ t

−∞
(R(t− τ))P−1(τ)Zτ τ

Zt θ

W 0
t = (Y 0

t , Zt) Y 0
t θ

γ =

∫ t0

−∞
(−Rτ)P−1(τ)Zτ τ , ω ∈ Ω ,



Y 0
t = Φ(t)γ + Yt t ∈ I Yt

Y 0
t

Y 0
t

ω ∈ Ω

Y 0
t =

∫ ∞

0
Φ(t)Φ−1(t− α)Zt−α α

I
=

r→∞Sr
t ,

Sr
t

Sr
t :=

Nr∑
i=1

Φ(t)Φ−1(t− αr,i)Zt−αr,i (αr,i+1 − αr,i) .

r W r
t = (Sr

t , Zt) W r
t = y(t, V r

t )

V r
t = (Zt−αr,1 , Zt−αr,2 , . . . , Zt−αr,Nr

, Zt)

θ y(t, v) θ t

v r W r
t Wt

I
= r→∞W r

t

θ

θ Vt

(Zt, Vt) θ
(Y 0

t , Zt, Vt) θ

λk A(t)

k Re(λk) < −ρ < 0

∫ θ

0
E (‖Zτ‖) < ∞

‖ (tR)‖ ≤ c · (−ρt) ,

∫ t0
−∞ E

(∥∥ (−Rτ)P−1(τ)
∥∥) τ

≤ 0≤τ≤2θ
∥∥P−1(τ)∥∥∑∞

k=0 c · ((t0 − 2kθ)ρ) · ∫ t0−2kθ
t0−2(k+1)θ E (‖Zτ‖) τ

= K · (t0ρ) ·
∑∞

k=0 ( (−2ρθ))k < ∞ .

E (‖Zt‖) Zt



λk k = m + 1,m + 2, . . . , d
λk

(Rα)
∑

k Rk(α) (λkα)
Y 0
t

Y 0
t :=

m∑
k=1

∫ t

−∞
P (t)Rk (t− τ) ((t− τ)αk)P

−1 (τ)Zτ τ

−
d∑

m+1

∫ ∞

t
P (t)Rk (t− τ) ((t− τ)αk)P

−1 (τ)Zτ τ .

A(t) ≡ A

Zt

Y 0
t W 0

t = (Y 0
t , Zt)

θ

A(t) θ

Zt t ∈ I θ∫ t
−∞ E

(∥∥ (−Rτ)P−1(τ)Zτ

∥∥) τ <∞ t ∈ I∫ t1
−∞

∫ t2
−∞ E

(∥∥∥ (−Rτ1)P
−1(τ1)Zτ1Zτ2

(
(−Rτ2)P

−1(τ2)
)T∥∥∥) τ1 τ2 <

∞ t1, t2 ∈ I∫ t1
−∞ E

(∥∥ (−Rτ1)P
−1(τ1)Zτ1Zt2

∥∥) τ1 <∞ t1, t2 ∈ I

Y 0
t W 0

t = (Y 0
t , Zt) θ



Y 0
t

Y 0
t

mY 0(t) = Φ(t)

∫ ∞

0
Φ−1(t− α)mZ(t− α) α ,

Y 0
t Zt

CY 0Z(t1, t2) = Φ(t1)

∫ ∞

0
Φ−1(t1 − α1)CZ(t1 − α1, t2) α1 ,

Y 0
t

CY 0(t1, t2) = Φ(t1)

∫ ∞

0

∫ ∞

0
Φ−1(t1 − α1)CZ(t1 − α1, t2 − α2)

·Φ−T (t2 − α2) α1 α2Φ
T (t2) .

mZ CZ Φ(t)Φ−1(t−α)

mW 0(t+ θ) = (mY 0(t),mZ(t)) = mW 0(t) ,

CW 0(t1 + θ, t2 + θ) =

(
CY 0(t1, t2) CY 0Z(t1, t2)
CZY 0(t1, t2) CZ(t1, t2)

)
= CW 0(t1, t2) .

W 0
t θ

A(t) ≡ A

Zt

Y 0
t W 0

t = (Y 0
t , Zt)



θ

A(t) θ

λk A(t)

k Re(λk) < −ρ < 0

Zt θ

Y ∗t = P (t)−
∫ t

−∞
(t− τ)P−1(τ)Zτ τ

W ∗
t = (Y ∗t , Zt) θ

t ∈ I mZ(t)∫ 2θ

0

∥∥P−1(τ)mZ(τ)
∥∥ τ = γ < ∞ ,

∫ 0

−∞

∥∥ (−Rτ)P−1(τ)mZ(τ)
∥∥ τ = c · γ ·

∞∑
k=0

(−2kθρ) < ∞ .

t ∈ I

m∗(t) =

∫ t

−∞
(−Rτ)P−1(τ)mZ(τ) τ

C∗(t1, t2)=∫ t1

−∞

∫ t2

−∞
(−Rτ1)P

−1(τ1)CZ(τ1, τ2)
(

(−Rτ2)P
−1(τ2)

)T
τ1 τ2 .

Xk
t = −

∫ t

−k
(−Rτ)P−1(τ)Zτ τ , k = 1, 2, . . . .

mXk(t) =

∫ t

−k
(−Rτ)P−1(τ)mZ(τ) τ



CXk(t1, t2)=∫ t

−k

∫ t

−k
(−Rτ1)P

−1(τ1)CZ(τ1, τ2)
(

(−Rτ2)P
−1(τ2)

)T
τ1 τ2 .

Uk
t = Xk

t −mXk(t)

mUk(t) ≡ 0 , CUk(t1, t2) = CXk(t1, t2) .

k→∞CUk(t1, t2) = C∗(t1, t2)
U∗t (t)

k→∞Uk
t = U∗t , mU∗(t) ≡ 0 , CU∗(t1, t2) ≡ C∗(t1, t2) .

Y ∗t = P (t) (Rt)X∗
t

mY ∗(t) = P (t) (Rt)m∗(t) ,

CY ∗(t1, t2) = P (t1) (Rt1)C
∗(t1, t2) (P (t2) (Rt2))

T .

Yt = Φ(t)−
∫ t
t0
Φ−1(τ)Zτ τ

Y 1
t = Φ(t)X∗

t0

Ẏ
1

t = A(t)Y 1
t Y ∗t = Y 1

t + Yt

α := t− τ

mY ∗(t) = Φ(t)

∫ ∞

0
Φ−1(t− α)mZ(t− α) α ,

α1 = t1 − τ1 α2 = t2 − τ2

CY ∗(t1, t2) = Φ(t1)

∫ ∞

0

∫ ∞

0
Φ−1(t1 − α1)CZ(t1 − α1, t2 − α2)

· (Φ−1(t2 − α2)
)T

α1 α2Φ
T (t2) ,

CY ∗Z(t1, t2) = Φ(t1)

∫ ∞

0
Φ−1(t1 − α)CZ(t1 − α, t2) α .

Φ(t)Φ−1(t− α) mZ(t) CZ(t1, t2)

W ∗
t



Zt

I
Y 0
t Y ∗t

A(t) ≡ A

Zt I

Y ∗t = −
∫ t

−∞
(A(t− τ))Zτ τ

W ∗
t = (Y ∗t , Zt)

Y ∗t
FY ∗

FZ Zt

FY ∗(λ) =
(
F Y ∗
j,k (λ)

)
j,k=1,2,...,d

Y ∗t

F Y ∗
j,k (λ) :=

d∑
l,m=1

∫ λ

−∞
Hj,l(iρ)Hk,m(iρ) FZ

l,m(ρ) ,

H(iλ) :=

∫ 0

−∞
(−λτ) (−Aτ) .

Zt ΦZ

ΦY ∗(λ) = H(iλ)ΦZ(λ)HT (iλ) .



Y ∗t
CZ Φ(t) =

(At)

CY ∗
j,k (t) =

d∑
l,m=1

E

(
−
∫ 0

−∞
Φj,l(−τ1)Z(l)

τ1 τ1−
∫ 0

−∞
Φk,m(t− τ2)Z

(m)
τ1 τ2

)

=

d∑
l,m=1

∫ 0

−∞

∫ t

−∞
Φj,l(−τ1)E

(
Z(l)
τ1 Z

(m)
τ2

)
Φk,m(t− τ2) τ1 τ2

=

d∑
l,m=1

∫ 0

−∞

∫ t

−∞
Φj,l(−τ1)

(∫ ∞

−∞
(i(τ2 − τ1)λ) FZ

l,m(λ)

)
·Φk,m(t− τ2) τ1 τ2 .

|Φl,m(τ)| ≤ c (−τρ) τ ∈ R l,m = 1, 2, . . . , d∫ 0

−∞

∫ t

−∞
(τ1ρ) ((τ2 − t)ρ) τ1 τ2 ,

θ2 := t− τ2

CY ∗
j,k (t) =

d∑
l,m

∫ ∞

−∞
(iλt)

(∫ 0

−∞
Φj,l(−τ1) (−iτ1) τ1

·
∫ ∞

0
Φk,m(θ2) (−iθ2) θ2

)
FZ
l,m(λ)

=

∫ ∞

−∞
(iλt)

d∑
l,m

(
Hj,l(iλ)Hk,m(iλ)

)
FZ
l,m(λ) .

F Y ∗
j,k

F Y ∗
j,k (t) =

∫ ∞

∞
(−iθ2) F Y ∗

j,k (λ) ,

FY ∗ Y ∗t

Ẋt = A(t)Xt + Zt ,



Y 0
t

Zt I

ẋ(t) = A(t)x(t)

X
(1)
t X

(2)
t

t→∞

∥∥∥X(1)
t −X

(2)
t

∥∥∥ =̂ 0 ,

X
(1)
t ∈ L2

d X
(2)
t ∈ L2

d

t→∞E

(∥∥∥X(1)
t −X

(2)
t

∥∥∥2) = 0 .

∥∥∥X(1)
t −X

(2)
t

∥∥∥ ≤ ‖Φ(t)‖
∥∥∥X(1)

t0
−X

(2)
t0

∥∥∥ ,
t→∞ ‖Φ(t)‖ = 0 .

Xt Ẋt = A(t)Xt + Zt

Xt θ

Xt

Xt

Xt θ

Xt

Xt



λk At

λ∗ = k Re(λk) < ρ < 0 Xt

Y 0
t

t→∞
∥∥Xt − Y 0

t

∥∥ =̂ 0 .

‖ (Rt)‖ ≤ c (−ρ∗t) ρ∗ = 2−1(λ∗ + ρ)

t∈I ‖P (t)‖ = 0≤t≤2θ ‖P (t)‖ = χ <∞

‖Xt − Y 0
t ‖ = ‖P (t) (Rt)X0 − P (t) (Rt)

∫ 0
−∞ (−Rτ)Zτ τ‖

I≤ χc (−ρ∗t)
(
‖X0‖+

∫ 0
−∞ ‖ (−Rτ)Zτ τ

)
∫ 0
−∞ ‖ (−Rτ)Tτ‖ τ ω ∈ Ω

λk At λ∗ =

k Re(λk) < ρ < 0 Xt

t→∞ (ρt)E
(∥∥Xt − Y 0

t

∥∥2) = 0 ,

Y 0
t

ρ∗ = 2−1(λ∗ + ρ)

E

(∥∥Xt − Y 0
t

∥∥2) ≤ 2χc (−ρ∗t)E
(
‖X0‖2

)
+2χc (−ρ∗t)E

(∥∥∥∥−∫ 0

−∞
(−Rτ)P−1(τ) τ

∥∥∥∥2
)

,



A(t) θ I
λk k Re(λk) < −ρ < 0

C(t) I

‖C(t)‖ ≤ c (−χt) , t ≥ t0 , χ > 0 ,

c c < γk−1

Zt θ I∫ θ

0
E (‖Zτ‖) τ < ∞ .

Xt

t
= (A(t) + C(t))Xt + Zt

t
Y 0
t

t→∞
∥∥Xt − Y 0

t

∥∥ =̂ 0 .

t ≥ t0 > 0 Φ(t)

x

t
= (A(t) + C(t))x

Φ(t0) = I

u(t) = Q(t)u(t0) +

∫ t

t0

Q(t)Q−1(τ)C(τ)u(τ) τ , t ∈ I ,

Q(t) = P (t) (Rt)∥∥Q(t)Q−1(τ)
∥∥ ≤ k (−ρ(t− τ))



(ρ(t− t0)) ‖u(t)‖ ≤ ku(t0) + kc

∫ t

t0

((ρ− χ)τ)u(τ) τ ,

(ρ(t− t0)) ‖u(t)‖ ≤ ku(t0) (kc(t− t0)) .

kc < ρ t→∞ ‖u(t)‖ = 0

t→∞ ‖Φ(t)‖ = 0
Xt

X0
t = Φ(t)

∫ t

t0

Φ−1(τ)Zτ τ =

∫ t

t0

Q(t)Q−1(τ)
(
Zτ + C(τ)X0

)
τ

t→∞
∥∥Xt −X0

t

∥∥ =̂
t→∞

∥∥Φ(t)X0
t

∥∥ =̂ 0 .

t→∞
∥∥X0

t − Y 0
t

∥∥ =̂ 0

∥∥X0
t − Y 0

t

∥∥ I≤
∥∥∥∥∫ t0

−∞
Q(t)Q−1(τ)Zτ τ

∥∥∥∥+

∥∥∥∥∫ t

t0

Q(t)Q−1(τ)C(τ)
(
X0

τ − Y 0
τ

)
τ

∥∥∥∥
+

∥∥∥∥∫ t

t0

Q(t)Q−1(τ)C(τ)Y 0
τ τ

∥∥∥∥ .

α = 1
2χ γ = (ρ, α)∥∥∥∥∫ t0

−∞
Q(t)Q−1(τ)Zτ τ

∥∥∥∥ I≤ k (−γt)V ,

V =

∫ t0

−∞
(ρτ) ‖Zτ‖ τ

ω ∈ Ω

∥∥∥∫ t
t0
Q(t)Q−1(τ)C(τ)

(
X0

τ − Y 0
τ

)
τ
∥∥∥

I≤ kc (−ρt) ∫ t
t0

((ρ− χ)τ)
∥∥X0

τ − Y 0
τ

∥∥ τ

I≤ kc (−γt) ∫ t
t0

(γτ)
∥∥X0

τ − Y 0
τ

∥∥ τ .



∥∥∥∫ t
t0
Q(t)Q−1(τ)C(τ)Y 0

τ τ
∥∥∥

I≤ kc (−ρt) ∫ t
t0

((ρ− χ)τ)
∥∥∥∫ τ
−∞Q(τ)Q−1(θ)Zθ θ

∥∥∥ τ

I≤ k2c (−ρt)
(∫ t

t0
(−χτ)

(∫ t0
−∞ (ρθ) ‖Zθ‖ θ

)
τ

+
∫ t
t0

((ρ− α)τ)
(∫ τ

t0
(−αθ) ‖Zθ‖ θ

)
τ
)

I≤ k2c (−ρt) (( (−χt0)− (−χt))χ−1V
+(α− ρ)−1 ( ((ρ− α)t0)− ((ρ− α)t))W

)
I≤ k2c (−ρt) (χ−1V + (α− ρ)−1W (1 + ((ρ− α)t0))

)
,

W :=

∫ ∞

t0

(−αθ) ‖Zθ‖ θ

ω ∈ Ω

(γt)
∥∥X0

t − Y 0
t

∥∥ I≤ K + kc

∫ t

t0

(γt)
∥∥X0

τ − Y 0
τ

∥∥ τ , t ≥ t0 ,

K = kV + ck2
(
χ−1V + (α− ρ)−1W (1 + ((ρ− α)t0))

)
.

(γt)
∥∥X0

t − Y 0
t

∥∥ I≤ K (kct) .

c < γk−1

t→∞
∥∥X0

t − Y 0
t

∥∥ ≤̂
t→∞K ((kc− γ)t) = 0 ,

dXt

td
+ a1

d−1Xt

td−1
+ · · ·+ ad−1Xt + ad = Zt



Xt Ẋt = A(t)Xt + Zt

Xt

Ẏt = A(t)Yt + Zt

Xt

Ẏt = A(t)Yt + Zt

Xt Ẋt = (A(t) + C(t))Xt + Zt

Xt

Ẏt = A(t)Yt + Zt

Zt

Zt = BUt =

m∑
k=0

bm−kU
(k)
t



Ut m
B

U
(k)
t k m ≥ 0

Y ∗t

AXt = BUt ,

(
AXt =

d∑
k=1

ad−kX
(k)
t , a0 = 1

)
.

Zt

A(ξ) =
d∑

k=1

ad−kξk , B(ξ) =

m∑
k=0

bm−kξk

A B
A(ξ)

ϕ(t) Aϕ = 0

kϕ(0)

tk
= 0 , k = 0, 1, . . . , d− 2

d−1ϕ(0)
td−1

= 1 ,

Y ∗t = −
∫ t

−∞
ϕ(t− τ)Zτ τ

X̂t

t
= ÂX̂t + Ẑt ,

X̂T
t =

(
Xt, X

(1)
t , . . . , X

(d−1)
t

)
ẐT
t = (0, . . . , 0, Zt) Y ∗t

Ŷ ∗t =
∫ t
∞ (Â(t −

τ))Ẑτ τ

mY ∗(t) =

∫ t

−∞
ϕ(t− τ)mZ(τ) τ =

m∑
k=0

bm−k
∫ ∞

0
ϕ(α)

k

tk
mU (t− α) α ,



CY ∗(t) =

∫ ∞

0

∫ ∞

0
ϕ(α)CZ (t− β + α)ϕ(β) α β .

FY ∗(λ) Y ∗(t) Hj,l

d∑
l,m=1

Ĥ1,l(iρ)Ĥ1,m(iρ) =

∫ ∞

0
(iρt)ϕ(t) t = (A(iρ))−1 ,

FY ∗(λ) =

∫ λ

−∞
|A(iρ)|−2 FZ(ρ)

FY ∗(λ) =

∫ λ

−∞

∣∣∣∣B(iρ)

A(iρ)

∣∣∣∣−2 FU (ρ)

Y ∗(t)
Ut

RU (t) =

∞∑
k=1

uk (iλkt) ,

RY ∗(t) =
∞∑
k=1

uk

∣∣∣∣B(iλk)

A(iλk)

∣∣∣∣−2 (iλkt) .

Ut ΦU

ΦY ∗(λ) =

∣∣∣∣B(iλ)

A(iλ)

∣∣∣∣−2ΦU (λ)

Y ∗t

2Xt

t2
+ 2a

Xt

t
+ bXt = Zt ,



a > 0 b ≥ 0 Zt = c (αt) + Ut Ut

I
E(Ut) = 0 Φ(λ) A(ρ) =
ρ2 + 2aρ+ b

ρ1/2 = −a ±
√
a2 − b ,

χ2 = b− a2 > 0

χ2 = a2 − b > 0

a2 = b

χ2 = b − a2 > 0 ϕ(t) = χ−1 (χt) (−at)
ϕ(0) =

0 ϕ̇(0) = 1 Zt

Y 0
t = mY 0(t) + χ−1

∫ ∞

0
(−aτ) (χτ)Ut−τ τ

c = 0
Zt

mY 0(t) = χ−1c
∫ ∞

0
(−aτ) (χτ) (α(t− τ)) τ = cβ (α(t− γ)) ,

c ∈ R β−2 = (b− α)2 + (2a)2α2

γ = 1
α

(
2aα

b− α2

)
.

Y 0
t

CY 0(t, t+ τ) = CY 0(τ) =

∫ ∞

−∞
(iλτ) |A(iλ)|−2Φ(λ) λ

=

∫ ∞

−∞
(λτ)

(
(λ2 − b)2 + (2aλ)2

)−1
Φ(λ) λ .

CY 0(τ) |A(iλ)| Φ(λ)∫ ∞

−∞
(λτ) |A(iλ)|−2Φ(λ) λ = 0 .

Y 0
t

σY 0(t) = CY 0(0) =

∫ ∞

−∞

(
(λ2 − b)2 + (2aλ)2

)−1
Φ(λ) λ .



Φ(λ)

a Φ(λ)
|A(iλ)|−2

λ = b
λ = b

CY 0(τ) ≈ Φ(b)

∫ ∞

−∞
(λτ)

(
(λ2 − b)2 + (2aλ)2

)−1
λ ,

σY 0(t) ≈ Φ(b)

∫ ∞

−∞

(
(λ2 − b)2 + (2aλ)2

)−1
λ .

Xt ρ <
a

t→∞ (ρt)
∣∣Xt − Y 0

t

∣∣ =̂
t→∞ (ρt)

∣∣∣Ẋt − Ẏ 0
t

∣∣∣ =̂ 0 .

(Xt0 , Ẋt0) ∈ L2
2

t→∞ (ρt)
∣∣Xt − Y 0

t

∣∣ =̂ t→∞ (ρt)

∣∣∣∣Ẋt − Ẏ
0

t

∣∣∣∣ =̂ 0 .

t

L2
2

Y 0
t

Vt = Xt − Y 0
t

t→∞ |mX(t)−mY 0(t)| ≤
t→∞

(
E
(
V 2
t

))1/2
= 0 ,

t→∞ |CX(t, t+ s)− CY 0(t, t+ s)| =

t→∞
∣∣E (VtVt+s) + E

(
Y 0
t Vt+s

)
+ E

(
VtY

0
t+s

)
−mX(t)mX(t+ s) +mY 0(t)mY 0(t+ s)| ≤

t→∞

((
E
(
V 2
t

)
E
(
V 2
t+s

))1/2
+
(
CY 0(0)E

(
V 2
t+s

))1/2
+
(
CY 0(0)E

(
V 2
t

))1/2)
= 0 .



Zt Ut Y 0
t

P
(
Y 0
t > y

)
= 1 − F

(
σ−1
Y 0 (y −mY 0(t))

)
,

F (x) =

∫ x

−∞
(2π)−1/2 (−t2/2) t

χ2 = a2 − b > 0 ϕ(t) = χ−1 (χt) (−at)

Y 0
t = mY 0(t) + χ−1

∫ ∞

0
(−aτ) (χτ)Ut−τ τ ,

mY 0(t) = χ−1C
∫ ∞

0
(−aτ) (χτ) (α(t− τ)) τ

C ∈ R

MX(t) CX(t, t+
s) s > 0

(Xt0 , Ẋt0) ∈ L2
2

t
a2 = b ϕ(t) = t (−at)

Y 0
t = mY 0(t) +

∫ ∞

0
τ (−aτ)Ut−τ τ

mY 0(t) =

∫ ∞

0
τ (−aτ) (α(t− τ)) τ .

Ẋt =
A(t)Xt + Zt

Zt



Y ∗t

X
(n)
t + a1X

(n−1)
t + · · ·+ an−2Ẋt + an−1Xt + an = Zt .

Y ∗t

Ẍt + bXt = Wt ,

Wt

ẋ = A(t)x

mX

CY Z Yt
Zt

Yt Zt

Ẋt =
A(t)Xt + Zt

A(t) Zt

A
Zt



☼ � �

�

☼

Ẍt + 2aẊt + bXt = −Zt , X0 = Ẋ0 = 0 ,

Zt a, b > 0

☼

Ẍt + 2aẊt + bXt = −Ot , X0 = Ẋ0 = 0 ,

Ot a, b > 0

�
Bt

Wt ∼ N (0, t)
Bt := Wt − tW (1) t ∈ [0, 1]

Ẍt + 2aẊt + bXt = −Bt , X0 = Ẋ0 = 0 ,

a, b > 0 t ∈ [0, 1]



�
BH(t)

[0, T ]
t ∈ [0, T ]

E (BH(t)BH(s)) = 1
2

(|t|2H + |s|2H − |t− s|2H) ,

H (0, 1)

BH(t)

H = 1/2

H > 1/2

H < 1/2

H = 1/4

Ẍt + 2aẊt + bXt = −B1/4(t) , X0 = Ẋ0 = 0 ,

a, b > 0

�
H = 3/4



Ẍt + 2aẊt + bXt = −B3/4(t) , X0 = Ẋ0 = 0 ,

a, b > 0

☼ θ

θ θ

θ θ

☼ θ
üg(t)

üg = ẍg + wt = −2ζgωgẋg − ω2
gxg ,

xg wt

ẍg + 2ζgωgẋg + ω2
gxg = −wt , xg(0) = ẋg(0) = 0 .

üg

üg θ

☼
Zt 2

ẍ+ (a− 2b (2t))x+ Zt = 0 ,

a, b > 0 θ



�

Zt θ

ẍ+ aẋ+ bx+ cx3 − d (θt) + Zt = 0 ,

a, b, c, d > 0 θ

☼

{Xn}n∈N
1 {Xn}

Xt := A1 + A2t A1, A2

E(Ai) = ai Var(Ai) = σ2
i i = 1, 2 {Xn}

☼

R(t) = t

J(t) = t

R J

Ṙ = aJ +Ot , J̇ = −bR ,

a b
Ot

Ot

(R, J) = (0, 0)



☼

Ṙ = aR+ bJ +Ot , J̇ = cR+ dJ ,

a, b, c, d

a, b > 0

a < 0 b > 0

☼

☼

a b

Ṙ = aJ J̇ = bR



Ṙ = aR + bJ J̇ =
−bR− aJ

Ṙ =
aR+ bJ J̇ = bR+ aJ

Ṙ = 0 J̇ = aR+bJ

☼
LÏ+Rİ+I/C+Ot

L,R,C > 0 Ot



θ

Xt

t
= AtXt + Zt ,

Zt d At

d× d

A(t)
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Oxygen
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Substrates
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Cells

Inflow
Concentrations

Outflow
Concentrations

INJECTION
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RECOVERY
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suspended
cells

filtration
&

growth

attachment

detachment

desorption

adsoptionFlow

x
y

ẋ =
kxy

K + y
x , ẋ = −1

γ

kxy

K + y
x ,

kx
K



y = K ẋ 1
2kx

y
γ ∈ (0, 1)

x y
γ

ẋ(t, ω) =
kx(ω)y(t, ω)

K(ω) + y(t, ω)
x(t, ω) , ẏ(t, ω) =

ky(ω)y(t, ω)

K(ω) + y(t, ω)
x(t, ω) ,

K ∼
U(0.28, 0.36) kx ∼ U(0.04, 0.06) ky ∼ U(−0.325, 0.3)

Ẋt = A(ω)Xt

θ
θ

Ẋt = AtXt + Zt At = A(ω)

Ẋt = AtXt+Zt



Ẋt = (A+ Ft)Xt

Ẋt = (A+ Ft + C(t))Xt

Ẋt = (A+ Ft + C(t))Xt+Zt

r E (‖Xt‖r) Xt

Ẋt = AXt

Ẋt = AXt + Zt

Ẋt = (A+ Ft + C(t))Xt + Zt

θ

Xt = (BΞt) · (At) ·
∞∑

m=0

Gm(t)X0

Xt

Ẋt = (A+Bξt)Xt

θ

I = [t0,∞) t0 ≥ 0

Xt

t
= AtXt + Zt ,



At Zt I
(X0, t0) ∈ Sd × I

I
Zt I At

I L(t)

I ‖At‖
I≤ L(t) (X0, t0) ∈ L2

d × I
I

At Zt I
L(t) N(t) I U ∈ L2

1 I

‖At‖
I≤ L(t) ‖Zt‖

I≤ UN(t) (X0, t0) ∈
L2
d × I

I
At Zt I

(X0, t0)

Xt
I
= ΦtX0 +

∫ t

t0

ΦtΦ
−1
τ Zτ τ ,

ω ∈ Ω Φt

Ẋt(ω) = At(ω)Xt(ω) ,

Φt0 = I

At = A + Ft A

Xt
I
= (A(t− t0))X0+

∫ t

t0

(A(t− τ))FτXτ τ+

∫ t

t0

(A(t− τ))Zτ τ .

a b ‖ (At) ‖ ≤
b (at)

‖Xt‖
I≤b (at)

(
‖X0‖ (−at0) +

∫ t

t0

(−aτ) ‖Fτ‖ ‖Xτ‖ τ

+

∫ t

t0

(−aτ) ‖Zτ‖ τ

)



‖Xt‖
I≤ b ‖X0‖ (a(t− t0))

(
b

∫ t

t0

‖Fτ‖ τ

)

+b (at)

∫ t

t0

‖Zτ‖
(
b

∫ t

τ
‖Fθ‖ θ − aτ

)
τ .

Ut := ‖X0‖ ·
(
b

∫ t

t0

‖Fτ‖ τ

)
,

Vt :=

∫ t

t0

‖Zτ‖
(
b

∫ t

τ
‖Fθ‖ θ − aτ

)
τ .

At Zt

H(t) I Zt Tt :=
(t−H(t), t+H(t))

U∗t = τ∈Tt
Uτ , V ∗t = τ∈Tt

Vτ ,

St = τ∈Tt
‖Fτ‖Uτ , Qt = τ∈Tt

‖Fτ‖Vτ ,

Xt

Xt t ∈ I AtXt+Zt

t ∈ I
t ∈ I

h→0
E

((
Xt+h −Xt

h
− Ẋt

)2
)

= 0 .

Xt(
Xt+h −Xt

h
− Ẋt

)2

≤̂ 2
τ∈Tt

∥∥∥Ẋτ

∥∥∥2 + 2
∥∥∥Ẋt

∥∥∥2 , |h| < H(t) , t ∈ I .



Xt

Xt

At Zt I

‖At‖
I≤ L(t) ‖Zt‖

I≤ UN(t) L(t)
N(t) U ∈ L2

1 X0 ∈ L2
d

Ẋt = AXt At ≡ A A
X0 ∈ L2

d A (‖A‖t)
‖A‖ (‖A‖t) I

(A(t− t0))X0

Ẋt = AXt I
(X0, t0)

(‖A‖t) ‖A‖ (‖A‖t)
∞∑
k=0

E
(‖A‖k) tk

k!
< ∞

∞∑
k=0

E
(‖A‖k+2

)
tk

k!
< ∞ t ∈ I

Ẋt =
AXt + Zt

Ẋt = AXt + Zt

At Zt

Q2



A(t) Z(t)

ẋ = A(t)x + Z(t) ,

At Zt

Xt

t
= AtXt + Zt

At Zt

At Zt

Xt

t
= (A+ Ft)Xt ,

A d×d Ft d×d

A
‖ (At) ‖ ≤ b (−at) a, b > 0

Ft = F1,t +F2,t F1,t F2,t

t→∞ ‖F1,t‖<̂(a− ε)/b

∫ ∞

t0

E (‖F2,t‖) τ <∞ ε > 0

ρ < ε

t→∞ (ρt) ‖Xt‖ =̂ 0 .

‖Xt‖
I
< b ‖X0‖

(
−a(t− t0) + b

∫ t

t0

(‖F1,τ‖+ ‖F2,τ‖) τ

)
.



γ1 =∫ ∞

t0

‖F2,τ‖ τ<̂∞ ω ∈ Ω t(ω)

‖F1,t‖ < (a − ε)/b t > t(ω) γ2 =

∫ t(ω)

t0

‖F1,τ‖ τ<̂∞
ω ∈ Ω t ≥ t(ω)

‖Xt‖ ≤ b ‖X0‖ ((γ1 + γ2)b) (−(t− t(ω))ε) ,

Ft

‖A+ Ft‖
I
< K , K ∈ S1 .

Xt∫ ∞

t0

E (‖Xt‖) t < ∞ .

t→∞ ‖Xt‖ =̂ 0 .

t→∞ ‖Xt‖ <̂ ∞ .

ω ∈ Ω

‖Xt2 −Xt1‖ =

∥∥∥∥∫ t2

t1

(A+ Fτ )Xτ τ

∥∥∥∥ ≤
∫ t2

t1

‖A+ Fτ‖ ‖Xτ‖ τ

≤ K

∫ t2

t1

‖Xτ‖ τ , t1, t2 ∈ I t2 > t1 .

t1,t2→∞ , t2>t1

∫ t2

t1

‖Xτ‖ τ =̂ 0 .

X∞ = t→∞Xt

ω ∈ Ω X∞=̂0



t→∞ ‖Xt‖=̂0

Ft E
(‖Ft‖2

)
< χ <∞ t ∈ I∫ ∞

t0

(
E
(‖Xt‖2

))1/2
t <∞

E (‖Xt‖) ≤
(
E
(‖Xt‖2

))1/2 ∫ ∞

t0

‖Xt‖ t<̂∞

t1,t2→∞ , t2>t1
‖Xt2 −Xt1‖ ≤̂

t1,t2→∞ , t2>t1

∫ t2

t1

‖A+ Fτ‖ ‖Xτ‖ τ =̂ 0 ,

∫ ∞

t0

E (‖A+ Fτ‖ ‖Xτ‖) τ ≤
∫ ∞

t0

(
E

(
‖A+ Fτ‖2

))1/2 (
E

(
‖Xτ‖2

))1/2
τ

≤ χ1

∫ ∞

t0

(
E

(
‖Xτ‖2

))1/2
τ < ∞ .

‖x‖ =
d∑

i=1

|xi| ‖A‖ =
d∑

i,j=1

|xi,j |

A
‖ (At)‖ < b (−at) a, b > 0

Ft

E (‖Ft‖) ≤ c < (a− ε)/b ε > 0 c

t→∞ (εt) ‖Xt‖ =̂ 0

Xt

‖Xt|
I≤ b ‖X0|

(
−a(t− t0) + b

∫ t

t0

‖Fτ‖ τ

)
,

t→∞ 1
t

∫ t

t0

‖Fτ‖ τ=̂E (‖Ft0‖)



Xt

t
= AXt + FtXt + C(t)Xt ,

A d×d Ft d×d C(t)
d × d

B λ (B) λ (B)

Ft

C(t) I

B

E (ρ1(t0)) +
t→∞

1

t− t0

∫ t

t0

ρ2(τ) τ ≤ −ε , ε > 0 ,

ρ1(t) = λ
(
AT + F T

t +B (A+ Ft)B
−1)

ρ2(t) = λ
(
CT (t) +BC(t)B−1

)
.

t→∞ (αt) ‖Xt‖ =̂ 0

α < ε

D B
d× d B

x∈Rd\{0}
xTDx

xTBx
= λ

(
DB−1

)
,

x∈Rd\{0}
xTDx

xTBx
= λ

(
DB−1

)
,



Xt

Xt

v(x) = xTBx .

v̇t(x) = xT
((
AT + F T

t + CT (t)
)
B +B (A+ Ft + C(t))

)
x

1

v(Xt)

v(Xt)

t

I
=

v̇t(Xt)

v(Xt)

I≤
x∈Rd\{0}

v̇t(x)

v(x)
= ρ(t) ,

ρ(t) := λ
(
AT + F T

t + CT (t) +B (A+ Ft + C(t))B−1
)
.

D1, D2 B B

λ
(
(D1 +D2)B

−1) ≤ λ
(
D1B

−1)+ λmax

(
D2B

−1)

ρ(t) ≤ ρ1(t) + ρ2(t) .

v(Xt)
I≤ v(X0)

(
(t− t0)

(
1

t− t0

∫ t

t0

ρ1(τ) τ +
1

t− t0

∫ t

t0

ρ2(τ) τ

))
.

t→∞
1

t− t0

∫ t

t0

ρ1(τ) τ =̂ E (ρ1(t0)) .

t→∞ (αt) v(Xt)=̂0

v(Xt)
I≥ λ (B) ‖Xt‖2

v̇t(Xt)/v(Xt) v̇t(x)/v(x)

v̇t(Xt)/v(Xt)

B



E(ρ2) C(t) C(t) = C1(t)+
C2(t) C1(t) θ

ρ2(t) ≤ λ
(
CT
t (t) +BC1(t)B

−1)+ λ
(
CT
2 (t) +BC2(t)B

−1)

t→∞
1

t− t0

∫ t

t0

ρ2(τ) τ ≤ 1

θ

∫ θ

0
λ

(
CT
1 (τ) +BC1(τ)B

−1) τ

+
τ∈[t0,∞)

λ
(
CT
2 (τ) +BC2(τ)B

−1)
λ (D) ≤ ‖D‖

t→∞
1

t− t0

∫ t

t0

ρ2(τ) τ ≤ 1

θ

∫ θ

0

∥∥CT
1 (τ) +BC1(τ)B

−1∥∥ τ

+
τ∈[t0,∞)

∥∥CT
2 (τ) +BC2(τ)B

−1∥∥ .

C(t)

C(t) =

N∑
i=1

ci(t)Ci ,

ci i = 1, 2, . . . , N
θi Ci

λ
(
CT (t) +BC(t)B−1

)
≤

N∑
i=1

x∈Rd
ci(t)

xT
(
CT
i B +BCi

)
c

xTBx

≤
N∑
i=1

(
c+i (t)λ

(
CT
i +BCiB

−1)+ c−i (t)λ
(
CT
i +BCiB

−1))

c+i (t) =

{
ci(t) ci(t) ≥ 0

0 ci(t) ≤ 0
c−i (t) =

{
ci(t) ci(t) < 0

0 ci(t) > 0
.

∫ θi

0
ci(τ) τ = 0

∫ θi

0
c+i (τ) τ = −

∫ θi

0
c−i (τ) τ = 1

2

∫ θi

0
|ci(τ)| τ



t→∞
1

t− t0

∫ t

t0

ρ2(τ) τ

≤
N∑
i=1

1

2θi

∫ θi

0
|ci(τ)| τ

(
λ

(
CT
i +BCiB

−1)− λ
(
CT
i +BCiB

−1)) .

t→∞
1

t− t0

∫ t

t0

ρ2(τ) τ

ρ1

ρ1

ρ1(t) ≤ λ
(
AT +BAB−1

)
+ λ

(
F T
t +BFtB

−1) .

A A
B

ATB + BA = I ,

λ
(
AT +BAB−1

)
=

1

λ (B)

ρ1(t) ≤ − 1

λ (B)
+ λ

(
F T
t +BFtB

−1)

ρ1(t) ≤ − 1

λ (B)
+
∥∥F T

t +BFtB
−1∥∥ .

x = B−1/2y

x∈Rd\{0}
xT

(
F T
t B +BFt

)
x

xTBx
=

y∈Rd\{0}
yT

(
B−1/2F T

t B1/2 +B1/2FtB
−1/2) y

yT y
,

λ
(
F T
t +BFtB

−1) = λ
(
B−1/2F T

t B1/2 +B1/2FtB
−1/2

)
.



ρ1(t) ≤ − 1

λ (B)
+
∥∥∥B−1/2F T

t B1/2 +B1/2FtB
−1/2

∥∥∥ .

E

(∥∥∥B−1/2F T
t B1/2 +B1/2FtB

−1/2
∥∥∥) <

1

λ (B)
− ε

C(t) ≡ 0

Ft Ft Ft =

N∑
i=1

Z(i)tFi

Fi Z(i)t

λ
(
F T
t +BFtB

−1) ≤ N∑
i=1

∣∣Z(i)t

∣∣ ∣∣λ (
F T
i +BFiB

−1)∣∣

λ
(
F T
t +BFiB

−1) = λ
(
B−1/2F T

i B1/2 +B1/2FiB
−1/2

)
= μi

E (ρ1(t)) ≤ − 1

λ (B)
+

N∑
i=1

E
(∣∣Z(i)t

∣∣) |μi| .

E
(
Z(i)t

)
= 0 E (ρ1(t))

λ
(
F T
t +BFtB

−1)
= x∈Rd

N∑
i=1

Z(i)t

xT
(
F T
i B +BFi

)
x

xTBx

≤
N∑
i=1

(
Z+
(i)tλ

(
F T
i +BFiB

−1)+ Z−(i)tλ
(
F T
i +BFiB

−1)) ,

Z+
(i)t =

{
Z(i)t Z(i)t ≥ 0

0 Z(i)t) < 0
Z−(i)t =

{
Z(i)t Z(i)t < 0

0 Z(i)t ≥ 0
.
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t

Yt

Zt = Ot ω = 10 a = 5 b = 1 b = 0.1

E

(
Z+
(i)t

)
= −E

(
Z−(i)t

)
= 1

2E
(∣∣Z(i)t

∣∣)

E (ρ1(t)) ≤ λ
(
AT +BAB−1

)
+ 1

2

N∑
i=1

E
(∣∣Z(i)t

∣∣) (λ (
F T
i +BFiB

−1)
−λ

(
F T
i +BFiB

−1)) .

Ÿt + 2bẎt + (1 + Zt + a (ωt))Yt = 0 ,

a ≥ 0 b > 0 a = 0

Zt

Zt = Ot Ot = −Ot t + Wt

ω = 10 a = 5 b b = 1
b = 0.1

h = 3 · 10−3



XT
t =

(
Yt, Ẏt

)
, A =

(
0 1
−1 −2b

)
, Ft = Zt

(
0 0
−1 0

)
,

C(t) = a (ωt)

(
0 0
−1 0

)
.

B

B =

(
α2
1 + α2 α1

α1 1

)
, α2 > 0 ,

ρ1(t) = −2b+
√

4 (b− α1)
2 + α−12

(
α2 + α2

1 − 1− Zt + 2α1 (b− α1)
)2

λ
(
CT +BCB−1

)
=

1√
α2

a | (ωt)| ,

λ
(
CT +BCB−1

)
= − 1√

α2
a | (ωt)| .

t∈∞
1

t− t0

∫ t

t0

ρ2(τ) τ ≤ aω

2π
√
α2

∫ 2π/ω

0
| (ωt)| t =

2a

π
√
α2

.

ρ1(t)

α1 = b , α2 = 1− b2 , b ≤ 1
2

√
2 ,

α1 = b , α2 = b2 , b ≥ 1
2

√
2 .

E (|Zt|) ≤ (2b− ε)
√
1− b2 − 2a

π
, b ≤ 1

2

√
2 ,

E
(∣∣Zt + 1− 2b2

∣∣) ≤ (2b− ε)b− 2a

π
, b ≥ 1

2

√
2 .

α1 = b α2 = b2 + 1 E (Zt) = 0

E
(
Z2
t

) ≤ (
(2b− ε)

√
1 + b2 − 2a

π

)2

− 4b4
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0.2

0.3

0.4

t

Yt

Zt = Ot b = 0.1 c(t) = t c(t) = (t)

a = 0
E
(
Z2
t

) ≤ 4b2 − ε∗ .

Ÿt + (2b+ Zt + c(t)) Ẏt + Yt = 0 ,

Zt

I E (Zt) = 0 c(t)
θ

1

θ

∫ θ

0
c(τ) τ = 0 ,

1

θ

∫ θ

0
|c(τ)| τ = c .

Zt = Ot Ot = −Ot t+ Wt b = 0.1
c c(t) = t c(t) = (t)

h = 3 · 10−3
XT

t = (Yt, Ẏt)

A =

(
0 1
−1 −2b

)
, Ft = Zt

(
0 0
0 −1

)
,

Ct = c(t)

(
0 0
0 −1

)
=: c(t)C .



B

ρ1(t)=−2b−Zt+
√
(Zt + 2b− 2α1)

2+α−12

(
α2 + α2

1 − 1 + α1Zt + 2α1 (b− α1)
)

λ
(
CT +BCB−1

)− λ
(
CT +BCB−1

)
=

√
1 +

α2
1

α2
.

t→∞
1

t− t0

∫ t

t0

ρ2(τ) τ ≤ c

2

√
1 +

α2
1

α2
.

ρ1(t)

α1 = b , α2 = 1− b2 , b ≤ 1
2(
√
5− 1) ,

α1 =
1√

b2 + 1
, α2 =

b2

b2 + 1
, b ≥ 1

2(
√
5− 1) .

E (|Zt|) ≤ (2b− ε)
√
1− b2 − 1

2c ,

b ≤ 1
2(
√
5− 1)

E

(∣∣∣Zt + 2b− 2
(
1 + b2

)−1/2∣∣∣) ≤ (2b− ε)b
(
1 + b2

)−1/2 − 1
2c ,

b ≥ 1
2(
√
5− 1)

α1 =
b

1 + b2
, α2 = 1− b2

(1 + b2)2

E
(
Z2
t

) ≤ (
(2b− ε)

(
1 + b2

)−1 (
1 + b2 + b4

)1/2 − 1
2c
)2 − 4

(
1 + b2

)−2
b6 ,

E
(
Z2
t

) ≤ 4b4
(
1 + b4

) (
1 + b2

)−2 − ε∗

c = 0



Xt

t
= AXt + FtXt + C(t)Xt + Zt ,

A Ft C(t) Zt d

B ρ(t)
I≤ −ε < 0 ρ(t)

M(ω) Ω ‖Zt‖
I≤ M

Xt h k

‖Xt‖
I≤ h ‖X0‖ + kM .

Yt

Ẏt = (A+ Ft + C(t))Yt

‖Yt‖
I≤ (λ (B))−1 λ (B) ‖Yτ‖ (−ε(t− τ)) , t ∈ I , τ ∈ [t0, t] ,

Ẋt =
(A+ Ft)Xt

Ẋt =
(A+ Ft)Xt + C(t)Xt



Φt

Φt0 = I

∥∥ΦtΦ
−1
τ

∥∥ I≤ h (−ε(t− τ)) , ‖Φt‖
I≤ h (−ε(t− τ))

Xt

‖Xt‖
I≤ h ‖X0‖ (−ε(t− τ)) + Chε−1 (1− (−ε(t− τ)))

I≤ h ‖X0‖+Mhε ,

ρ(t)
I≤ −ε

A C(t) ≡ 0 B
ATB +BA = −I

λ
(
F T
t +BFtB

−1) I≤ (λ (B))−1 − ε .

∥∥F T
t +BFtB

−1∥∥ I≤ (λ (B))−1 − ε

∥∥∥B−1/2F T
t B1/2 +B1/2FtB

−1/2
∥∥∥ I≤ (λ (B))−1 − ε

Ẋt =
(A+ FtC(t))Xt + Zt

‖Xt‖



Ẋt = AXt ,

A t d× d

A

λi(A)

iRe(λi) = −λ<̂0(‖A‖λ−1)d−1 ‖X0‖ ∈ Lr
1 X0 ∈ Sd r > 0

t→∞ E (‖Xt‖r) = 0 Xt

(X0, t0)
λ≥̂ρ ρ

t→∞ (rαt)E (‖Xt‖r) = 0

α < ρ

‖ (At)‖ ≤ cd
(‖A‖ ε−1)d−1 (−(λ− ε)t) , 0 < ε < λ ,

‖ (At)‖ ≤ c′d
(‖A‖λ−1)d−1 (−λt/2) ,

cd c′d d

E

(
t∈I

‖Xt‖r
)

= E

(
t∈I

‖ (At)X0‖r
)

< ∞ ,



t→∞ ‖Xt‖ =̂ 0 .

Yt = (α(t− t0))Xt

Ẏt = AYt , A = A+ αI

(X0, t0)

i
Re

(
λi(A)

)
=

i
(λi(A) + α) = α− λ ≤̂ α− ρ < 0 ,

E

(((∥∥A∥∥ ( i

∣∣Re
(
λi(A)

)∣∣)−1)d−1 ‖X0‖
)r)

≤ E

((((∥∥A∥∥+
√
dα
)
(λ− α)−1

)d−1 ‖X0‖
)r)

≤ (
1− ρ−1α

)(1−d)r
E

(((
λ−1

∥∥A∥∥+
√
d
)d−1 ‖X0‖

)r)
≤ (

1− ρ−1α
)(1−d)r

χ
(
E

(((
λ−1

∥∥A∥∥)d−1 ‖X0‖
)r)

+ E (‖X0‖r)
)

≤ (
1− ρ−1α

)(1−d)r
2χE

(((
λ−1

∥∥A∥∥)d−1 ‖X0‖
)r)

< ∞ .

Ẋt = AXt + Zt ,

A d × d Zt

d

A

‖Zt‖
I≤ β (−bt0) b, β ∈ S1 b≥̂0(‖A‖λ−1)d−1 βb−1 (−bt0) ∈ Lr

1 r > 0



t→∞ E (‖Xt‖r) = 0 Xt

(X0, t0)
λ = − iRe (λ(A)) ≥̂ρ b≥̂ρ ρ

t→∞ (αt)E (‖Xt‖r) = 0

α < ρ

Φt = (A(t− t0)) , ΦtΦ
−1
τ = (A(t− τ)) .

‖Xt‖
I≤ χ

(‖A‖λ−1)d−1(‖X0‖+ β

b
(−bt0)

)
,

E

(
t∈I

‖Xt‖r
)

< ∞ .

t→∞ ‖Xt‖ =̂ 0 .

Ẋt = AXt + FtXt + C(t)Xt ,

A Ft

C(t)

r

iRe (λi(A)) <̂− ρ ‖A‖<̂a a ρ

t→∞ ‖C(t)‖ = 0

‖Ft‖
I≤ c c



t→∞E (‖Xt‖r) = 0

Xt Xt0 ∈ Lr
d

r > 0

‖Xt‖
I≤ ‖X0‖χ

(
−1

2ρ(t− t0) + χ

∫ t

t0

‖Fτ + C(τ)‖ τ

)
,

χ = c′da
d−1(ρd−1)−1

c < ρ/(2χ) ε > 0 t∗ > t0

‖Ft + C(t)‖ [t∗,∞)
<

ρ

2χ
− ε ,

E

(
t≥t0

‖Xt‖r
)

< ∞ ,

t→∞ ‖Xt‖ =̂ 0

‖Ft‖

Xt

t
= AtXt + Zt ,

At θ Zt

θ At

t∈[t0,t0+θ]

E

(
‖Zt‖2

)
< χ .

θ

t→∞ (mX(t+ θ)−mX(t)) = 0



t,s→∞ (CX(t+ θ, s+ θ)− CX(t, s)) = 0

Yt
t

= AtYt .

θ I = R

E

(
‖Yt‖2

)
≤ αE

(
‖Y0‖2

)
(−ρ(t− t0))

(Y0, τ) α ρ
X0 ∈ L2

d (At, Zt)
(X0, t0) ∈ L2

d × I
θ

c

E

(
‖Xt‖2

)
≤ c , t ∈ I .

r E (‖Xt‖r)
Ẋt = AXt t→

∞

r E (‖Xt‖r)
Ẋt = AXt+Zt

t→∞

r E (‖Xt‖r)
Ẋt = (A+ Ft + C(t))Xt

t→∞



Xt
I
= Y 0

t +

∫ t

t0

Φt,τZτ τ ,

Y 0
t

(X0, t0) Φt,τ Φt,τ = ΦtΦ
−1
τ

β ρ

E

(
‖Φt,τ‖2

)
≤ β (−ρ(t− τ)) .

E

(
‖Xt‖2

)
≤ 2αE

(
‖X0‖2

)
(−ρ(t− τ)) + 2E

(∥∥∥∥∫ t

t0

Φt,τZτ τ

∥∥∥∥2
)

≤ 2αE
(
‖X0‖2

)
+ 2χ

∫ t

t0

∫ t

t0

E (‖Φt,τ‖ ‖Φt,s‖) τ s

≤ 2αE
(
‖X0‖2

)
+ 8χβρ−2 .

(X0, At, Zt)
(X0, At+θ, Zt+θ) Xt

Ut

Ut

t
= At+θUt + Zt+θ

Ut0 = X0

Wt = Ut−θ −Xt

Wt

t
= AtWt , Wt0+θ = X0 − Xt0+θ .

‖E (Xt+θ)− E (Xt)‖ = ‖E (Wt+θ)‖ ≤
(
E

(
‖Wt+θ‖2

))1/2
≤
(
αE

(
‖Xt0+θ −X0‖2

)
(−ρ(t− t0 − θ))

)1/2



t,s→∞ ‖CX(t+ θ, s+ θ)− CX(t, s)‖
= t,s→∞

∥∥∥E (Xt+θX
T
s+θ

)− E
(
XtX

T
s

)
+mX(t) (mX(s))T

−mX(t+ θ) (mX(s+ θ))T
∥∥∥

≤ t,s→∞
(
E (‖Xt+θ‖ ‖Xs+θ − Us‖) + E

(‖Xt+θ − Ut‖
∥∥UT

s

∥∥)
+‖mX(t)‖ ‖mX(s)−mX(s+ θ)‖+‖mX(s+ θ)‖ ‖mX(t)−mX(t+ θ)‖) .

‖mX(t)‖ ≤ c1/2 t ∈ I
t

t,s→∞ ‖CX(t+ θ, s+ θ)− CX(t, s)‖

≤ c1/2 s→∞
(
E

(
‖Ws+θ‖2

))1/2
+ c1/2 s→∞

(
E

(
‖Wt+θ‖2

))1/2
= 0 .

Ẋt = AtXt+
Zt θ

Ẋt = (A+ Ft)Xt

Ẋt = (A+Bξt)Xt ,

Xt ∈ Rd A B d × d
ξt



E(ξt) = 0 Cov(ξt, ξs) = E(ξtξs)
Xt0 = X0 ξt

t ≥ 0

Xt

X0 = Xt0 ξt

Xt = Ω(t) ·X0 , t ≥ 0 ,

Ω(t)
ξt

Ω(t) =
∞∑
k=0

Pk(t)

⎧⎪⎨⎪⎩
P0(t) := I ,

Pk(t) :=

∫ t

0
(A+Bξs)Pk−1(s) s , k = 1, 2, 3, . . . ,

Xt

ξt Xt

E(Xt)

d× d

P0(t) := I ,

Pk(t) :=

∫ t

0
(A+Bξs)Pk−1(s) s , k = 1, 2, 3, . . . ,

Pk(t) =
k∑

q=0

1

q!
(BΞt)

q

(
1

(k − q)!
(At)k−q + fk−q(t)

)
∀ k = 1, 2, 3, . . .

fl+1(t) =
l∑

p=1

(ABp −BpA)Al−p
∫ t

0

1

p!
Ξp
s

1

(l − p)!
sl−p s

+

l∑
p=0

ABp

∫ t

0

1

p!
Ξp
s fl−p(s) s



−
l∑

p=0

Bp+1

∫ t

0

1

(p+ 1)!
Ξp+1
s

(
s
fl−p(s)

)
s ,

f0(t) ≡ 0 Ξt :=

∫ t

0
ξs s t ≥ 0

k = 1 P1(t)

P1(t) =

∫ t

0
(A+Bξs) s = At + BΞt ,

P1(t) = I · (At+ f1(t)) +BΞt · (I+ f0(t)) = At + BΞt ,

f1(t) = A ·
∫ t

0
f0(s) s + B ·

∫ t

0
Ξs

(
s
f0(s)

)
s .

k
k + 1

Pk+1(t) =

∫ t

0
(A+Bξ)
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1

q!

(
(As)k−q + fk−q(s)

)
s

=

k∑
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ABqAk−q
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1
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ss

k−q s

+
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0

1
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sξss

k−q s

+
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ABq

∫ t

0

1

q!
Ξq
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Bq+1

∫ t

0

1

q!
Ξq
sξsfh−q(s) s .

∫ t

0

1

q!(k − q)!
Ξq
sξss

k−q s =
1
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Ξq+1
t tk−q

−
∫ t

0

1

(q + 1)!(k − q − 1)!
Ξq+1
s sk−q−1 s

0 ≤ q ≤ k − 1 q = k∫ t

0

1

k!
Ξk
sξs s =

1

(k + 1)!
Ξk+1
t .



Ξ0 = 0
0 ≤ q ≤ k∫ t

0

1

q!
Ξq
sξsfk−q(s) s =

1

(q + 1)!
Ξq+1
t fk−q(t)−

∫ t

0

1

g + 1)!
Xq+1

s

(
s
fk−q(s)

)
s .

Pk+1(t) =
k∑

q=0

ABqAk−q
∫ t

0

1

q!(k − q)!
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ss

k−q s

+
k∑
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1

(q + 1)!(k − q)!
(BΞt)
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−
k−1∑
q=0

Bq+1Ak−q
∫ t

0

1

(q + 1)!(k − q − 1)!
Ξq+1
s sk−q−1 s

+

k∑
q=0

ABq

∫ t

0

1

q!
Ξq
sfk−q(s) s+

k∑
q=0

1

(q + 1)!
(BΞt)

q+1 fk−q(t)

−
k∑

q=0

Bq+1

∫ t

0

1

(g + 1)!
Ξq+1
t

(
s

)
s .

q + 1 → q

Pk+1(t) =
k∑

q=0

ABqAk−q
∫ t

0

1

q!(k − q)!
Ξq
ss

k−q s

+
k+1∑
q=1

1

q!(k + 1− q)!
(BΞt)

q (At)k+1−q

−
k−1∑
q=1

BqAk+1−q
∫ t

0

1

q!(k − q)!
Ξq
ss

k−q s

+

k∑
q=0

ABq

∫ t

0

1

q!
Ξq
sfk−q(s) s+

k+1∑
q=1

1

q!
(BΞt)

q fk+1−q(t)

−
k∑

q=0

Bq+1

∫ t

0

1

(g + 1)!
Ξq+1
t

(
s

)
s .

q = 0

Ak+1

∫ t

0

1

k!
sk s =

1

(k + 1)!
(At)k+1 .



q = 0

fk+1(t) =

k∑
p=1

(ABp −BpA)Ak−p
∫ t

0

1

p!
Ξp
s

1

(k − p)!
sk−p s

+
k∑

p=0

ABp

∫ t

0

1

p!
Ξp
s fk−p(s) s

−
k∑

p=0

Bp+1

∫ t

0

1

(p+ 1)!
Ξp+1
s

(
s
fk−p(s)

)
s ,

l = k

Pk+1(t) =

k+1∑
q=0

1

q!
(BΞt)

q

(
1

(k + 1− q)!
(At)k+1−q + fk+1−q(t)

)
.

Ω(t) =

∞∑
k=0

k∑
q=0

1

q!
(BΞt)

q

(
1

(k − q)!
(At)k−q + fk−q(t)

)

=

∞∑
j=0

1

j!
(BΞt)

j

( ∞∑
k=0

1

k!
(At)k +

∞∑
k=0

fl(t)

)
,

Ω(t) = (BΞt)

(
(At) +

∞∑
k=0

fl(t)

)
.

Xt

Xt = (BΞt)

(
(At) +

∞∑
k=0

fl(t)

)
·X0 , t ≥ 0 .

∞∑
k=0

fl(t) m Ξt B

Fm(t)



Fm(t) d × d

Fm(t)

∞∑
k=0

fl(t) m Ξt B

Ḟm(t) = AFm +

m−1∑
q=0

1

(m− q)!
Ξm−q
t

(
ABm−qFq −Bm−qḞq

)
Fm(0) = 0 m = 1, 2, 3, . . . F0(t) = (At)

fl(t)

f
(m)
l (t) Ξt B m

l = 1, 2, 3, . . . m = 1, 2, 3, . . .
j − k → k

f
(m)
j+1(t) = (ABm −BmA)Aj−m

∫ t

0

1

m!(j −m)!
Ξm
s sj−m s

+

j∑
k=0

ABj−k
∫ t

0

1

(j − k)!
Ξj−k
s f

(m−j+k)
k (s) s

−
j∑

k=0

Bj−k+1

∫ t

0

1

(j − k + 1)!
Ξj−k+1
s

(
s
f
(m−j+k−1)
k (s)

)
s .

j < m
j ≤ m j ≤ m−1

f
(p)
j+1 ≡ 0 p ≤ 0 p ≥ j + 1 .

f0(t) ≡ 0

Fm(t) =

∞∑
l=0

f
(m)
l (t) =

∞∑
j=0

f
(m)
j+1(t) ,

Fm(t) =

∞∑
j=m

(ABm −BmA)Aj−m
∫ t

0

Ξm
s

m!(j −m)!
sj−m s

+
∞∑

j=m+1

j∑
k=j−m+1

ABj−k
∫ t

0

Ξj−k
s

(j − k)!
f
(m−j+k)
k (s) s

−
∞∑

j=m

j∑
k=j−m+2

Bj−k+1

∫ t

0

Ξj−k+1
s

(j − k + 1)!

(
s
f
(m−j+k−1)
k (s)

)
s ,



m = 1, 2, 3, . . . m = 1

m = 1

F1(t) =
∞∑
j=1

(AB −BA)Aj−1
∫ t

0

1

(j − 1)!
Ξss

j−1 s+
∞∑
j=2

A

∫ t

0
f
(1)
j (s) s .

f0(t) ≡ 0 f1(t) ≡ 0 j − 1 → j

F1(t) = A

∫ t

0

∞∑
j=0

f
(1)
j (s) s+ (AB −BA)

∫ t

0
Ξs

∞∑
j=0

1

j!
(As)j s

= A

∫ t

0
F1(s) s+ (AB −BA)

∫ t

0
Ξs (As) s .

Ḟ1(t) = AF1(t) + Ξt (AB −BA) (At)

F1(0) = 0 F0(t) = (At)
m = 1

m ≥ 2 q = j−m h = j−m−1

Fm(t) =

∞∑
q=0

(ABm −BmA)

∫ t

0

1

m!q!
Ξm
s (As)q s

+

∞∑
h=0

h+m+1∑
k=h+2

ABh+m+1−k
∫ t

0

Ξh+m+1−k
s

(h+m+ 1− k)!
f (k−h−1)(s) s

−
∞∑
q=0

q+m∑
k=g+2

Bq+m+1−k
∫ t

0

Ξq+m+1−k
s

(g +m+ 1− k)!

(
s
f
(k−q−1)
k (s)

)
s .

k = h+m+1
h→ q j = k − q − 1

Fm(t) = (ABm −BmA)

∫ t

0

1

m!
Ξm
s (As) s+A

∫ t

0

∞∑
q=0

f
(m)
q+m+1(s) s

+

∞∑
q=0

m−1∑
j=1

∫ t

0

Ξm−j
s

(m− j)!

(
ABm−1f (j)

j+q+1 −Bm−j
(

s
f
(j)
j+q+1

))
s .



F0(t) = (At) f
(j)
l+1 ≡ 0

j ≥ l + 1

Fm(t) = (ABm −BmA)

∫ t

0

1

m!
Ξm
s (As) s+A

∫ t

0

∞∑
l=0

f
(m)
l (s) s

+
m−1∑
j=1

∫ t

0

Ξm−j
s

(m− j)!

(
ABm−1

∞∑
l=0

f
(j)
l −Bm−j

(
s

∞∑
l=0

f
(j)
l

))
s ,

Ḟm(t) = AFm(t) +
m−1∑
q=0

1

(m− q)!
Ξm−q
t

(
ABm−qFq(t)−Bm−qḞq(t)

)
,

Fm(0) = 0
m ≥ 2

Fm(t) = (At) · Γm(t) , m = 0, 1, 2, . . . .

Γm(t)

Fm(t) d×d
Γm(t)

Fm(t) = (At) · Γm(t) , m = 0, 1, 2, . . . ,

Γm(t) =
m−1∑
q=0

∫ t

0

1

(m− q)!
Ξm−q
s Lm−q(s)Γq(s) s ,

m = 1, 2, 3, . . . G0(t) = I

Lk(s) = (−At)Kk (At) Kk = Kk−1B −BKk−1 ,

k = 1, 2, 3, . . . K0 = A
k Kk A B

Kk =

k∑
q=0

(
k

q

)
(−1)qBqABk−q ,

k = 1, 2, 3, . . .



Kk k = 1
K1 = AB − BA

k ∈ N

k + 1
k+1

Kk+1 =
k∑

q=0

(
k

q

)
(−1)qBqABk−q+1 −

k∑
q=0

(
k

q

)
(−1)qBq+1ABk−q .

q + 1→ q

Kk+1 = ABk+1 +
k∑

q=1

((
k

q

)
+

(
k

q − 1

))
(−1)qBqABk−q + (−1)k+1Bk−1A .

(k
q

)
+
(

k
q−1

)
=
(
k+1
q

)
1 ≤ q ≤ k

Kk =

k∑
q=0

(
k

q

)
(−1)qBqABk−q ,

Fm(t) = (At)

∫ t

0
(−At)

m∑
q=0

Ξm−q
s

(m− q)!

(
ABm−qFq(s)−Bm−qḞq(s)

)
s ,

m = 1, 2, 3, . . . Fm(0) = 0 Ḟm(t) =
A (At)Γm(t) + (At)Γ̇m(t)⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Γm(t) =

∫ t

0
Jm(s) s

Jm(s) =
m−1∑
q=0

Ξm−q
s

(m− q)!
(−As) ((ABm−q −Bm−qA

)
(As)Γq(s)

− Bm−q (As)Γ̇q(s)
)

m = 1, 2, 3, . . . F0(t) = (At) Γ0(t) = I

m = 1



J1(s) = Ξs (−As) (AB −BA) (As)Γ0(s)

= Ξs (−As)K1 (As)Γ0(s)ΞsL1(s) = Γ0(s) .

Γ1(t) =

∫ t

0
ΞsL1(s)Γ0(s) s .

m
m+ 1

m

Γ̇q(s) =

q−1∑
k=0

1

(q − k)!
Ξq−k
s (−As)Kq−k (As)Γk(s) ,

q = 1, 2, 3, . . . Jm+1(s) Gm+1(s)

Jm+1(s) =
m∑
q=0

Ξm+1−q
s

(m+ 1− q)!
(−As) (ABm+1−q −Bm+1−qA

)
(As)Γq(s)

−
m∑
q=0

q−1∑
k=0

Ξm+1−k
s

(m+ 1− q)!(q − k)!
(−As)Bm+1−qKq−k (As)Γk(s) ,

Γ̇0(s) ≡ 0

m∑
q=0

Ξm+1−q
s

(m+ 1− q)!
(−As)ABm+1−q (As)Γq(s)

−
m∑
q=0

Ξm+1−q
s

(m+ 1− q)!
(−As)Bm+1−qA (As)Γq(s)

k = q q = 0, 1, 2, . . . ,m
K0 = A

Jm+1(s) =

m∑
q=0

Ξm+1−q
s

(m+ 1− q)!
(−As)ABm+1−q (As)Γq(s)

−
m∑
q=0

q∑
k=0

Ξm+1−k
s

(m+ 1− q)!(q − k)!
(−As)Bm+1−qKq−k (As)Γk(s) .



k 0 q q = 0, 1, . . . ,m q k m
k = 0, 1, . . . ,m {ρqk}

m∑
q=0

q∑
k=0

ρqk =

m∑
k=0

m∑
q=k

ρqk , m = 1, 2, 3, . . . .

q ↔ k
Jm+1(s)

Jm+1(s) =

m∑
q=0

Ξm+1−q
s

(m+ 1− q)!
(−As) · [ABm+1−q

−
m∑
k=q

(m+ 1− q)!

(m+ 1− k)!(k − q)!
Bm+1−kKk−q] · (As)Γq(s) .

ABm+1−q −
m∑
k=q

(m+ 1− q)!

(m+ 1− k)!(k − q)!
Bm+1−kKk−q

= ABp +

p−1∑
k=0

k∑
j=0

p!

(p− k)!(k − j)!
(−1)k+1−jBp−jABj

p := m+ 1− q k − g → k

Kk =

k∑
j=0

(
k

j

)
(−1)k−jBk−jBk−jABj , k = 1, 2, 3, . . .

ABp +

p−1∑
k=0

k∑
j=0

p!

(p− k)!(k − j)!
(−1)k+1−jBp−jABj

= ABp +

p−1∑
k=0

p!

j!

⎛⎝p−1∑
k=j

(−1)p+1−k 1

(p− k)!(k − j)!

⎞⎠ (−1)p−jBp−jABj .



k p− k → k

p−1∑
k=j

(−1)p+1−k 1

(p− k)!(k − j)!
=

1

(p− j)!

p−j∑
k=1

(−1)k (p− j)!

k!(p− j − k)!

=
1

(p− j)

(
1−

p−j∑
k=0

(−1)k (p− j)!

k!(p− j − k)!

)
= ,

1

(p− j)!
.

(a + b)n a = 1 b = −1
n = p− j

0 =

p−j∑
k=0

(−1)k (p− j)!

k!(p− j − k)!
,

ABp +

p−1∑
k=0

p!

j!

⎛⎝p−1∑
k=j

(−1)p+1−k 1

(p− k)!(k − j)!

⎞⎠ (−1)p−jBp−jABj

= ABp +

p−1∑
j=0

p!

j!(p− j)!
(−1)p−jBp−jABj =

p∑
j=0

(
p

j

)
(−1)p−jBp−jABj

= Kp ,

p = m+ 1 + q

Jm+1(s) =
m∑
q=0

1

(m+ 1− q)!
Ξm+1−q
t (−As)Km+1−q (As)Γq(s) .

Γm+1(t) =

m∑
q=0

∫ t

0

1

(m+ 1− q)!
Ξm+1−q
t (−As)Km+1−q (As)Γq(s) s ,

∞∑
l=0

fl(t) =

∞∑
m=1

Fm(t) = (At) ·
∞∑

m=1

Gm(t) .

F0(t) = (At) G0(t) ≡ I

Xt

Xt = (BΞt) · (At) ·
∞∑

m=0

Gm(t) ·X0 , t ≥ 0 .



Ẋt = (A+Bξt)Xt A
B ξt

ξt

Ẋt =

(
3− 4Wt 2 +Wt

1 −2 +Wt

)
Xt ,

Wt

Ẋt = AtXt + Zt At = A(ω)

Ẋt = AtXt + Zt

Ẋt = (A+ Ft)Xt Ẋt = (A+ Ft + C(t))Xt

Ẋt = (A+ Ft + C(t))Xt+
Zt

r
Ẋt =

AXt Ẋt = AXt + Zt Ẋt = (A+ Ft + C(t))Xt + Zt

θ



Xt = (BΞt) · (At) ·
∞∑

m=0

Gm(t)X0

Xt

Ẋt = (A+Bξt)Xt

☼ � �

�

☼

ẋ(t, ω) =
kx(ω)y(t, ω)

K(ω) + y(t, ω)
x(t, ω) , ẏ(t, ω) =

ky(ω)y(t, ω)

K(ω) + y(t, ω)
x(t, ω) ,

K ∼ U(0.28, 0.36) kx ∼ U(0.04, 0.06) ky ∼ U(−0.325, 0.3)

☼
x

A y
B ẋ

y g B
−αx A

ẋ = ky − αx + g .

y



Ẋt = k(ω) (Yt −Xt)− α(ω)Xt + g(ω) ,

Ẏt = l(ω) (Yt −Xt)− β(ω)Xt + h(ω) ,

k(ω) l(ω) α(ω) β(ω) g(ω) h(ω)

kl < (α+ k) (β + l) kl > (α+ k) (β + l)

☼
θ

Ẋt = k(ω) (Yt −Xt)− αt(ω)Xt + g(ω) ,

Ẏt = l(ω) (Yt −Xt)− βt(ω)Xt + h(ω) .

θ

☼
k(ω) αt(ω)

Ẋt = −αt(ω)Xt + k(ω) (Yt + Zt) + g1(ω) ,

Ẏt = −αt(ω)Yt + k(ω) (Xt + Zt) + g2(ω) ,

Żt = −αt(ω)Zt + k(ω) (Xt + Yt) + g3(ω) ,

αt(ω) k(ω) g1(ω) g2(ω) g3(ω)

ẋ = Ax+ g



χA(λ) λ =
−α− k

2k < α 2k > α

☼
Zt

Ẋt = −αt(ω)Xt + k(ω) (Yt + Zt) + g1(ω) ,

Ẏt = −αt(ω)Yt + k(ω) (Xt + Zt) + g2(ω) ,

Żt = −αt(ω)Zt + 0 (Xt + Yt) + g3(ω) ,

αt(ω) k(ω)
g1(ω) g2(ω) g3(ω)

k < α
k > α

☼
v̇t(Xt)/v(Xt)

☼
F M

C

Ḟt = − (δ(ω) + ρt(ω))Ft + (β(ω) + δ(ω))Ct ,

Ṁt = −δ(ω)M + (β(ω) + δ(ω))Ct − ρt(ω)F ,

Ċt = ρt(ω)F − 2δ(ω)C ,

δ β
ρt(ω)



Ti , wi

T , w

Q

heater

V

ρt(ω) θ

θ

☼
wi Ti T

Te

mCṪ = wiC (Ti − T ) +He (Te − T ) ,

meCeṪe = Q−He (Te − T ) ,

mC meCe

Q He

Q wi



☼

Ω(t) =
∞∑
k=0

Pk(t)

⎧⎪⎨⎪⎩
P0(t) := I ,

Pk(t) :=

∫ t

0
(A+Bξs)Pk−1(s) s , k = 1, 2, 3, . . . ,

�





f
Xt ω

Fω(x, t)
t

Ẋt = −Xt + (Wt(ω)),

Wt(ω)

Xt = e−tX0 + e−t
∫ t

t0

eτ (Wτ (ω)) τ.



Wt(ω)
Xt

xn+1 = xn + hnφ(hn, tn, xn),

tn ∈ [t0, T ] hn = tn+1−tn ∈ (0, h]
n = 0, ..., N−1 ω Fω(x, t) := f(x, t)

f x |x(t)| ≤ R
R(w) = R > 0 ∀t ∈ [t0, T ] LR B[0;R] :=
{x ∈ Rd : |x| ≤ R} MR = t∈[0,T ],x∈B[0;R] |f(x, t)|

f φ

ωf (h) := ωf (h;R, T ) =
s,t∈[0,T ]

0≤|s−t|≤h
x∈B[0;R]

|f(t, x)− f(s, x)|,

ωφ(h) := ωφ(h;R, T ) =
0≤hn≤h t∈[0,T ]

x∈B[0;R]

|φ(hn, t, x)− φ(0, t, x)| .

|xn − x(tn; t0, x0)| ≤ ωf (h) + ωφ(h) + LRMRh

LR
· eLRT .

φ(h, t, x) = f(t, x) ωφ(h) = 0

|xn − x(tn; t0, x0)| ≤ ωf (h) + LRMRh

LR
· eLRT = O(ωf (h)) ,



h

︸ ︷︷ ︸
︷ ︸︸ ︷δ

tn tn+1

δ = h/N h

f t

h
f

x

t
= −x+ ζt,

ζt
1
2

1
2

|xn −
x(tn; t0, x0)|= O(h)

x

t
= G(t) + g(t)H(x) ,

g : [0, T ] → R ωg(δ) [0, T ] G : [0, T ] →
Rd ωG(δ) [0, T ] H : Rd → Rd

g

ḡ
(1)
h,δ(t) =

1

N

N−1∑
j=0

g(t+ jδ)

[t, t+ h] δ = h/N
G(t)

xn+1 =
1

N

N−1∑
j=0

{xn + hG(tn + jδ) + hg(tn + jδ)H(xn)}

= xn +
1

N

N−1∑
j=0

hG(tn + jδ) +
H(xn)

N

N−1∑
j=0

hg(tn + jδ) .



10−2 10−1 100
10−3

10−2

10−1

100

h

e
r
r
o
r

Order 1

Av. Euler

10−2 10−1 100
10−5

10−4

10−3

10−2

10−1

100

h

e
r
r
o
r

Order 2

Av. Heun

Ẋt = −Xt + (Wt(ω))

L(h;x, t)

L(h;x, t) = O(h(ωg(δ) + ωG(δ))),

δ {ωg(δ), ωG(δ)} = O(h)

φ(h, t, x) =
1

2
{f(x, t) + f(t+ h, x+ hf(x, t))}.

ωφ(h) ωφ(h) ≤ K1ωf (h)
K1 T R

f
H

ḡ
(2)
h,δ(t) =

2

N2

N−1∑
i=0

i∑
j=0

g(t+ jδ) =
2

N2

N−1∑
j=0

(N − j)g(t+ jδ),

xn+1 = xn + hḠ
(1)
h,δ(tn) +

h

2
ḡ
(1)
h,δ(tn)H(xn)



+
h

2
ḡ
(1)
h,δ(tn)H

(
xn + hḠ

(2)
h,δ(tn) + hḡ

(2)
h,δ(tn)H(xn)

)
.

L(h;x, t) = O((h+ h2)(ωg(δ) + ωG(δ)) + h3),

δ {ωg(δ), ωG(δ)} = O(h2)

1/2 ωG(h) = O(h(1/2)) δ = h2

δ = h4

f(z, t) = G(t) + g(t)H(z) z = (z1, z2) ∈ R2

G(t) = −Ot

(
1

2ζgωg − 1

)
, H(z) = −

(
z2

2ζgωgz2 − ω2
gz1

)
, g(t) = 1 .

Ot

Ot = −Ot t+ Wt

Ot+Δt = μOt + σXn1 ,

μ := e−Δt σ2
X := (1 − μ2)/2 n1

N (0, 1)
Ot

ωG(h) = O(h1/2) δ = h2

δ = h4



ü = −2ζgωgz2 − ω2
gz1 ,

ż = G(t) +H(z) , z = (z1, z2)
T ,

z1 z2
C1 ü

t0 = 0

M C K

M
C1

C2



− − −
− − −

− − −
− − −

− −
−

−

− −



−

−

δ
h

h

G



− −

− −



−
−

− −

− −

− −
−

−
−

− −
− −

− −
−
−



−
−

−

M

üg = ẍg + ξt ζg = 0.64 ωg = 15.56 rad/s



δ = 1/10242

h = 1/1024
M = 10, 000

T = 5
h = 1/2048

δ = h/2048 ≈ 2.4e − 7

21, 000, 000
10, 240

h M
u1

|u1| ≥ 5e− 2

f
Xt ω

x

t
= Fω(t, x) := f(ω(t), x), x(t0) = x0,

ω ∈ Ω
f

ω x α = (α1, α2) ∈ N2
0

|α| := α1 + α2 γ ∈ (0, 1]
|α|γ := γα1 + α2 K ∈ R+ K ≥ |α|γ

|α|Kλ := K − |α|λ α! := α1!α2! fα := (∂1)
α1(∂2)

α2f
f0 = f



üg = -5.71

üg = 5.52

üg = 5.26

üg = -0.03

t = 0.5 t = 1.5 t = 2.5 t = 3.5
k1 = . . . = k4 = 25 c1 = . . . = c4 = 10

c1 = . . . = c4 = 40
k1 = 2.5



[0, 1) [1, 2) [2, 3) [3, 4) [4, 5)

0

500

1,000

t

H
it
s

Hits for M = 10000, criterion = 5e-2

M = 10, 000
h = 1/2048 u1

|u1| ≥
5e− 2 T = 5

k f

f(ω(s), x(s)) =
∑
|α|≤k

fα(ω̂, x̂)

α!
(Δωs)

α1(Δxs)
α2 +Rk+1(s) ,

H(x)
h



Δωs := ω(s)− ω̂ ω̂ := ω(t̂) Δxs := x(s)− x̂ x̂ := x(t̂)
t̂ ∈ [t0, T ) Rk+1

Rk+1(s) =
∑

|α|=k+1

1

α!
fα(ω̂ + ξωsΔωs, x̂+ ξxsΔxs)(Δωs)

α1(Δxs)
α2 ,

ξωs , ξxs ∈ [0, 1] f

x(t) = x̂+

∫ t

t̂
f(ω(s), x(s)) s,

= x̂+
∑
|α|≤k

fα(ω̂, x̂)

α!

∫ t

t̂
(Δωs)

α1(Δxs)
α2 s︸ ︷︷ ︸

:=Tα(t;t̂)

+

∫ t

t̂
Rk+1(s) s,

= x̂+
∑
|α|≤k

Tα(t; t̂) +

∫ t

t̂
Rk+1(s) s .

x(t)
Tα(t; t̂)

Δxs
Tα

t→ t̂+ h

x(t̂+ h) ≈ x(t̂) +
∑
|α|≤k

fα(ω̂, x̂)

α!

∫ t̂+h

t̂
(Δωs)

α1(Δxs)
α2 s .

K ∈ R+

yK,h
n

AK := {α = (α1, α2) ∈ N2
0 : |α|θ = θα1 + α2 < K}.

yK,h
n+1 := yK,h

n +
∑
AK

N (K)
α (tn+1, tn, y

K,h
n ),

N (K)
α (t̂+ h, t̂, ŷ) :=

1

α!
fα(ω̂, ŷ)

∫ t̂+h

t̂
(Δωs)

α1

(
Δy

(|α|Kθ )

Δs (t̂, ŷ)
)α2

s,

Δy
(	)
h (t̂, ŷ) :=

∑
|α|θ<	

N (	)
α (t̂+ h, t̂, ŷ),



Δs = s− t̂

φ(K)(h, t̂, ŷ) :=
1

h

∑
A

N (K)
α (t̂+ h, t̂, ŷ).

Δy
(|α|Kθ )

Δs |α|Kθ = K−|α|θ < K θ

θ

θ

y
(K,h)
1 (t̂, ŷ)

L
(K)
h (t̂, ŷ) := |x(t̂+ h, t̂, ŷ)− y

(K,h)
1 (t̂, ŷ)|.

R̃0 := 0 K > 0

R̃K :=
0<L≤K (h,t,x)∈

[0,1]×[t0,T ]×[−R,R]

|φ(L)(h, t, x)|.

k = kK :=

⌊
K

θ

⌋
, RK := {R̃K , ‖f‖k+1}.

∣∣∣L(K)
h (t̂, x̂)

∣∣∣ ≤ CKhK+1,

0 ≤ h ≤ 1

CK := ( (‖ω‖θ + 2RK))K+1.

∣∣∣L(K)
h (t̂, x̂)

∣∣∣ ≤ Cε
KhK+1−ε,

ε > 0

Cε
K := ( (‖ω‖γε + 2RK))K+1, γε := θ − ε

(k + 1)2
.

K > 0

K K − ε



K K = 1.0

y1.0,hn+1 = y1.0,hn + hf(Ot, z) + f(1,0)(Ot, z)

∫ tn+1

tn

ΔOs s,

K = 3.0 f(Ot, z)

y
(3),h
n+1 = y(3),hn + hf + f(0,1)f

h2

2
+

h3

6
f2
(0,1)f + f(1,0)

∫ tn+1

tn

ΔOs s

+ f(0,1)f(1,0)

∫ tn+1

tn

∫ s

tn

ΔOv v s+ f2
(0,1)f(1,0)

∫ tn+1

tn

∫ s

tn

∫ v

tn

ΔOw w v s,

f(0,1)(Ot, z) f z ∈ R2

h = 1/32

k1 = . . . = k4 = 15
c1 = . . . = c4 = 5



− − −

− −
− −

−
−

−

− −

−
−

−
− −

− − −

h



−

δ = h/N h/m
h

O(10−4)
h = 10−4 δ = 10−8

h = 10−2 δ = 10−8

h = 10−8

O(h1/2)
tn tn+1 δ = h3 · h N
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üg

☼

h
10−2

δ

☼

×

☼
Ÿt + 2bẎt + (1 + Zt + a (ωt))Yt = 0 ,

a ≥ 0 b > 0
Yt



�

y(3),h

h = 1/16 h

�

A1

N
(1.0)
α

x



h P W

h

Żt = f(Zt +Ot) +Ot

Ot

f

〈x− y , f(x)− f(y)〉 ≤ −L‖x− y‖2 ,



x, y ∈ Rd L > 0 Z1(t) Z2(t)

t‖Z1(t)− Z2(t)‖2 = 2〈Z1(t)− Z2(t) , tZ1(t)− tZ2(t)〉
= 2〈Z1(t)− Z2(t) , f(Z1(t) +Ot)− f(Z2(t) +Ot)〉
= 2〈(Z1(t) +Ot)− (Z2(t) +Ot) , f(Z1(t) +Ot)− f(Z2(t) +Ot)〉
≤ −2L‖Z1(t)− Z2(t)‖2 ,

‖Z1(t)− Z2(t)‖2 ≤ (−2Lt)‖Z1(0)− Z2(0)‖2 → 0 , t→∞ .

Xt = f(Xt) t+ Wt

h P W

h

Ut

Vt I

Ut

(p)
< Vt

Ut

(p)
< Vt :⇔ P (Ut < Vt) > p



t ∈ I

Ut

(I,p)
< Vt :⇔ P (Ut < Vt : t ∈ T ) > p

I Ut

(p)
< Vt t ∈ I Ut

(I,p)
< Vt

α, β, γ > 0 Zt t ∈ I := [t0,∞) q.m.

‖E(Zt)‖ ≤ α , ‖KZ(t, t)‖ = σ2
Z(t) ≤ β2 ,

∫ ∞

0
‖KZ(t, τ)‖ τ ≤ γ ,

t ∈ I k > 0
t ≥ t0

E

( (
k

∫ t

t0

‖Zτ‖ τ

))
≤ (

k
(
α+ β + 1

2kγ
)
(t− t0)

)
.

h P W

h

f(x, t, ω) : Rd × I × Ω → Rd ω ∈ Ω
ẋ = f(x, t, ω)



x(t, x0, t0, ω)
I (x0, t0) ∈ Rd × I

(t, ω) x(t, x0, t0, ω)
Rd × I

Uω � {0}
x = 0 f(x, t, ω) = 0 t ∈ I Uω x = 0

(X0, t0) ∈ Sd × I
Xt(X0, t0)

Xt

t
= f(Xt, t, ω) .

Xt(X0, t0)
I
= x(t,X0(ω), t0, ω) Xt(0, t0)

I
= 0

(0, t0)

ω ∈ Ω
ẋ = f(x, t, ω)



δ1, δ2, . . .
ω

I
ε > 0 δ > 0

‖Xt(X0, t0)‖
I
< ε ,

X0 ∈ Sd ‖X0‖<̂δ
η > 0

t→0
‖Xt(X0, t0)‖ =̂ 0

‖X0‖<̂η

a b η

‖Xt(X0, t0)‖
I≤ a‖X0‖ (−b(t− t0))

t0 ∈ I X0 ∈ Sd ‖X0‖<̂η

h(Xt) X0

h : Rd → R |xk| k =
1, 2, . . . , d (x1, . . . , xk−1, xk+1, . . . , xd)

‖x‖→0 h(x) = 0 ‖x‖→∞ h(x) =∞

h
I h ε > 0 δ > 0

E (h(Xt(X0, t0))) < ε



t ∈ I X0 ∈ Sd E(h(X0)) < δ
η > 0

t→∞E (h(Xt(X0, t0))) = 0

X0 ∈ Sd E(h(X0)) < η
h

h
a b η

E (h(Xt(X0, t0))) ≤ aE(h(X0)) (−b(t− t0))

0 ≤ t0 ≤ t X0 ∈ Sd E(h(X0)) < η

h(x) = ‖x‖ h m
h(x) = ‖x‖2 h q.m.

P

I P ε > 0
p ∈ (0, 1) δ > 0 γ ∈ (0, 1)

‖Xt(X0, t0)‖
(p)
< ε

t ∈ I X0 ∈ Sd ‖X0‖
(γ)
< δ

W
I W

ε > 0 p ∈ (0, 1) δ > 0 γ ∈ (0, 1)

‖Xt(X0, t0)‖
(I,p)
< ε

t ∈ I X0 ∈ Sd ‖X0‖
(γ)
< δ

W
π ∈ (0, 1) η χ

P

(
t→∞ ‖Xt(X0, t0)‖ = 0

)
> π

X0 ∈ Sd ‖X0‖
(χ)
< η

δ, γ χ, η
t0 ∈ I

t0 ∈ I
P W W



Sd

X0 ∈ Sd

M Sd

X0 ∈M = Rd

X0 ∈ M = γ(K) := {X0 ∈ Sd : ‖X0‖<̂K} ,

0 < K <∞
P

M ε > 0 p ∈ (0, 1) δ > 0 γ ∈ (0, 1)

‖Xt(X0, t0)‖
(p)
< ε

t ∈ I X0 ∈M ‖X0‖
(γ)
< δ

f(x, t, ω) X0(ω)
ω

h h h

P W



f(x, t, ω) t ω ∈ Ω t
ω ∈ Ω

h

h
Z

Ẋt =

(
2

t
− Z

)
Xt

t0 > 0

Xt =
X0

t20
t2 (−Z(t− t0)) .

Z (0, 1)

E (|Xt|) =
X0

t20
· t2

(t− t0)
(1− (−(t− t0))) .

h

r r′ r′ <
r r h(x) = ‖x‖r

M = Rd r′

(E(‖Xt‖r))1/r
r

W
W

ε > 0 p ∈ (0, 1) δε ∈ S1



‖Xt‖
I
< ε ‖X0‖<̂δε

δ(ε, p) δε > δ(ε, p) ‖X0‖ < δ(ε, p)

p < P ((‖X0‖ < δ(ε, p)) ∩ (δε > δ(ε, p))) ≤ P (‖Xt‖ < ε : t ∈ I) ,

‖Xt‖
(I,p)
< ε

W P

W P

M1 ⊂ M2 ⊂ Sd

M2

M1

h P K
γ(K) := {X0 ∈ Sd : ‖X0‖<̂K}

h γ(K)
P γ(K)

h(ε) :=
x∈Rd , ‖x‖≤ε

h(x) h(ε) :=
x∈Rd , ‖x‖≥ε

h(x) .

h γn(K)
ε > 0 p ∈ (0, 1) δ′ > 0

E (h (Xt(X0, t0))) < h(ε)(1− p) , t ∈ I ,

E(h(X0)) < δ′

δ′ δ > 0 γ ∈ (0, 1)

(1− γ)h(K) < 1
2δ
′ , h(δ) < 1

2δ
′

E (h (‖X0‖)) ≤ h(δ) + (1− γ)h(K) < δ′

‖X0‖
(γ)
< δ

‖Xt(X0, t0)‖
(p)
< ε t ∈ I

h(ε)(1−p) > E (h (Xt(X0, t0))) ≥ h(ε)P (‖Xt(X0, t0) ≥ ε‖) , t ∈ I .



path-wise
stability

path-wise
equi-stability

W-stability
h-stability

(w.r.t. deterministic
initial conditions)

P-stability

W h
W

P h
M ⊂ Rd

h(ε) := x∈Rd , ‖x‖≤ε h(x)
ε > 0 ε′ > 0 δ > 0 h(ε′) < ε

‖Xt(X0, t0)‖
I
< ε′ ‖X0‖<̂δ

E (h(Xt)) ≤ E

(
t≥t0

h(Xt)

)
≤ h(ε′) < ε

‖X0‖<̂δ



Ẋt = A(t)Xt + Zt

X0
t

Ut := Xt−X0
t

U̇t = A(t)Ut .

h

Xt Ẋ = f(Xt, t, ω)
Xt0 ∈ R Xt

W

W P

h P

W

h



Ẋt = (A+ Ft)Xt ,

Ẋt = (A+ Ft + C(t))Xt .

h

h(x) v(x, t, ω)
Rd × I × Ω Bd × A t ∈ I

{
Ht := h(Xt(X0, t0)) , h(t) := E(Ht)

Vt := V (Xt(X0, t0), t, ω) , v(t) := E(Vt)
.

h M ⊂ Sd v(x, t, ω)
M ⊂ Sd

{X(ν)
0 }ν∈N ⊂M ν→∞ E(h(X

(ν)
0 ))

ν→∞E

(
v(X

(ν)
0 , t0, ω)

)
= 0 .

a > 0

v(x, t, ω)
Rd×I≥ ah(x) .



Xt

Ẋt =

(
(t) 1
(t) (−t)

)
Xt +

(
0
1

)
Wt ,

Wt

Xt

Ẋt =

( −1 +Wt 1
Ot −3

)
Xt ,

Wt Ot

Wt Ot

Ẋt =

( − (t) +Wt (2t)
Ot 3 (−t)− 2

)
Xt ,

Wt Ot

Wt Ot

k > 0 t∈I v(t) = v(t0) X0 ∈
M h(t0) < k

h M

t→∞ v(t) = 0 X0 ∈M η > 0 h(t0) < η

h M

a > 0 b > 0

ah(x)
Rd×I≤ v(x, t, ω)

Rd×I≤ bh(x) .



h(t) η > 0

v(t) − v(t0) ≤ −c
∫ t

t0

h(τ) τ , t ∈ I t ≥ t0 ,

X0 ∈M h(t0) < η c > 0

h M

ε > 0
δ > 0 δ < k X0 ∈ M h(t0) < δ

v(t0) < ε

a
t∈I

h(t) ≤
t∈I

v(t) = v(t0) < εa ,

t→∞ h(t) = γ > 0
X0 ∈ M h(t0) < (k, η) tν → ∞

h(tν) >
1
2γ ν = 1, 2, . . .

v(tν) ≥ 1
2aγ

ah(t) − bh(t) ≤ v(t) − v(t0) ≤ −c
∫ t

t0

h(τ) τ , t ∈ I t ≥ t0 .

h(t) ≤ b

a
h(t0)

(
− c

a
(t− t0)

)
, t ∈ I t ≥ t0 ,

h
v

v



h(x) = ‖x‖2

v(x, t, ω) = v(x, t) Rd × I0
(∂xv)

T = (∂x1v, ∂x2v, . . . , ∂xd
v) ∂tv

Rd × I0

v̇(x, t, ω) = ∂tv + (∂xv)
T f(x, t, ω)

v̇(x, t, ω)
Rd×I0≤ ηtv(x, t)

ηt X0 ∈ M
I0

E

( (∫ t

t0

ητ τ

))
= y(t0, t)

t ∈ I0 y(t0, t) ≤ 1 t ∈ I0
t→∞ y(t0, t) = 0

Vt

t
= v̇(Xt, t, ω)

I0≤ ηtVt

Vt

I0≤ Vt0 +

∫ t

t0

ητVτ τ .

v(t) ≤ v(t0)E

( (∫ t

t0

ητ τ

))
X0 ηt t ∈ I0

h



exponential stability in the whole in the deterministic sub-system

+

random influence is bounded by a sufficiently nice process that
does not increase too exessively

exponential
h-stability
w.r.t. M

h v(x, t)

t ∈ I0 c d

y(t0, t) ≤ c (−d(t− t0)) , t ∈ I , t0 ≤ t .

h M

Xt

t
= f(Xt, t) + g(Xt, t, ω) ,

f(x, t)
Rd×I g(x, t, ω) Rd×I×Ω

f(0, t) = 0 t ∈ I ∂xf
Rd × I

x

t
= f(x, t)

(x0, t0) ∈ Rd × I
g(x, t, ω)

h

h M

‖g(x, t, ω)‖ Rd×I≤ Lt‖x‖ ,



Lt

I

a > 0 ρ > 0 b > 0

E

( (
a

∫ t

t0

Lτ τ

))
≤ b (ρ(t− t0)) , t0 ∈ I , t ≥ t0 .

M Sd

Lt t ∈ I
h M h(x) = ‖x‖2r

w(x, t)
Rd×I ∂xw ∂tw Rd×I

w

ẇ(x, t, ω) = ∂tw + (∂xw)
T (f(x, t) + g(x, t, ω))

Rd×I≤ −c3‖x‖2 + Ltc4‖x‖2 ,

ẇ(x, t, ω)
Rd×I≤ ηtw(x, t) ,

ηt := c4c
−1
1 Lt − c3c

−1
2

w(Xt, t)
I0≤ w(X0, t)

(∫ t

t0

ητ τ

)
.

h(x) =
‖x‖2r

h(Xt) ≤ c−r1 cr2h(X0)

(
r

∫ t

t0

ητ τ

)
, t0 ∈ I , t ≥ t0 .

ρ < c3c
−1
2 · r a > bc−11 · r α ∈

(ρ, c3c
−1
2 · r)

h(t) ≤ c−r1 cr2h(t0)E

( (
a

∫ t

t0

Lτ τ

))
(−α(t− t0))

≤ c−r1 cr2h(t0) (−(α− ρ)(t− t0)) , t0 ∈ I , lt ≥ t0 .



Ẋt = AtXt ,

At I v(x, t) = xTBx
B

ηt = λ [AT
t +BAtB

−1] .

M X0 ∈ L2
d

At t ∈ I

λ [B]‖x‖2 ≤ v(x, t) λ [B]‖x‖2 ,

M
B

y(t0, t) = E

( (∫ t

t0

λ [AT
τ +BAτB

−1] τ

))
≤ 1 , t ∈ I0 .

m.s. M

t→∞ y(t0, t) = 0
m.s. M

y(t0, t) ≤ c · (−d(t− t0)) , t0 ∈ I , t > t0

m.s.
M

ηt At = A + Ft

A
B ATB + BA = −I

ηt
I≤ −λ−1 [B] +

∥∥F T
t +BF T

t B−1
∥∥ .

E

( (∫ t

t0

∥∥F T
τ +BF T

τ B−1
∥∥ τ

))
≤ (λ [B](t− t0)) , t ∈ I0 .



Ẍt + 2bẊt + (1 + Zt)Xt = 0 ,

b > 0 Zt

ηt = λ [AT
t +BAtB

−1]

=

{ −2b+ |Zt|(1− b2)−1/2 2b2 ≤ 1

−2b+ |2b2 − 1− Zt|b−1 2b2 ≥ 1

B

(
E
(|Xt|2

)
+ E

(
|Ẋt|2

)
< ε E

(|X0|2
)
+ E

(
|Ẋ0|2

)
< δ

)

u1(t) = E

( (
(1− b2)−1/2

∫ t

t0

|Zτ | τ

))
≤ (2b(t− t0)) , t ∈ I0

2b2 ≤ 1

u2(t) = E

( (
b−1

∫ t

t0

|2b2 − 1− Zτ | τ

))
≤ (2b(t− t0)) , t ∈ I0

2b2 ≥ 1

c d

ui(t) ≤ c · ((2b− d)(t− t0)) , t0 ∈ I0 , t ≥ t0

i = 1 2b2 ≤ 1 i = 2 2b2 ≥ 1
Zt mZ(t)

CZ(τ, t) σ2
Z(t) = CZ(t, t) t ≥ 0

|mZ(t)| ≤ α , σ2
Z(t) ≥ β2 ,

∫ ∞

0
CZ(τ, t) τ ≤ γ .

2b2 ≤ 1

α+ β +
(
2
√

1− b2
)−1

γ ≤ 2b
√

1− b2



α+ β +
(
2
√
1− b2

)−1
γ < 2b

√
1− b2

2b2 ≥ 1 ZT
t =

Zt + 1− 2b2∣∣E (Zt) + 1− 2b2
∣∣ < 2b2 − β − (2b)−1γ − ε , t ∈ I

ε > 0 E (Zt) ≥ m

2b2 ≥ 1 , 2b2 > Q , α2 + 2m+ 1−Q2 < 4b2 (1 +m−Q) ,

Q := β + (2b)−1γ
Zt

mZ(t) = 0 , σ2(t) = σ2 , CZ(τ, t) = σ2 (−ρ|t− τ |) ,

σ + σ2
(
2ρ
√
1− b2

)−1
< 2b

√
1− b2 ,

2b2 ≤ 1

q < 1 , 4b2 >
1− q2

1− q

2b2 ≥ 1 q := σ + σ2(2bρ)−1

K
v(x, t, ω) Rd × I ×Ω F (K)

v(0, t, ω)=̂0 t ∈ I0

ϕ [0,K] ϕ(0) = 0

|v(x, t, ω)|
Rd

K×I0≥ ϕ (‖x‖) ,
Rd

K := {x ∈ Rd : ‖x‖ < K}



ψ Rd
K ψ(0) = 0

v(x, t, ω)
Rd

K≤ ψ(x) .

v
F (K) X0 ∈ γ(K) Vt =

v(Xt(X0, t0), t, ω) ω ∈ Ω
Vt(ω) I0 V̇t(ω) ≤ 0 t ∈ I0

ω ∈ Ω

V̇t(ω) ≤ −cVt(ω) t ∈ I ,

h

h Ẋ = f(Xt, t, ω)

h

Ẋt =

( −1 0
0 −1

)
Xt + g(Xt, t, ω) .

g

h

Ẋt =

( −1 0
1 −1 · (−t)

)
WtXt ,

Wt

M
B

B B



c

a b

a‖x‖r
Rd

K×I0≥ v(x, t, ω)
Rd

K×I0≥ b‖x‖r (r > 0)

V̇t(ω) ≤ −cVt(ω) t ∈ I ,

ω ∈ Ω

ε > 0 ε < K δ > 0

‖x‖<δ |v(x, t, ω)|<̂φ(ε)

‖X0‖<̂δ

Vt

T≤ Vt0 <̂ ϕ(ε)

‖X0‖<̂δ ‖Xt‖<̂ε
X0 ∈ Sd ‖X0‖<̂δ Ω0 ∈ A τ : Ω0 → I0

P(Ω0) > 0 ‖x(τ(ω), X0(ω), t0, ω‖ ≥ ε ω ∈ Ω0

ω ∈ Ω0 Vτ(ω) ≥ ϕ(ε)

V̇t

I0≤ −cVt c
‖X0‖≤̂K

ϕ (‖Xt‖)
I0≤ Vt

T0≤ V0 (−c(t− t0))
I0≤ ψK (−c(t− t0)) ,

ψK = x∈Rd
K
ψ(x)

t→∞ ϕ (‖Xt‖) =̂0 ϕ ϕ(r) > 0
r > 0 t→∞ ‖Xt‖=̂0

‖X0‖ ≤ K

‖Xt‖
I0≤ a−1/rb1/r‖X0‖

(− c
r (t− t0)

)
, t0 ∈ I .

A0 = (a0ij) d×d

B

AT
0 B + BA0 = −I .



C[A] := ATB+BA C[A]
A ρ(A)

C[A] −ρ (−1, 0)
Q := {A : ‖A−A0‖ < π} A0

ρ(A) ≤ −ρ < 0 , A ∈ Q

f

f(x, t, ω) = A(x, t, ω)x ,

A

‖A(x, t, ω)−A0‖
Rd×I
< π .

v(x) = xTBx ∈ F (∞)
Vt

V̇t = XT
t C[A(Xt, t, ω)]Xt

I≤
A∈Q

XT
t C[A]Xt

I≤ −ρXT
t X

I≤ −ρλ−1max[B]Vt ,

λmax[B]
B v(x)

f(x, t) : Rd× I → Rd g(x, t, ω) : Rd× I ×Ω→ Rd

ẋ = f(x, t) ,

Ẋt = f(Xt, t) + g(Xt, t, ω) ,



(x0, t) ∈ Rd × I
x(t) I Xt

I x(t) = 0 t ∈ I I H
g

ω ∈ Ω G
g Rd × I l(t) m(t)

‖g(x1, t, ω)− g(x2, t, ω)‖
Rd×Rd×I≤ l(t) ‖x1 − x2‖ ,

‖g(x, t, ω)‖ Rd×I≤ m(t) (‖x‖+ Z(ω))

Z(ω) ∈ L2
1

G ε > 0 δ > 0

‖x0‖+
t∈I , x∈Rd

E

(
‖g(x, t, ω)‖2

)
≤ δ ,

x0 ∈ Rd g ∈ G

E

(
‖Xt‖2

)
< ε , t ∈ I .

Ẋ =
f(Xt, t, ω)



P

P

G ε > 0 p ∈ (0, 1) δ > 0
Zt = x∈Rd ‖g(x, t, ω)‖2

‖x0‖+
t∈I

E (Zt) < δ ,

x0 ∈ Rd g ∈ H

‖Xt‖2
(p)
< ε , t ∈ I .

W

W
G ε > 0 p ∈ (0, 1) δ > 0

Zt = x∈Rd ‖g(x, t, ω)‖2

‖x0‖+ E

(
t∈I

Zt

)
< δ ,

x0 ∈ Rd g ∈ H

‖Xt‖2
(I,p)
< ε , t ∈ I .

G

f Rd × I

L

‖f(x1, t)− f(x2, t)‖ ≤ L ‖x1 − x2‖ , x1, x2 ∈ Rd , t ∈ I .

G

P



P

ε
W

P

H v : Rd × I → R

L∥∥∥∥∂v(x, t)∂x

∥∥∥∥ ≤ L , x ∈ Rd , t ∈ I .

[0,∞)
ϕ(r) ψ(r) ρ(r) ϕ(0) = ψ(0) = 0

0 < ϕ(r) , 0 < ψ(r) , 0 < ρ(r) < ρ0 , r > 0 ,

ϕ(‖x‖) ≤ v(x, t) ≤ ψ(‖x‖)
vt(x, t) + v′(x, t) ≤ −ρ(‖x‖)v(x, t) x ∈ Rd t ∈ I v′

P H

δ > 0 ‖Xt(ω)‖ > δ
Vt(ω) = V (Xt(ω), t)

Vt(ω)

t
≤ −ρ(δ)Vt(ω) + LZt(ω) .

Vt(ω)

t

I≤ LZt(ω)

Vt(ω)

t

I≤ −ρ(δ)Vt + LZt + ρ(δ)ψ(δ) .

E (Vt) ≤ v(x0, t0) (−ρ(δ)(t− t0)) +
L

ρ(δ) τ∈I
E (Zτ ) + ψ(δ) , t ∈ I .



ε > 0 p ∈ (0, 1)
δ ‖x0‖ t∈I E(Zt)

E (Vt) < ϕ(ε) (1− p) ,

E (Vt) ≥ ϕ(ε)P (‖Xt‖ ≥ ε) .

‖Xt‖
(p)
< ε ,

W
H v : Rd × I → R

L K∥∥∥∥∂v(x, t)∂x

∥∥∥∥ ≤ L , ‖x‖ ≤ K , t ∈ I .

W
H

W
H ε ∈ (0,K) p ∈ (0, 1)

x
(ν)
0 ∈ Rd g(ν)(x, t, ω) ∈ H

ν = 1, 2, . . .

ν→∞ ‖x(ν)0 ‖ + E(Z(ν)) = 0 Z(ν) =

x∈Rd , t∈I ‖g(ν)(x, t, ω)‖

X
(ν)
t

Xt

t
= f(Xt, t) + g(ν)(Xt, t, ω)

(x
(ν)
0 , t0)

t∈I

∥∥∥X(ν)
t

∥∥∥ (1−p)
≥ ε .



δ ∈ (0, ε)

ψ(δ) < 1
3ϕ(ε)(1− p)

N

‖x(ν)0 ‖ < δ , E

(
Z(ν)

)
<

ρ(δ)(1− p)ϕ(ε)

3L

ν > N
Ω(ν) ω ∈ Ω t∈I ‖X(ν)

t (ω)‖ ≥ ε

V
(ν)
t (ω) = v(X

(ν)
t (ω), t)

V
(ν)
t (ω)

t
≤ LZ

(ν)
t

‖X(ν)
t (ω)‖ < K

V
(ν)
t (ω)

t
≤ −ρ(δ) + V

(ν)
t + LZ

(ν)
t

δ < ‖Xt(ω)‖ < K

‖X(ν)
t (ω)‖ < K

V
(ν)
t (ω)

t
≤ −ρ(δ) + V

(ν)
t + LZ

(ν)
t + ρ(δ)ψ(δ) .

ω ∈ Ω(ν) t(ν)(ω) = {t ≥ t0 : ‖X(ν)
t (ω)‖ ≥ ε}

ω ∈ Ω(ν) t ∈ [t0, t
(ν)(ω)] ν > N

V
(ν)
t ≤ V

(ν)
0 − ρ(δ)

∫ t

t0

V (ν)
τ τ +

∫ t

t0

(LZτ + ρ(δ)ψ(δ)) τ .

V
(ν)

t(ν)(ω)
≤ V

(ν)
0

(
−ρ(δ)

(
t(ν)(ω)− t0

))
+ ψ(δ)

+L

∫ t(ν)

t0

Z(ν)
τ

(
−ρ(δ)

(
t(ν)(ω)− τ

))
τ ,

V
(ν)

t(ν)(ω)
≤ V

(ν)
0 + ψ(δ) +

LZ(ν)

ρ(δ)
.

Ω(ν)∫
Ω(ν)

V
(ν)

t(ν)(ω)
P ≤ V

(ν)
0 + ψ(δ) +

L

ρ(δ)
E

(
Z(ν)

)
< (1− p)ϕ(ε) .



ν > N∫
Ω(ν)

V
(ν)

t(ν)(ω)
P =

∫
Ω(ν)

v
(
X

(ν)

t(ν)(ω)
, t(ν)(ω)

)
P ≥ (1− p)ϕ(ε) ,

P W
H

fx Rd × I
v(x, t)

v(x, t)
(v(x, t))1/2

fx Rd × I
P W

H

h

P

W

h



ẋ = f(x, t)
G

G

H

ẋ = f(x, t)
H

P

ẋ = f(x, t) P
H

W

ẋ = f(x, t)W
H

☼ � �
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☼
W

P

M1 ⊂ M2 ⊂ Sd

M2

M1

W P

☼
Xt

Ẋt =

(
(t) 1
(t) (−t)

)
Xt +

(
0
1

)
Ot ,

Ot μ σ2

Xt

☼

Ẋt =

( −1 +B1/4(t) 1
B3/4(t) −3

)
Xt ,

B1/4(t) B3/4(t)
1/4 3/4

☼





Rd

Rd d ≥ 1

(Ω,F ,P, (θt)t∈R)
(Ω,F ,P) (t, ω) �→ θtω

θ0ω = ω , θt+sω = θt (θsω) , s, t ∈ R ,

ω ∈ Ω P θtP = P t ∈ R

θ P

θ 0 1

(Rd,R, (ϕt)t∈R) (Rd,Bd)
σ Bd

(Ω,F ,P, (θt)t∈R)

ϕ :

{
R× Ω× Rd → Rd

(t, ω, x) �→ ϕ(t, ω, x) =: ϕ(t, ω)x

ϕ B ⊗F ⊗Bd Bd B
R

(t, x) �→ ϕ(t, ω, x) ω ∈ Ω

ϕ(t, ω) := ϕ(t, ω, ·) : Rd → Rd

Rd θ

ϕ(0, ω) = , ω ∈ Ω

ϕ(t+ s, ω) = ϕ(t, θsω) ◦ ϕ(s, ω) .
◦



s, t ∈ R ω ∈ Ω ϕ

s ∈ R t ∈ R P ϕ
Ns ⊂ Ω s

s, t ∈ R P ϕ
Ns,t ⊂ Ω s

t

Ck Ck 1 ≤ k ≤ ∞

ϕ(t, ω) = ϕ(t, ω, ·) : Rd → Rd , x �→ ϕ(t, ω, x)

Ck k x
(t, x)

Rd

ẋi = fi(x1, x2, . . . , xd) , i = 1, 2, . . . , d ,

{θt}t∈R θtx0 = x(t) x(t)
x(0) = x0

ρ(x1, x2, . . . , xd)

d∑
i=1

∂xi (ρ(x1, x2, . . . , xd) · fi(x1, x2, . . . , xd)) = 0 ,

∫
Rd ρ(x) x = 1 ρ(x)

Rd∫
Rd

f(θtx0)ρ(x) x =

∫
Rd

f(x)ρ(x) x

f(x) Rd

Ω = Rd F = B(Rd) P( x) = ρ(x) x
B(Rd) σ Rd



(Ω, F, P)

{ω} x X

{θsω} x X

{θt+sω} x X

ω

θsω

θtθsω= θt+sω

x

ϕ(s, ω) x

ϕ(t, θsω) (ϕ(s, ω) x)

= ϕ(t+s, ω) x

ϕ(t, θsω)

ϕ(s, ω)

ϕ(t+s, ω)

ϕ θ X
Ω×X

ξ = {ξt}t∈R
(Ω,F ,P) F σ ξ

ξ
ξt �→ (θτξ)(t) = ξt+τ

Ω × Rd ω
θ s θsω Ω

ϕ(s, ω) x {ω}×Rd ω ϕ(s, ω)x
{θsω}×Rd θsω

ω

θ(Ω,F ,P, {θ}t∈R)

ẋ = f(θtω, x(t)) .

f
R



R

ϕ(t, ω)x0 = x(t) x(t)
x(0) = x0

f(ω, x0) = a(ω)x0+b(ω)
a(ω) b(ω)

(Ω,F ,P, (θt)t∈R) θt
ϕ θ

ẋ1 = g(x2)− α1(θtω)x1 , ẋ2 = x1 − α2(θtω)x2 ,

θ g(x)
αi(ω) i = 1, 2

αi(θtω) ∈ L1
loc(R) i = 1, 2 ω ∈ Ω

R2

ϕ(t, ω)x0 = x(t) x(t) = (x1(t), x2(t))
x(0) = x0

ϕ(t, ω) Rd ϕ(t, ω)−1 = ϕ(−t, θtω)

ϕ
θ (t, ω) ∈ R×Ω ϕ(t, ω)

(Rd,Bd)

ϕ(t, ω)−1 = ϕ(−t, θtω) , (t, ω) ∈ R× Ω ,

ϕ(t, ω) = ϕ(−t, θ−tω)−1 , (t, ω) ∈ R× Ω ,

(t, x) �→ ϕ(t, ω)−1x ω ∈ Ω
ϕ Ck 1 ≤ k ≤ ∞ ϕ
Rd (t, x) �→ ϕ(t, ω)−1x Ck x ω ∈ Ω

g =
f−1 f ◦g = id g ◦f = id

t = −s
id = ϕ(−s, θsω) ◦ ϕ(s, ω) , s ∈ R ω ∈ Ω ,



ϕ(s, ω) s = −t
ω̃ := θtω

id = ϕ(t, θ−tω̃) ◦ ϕ(−t, ω̃) = ϕ(t, ω) ◦ ϕ(−t, θtω) , s ∈ R ω ∈ Ω ,

ϕ(t, ω) s = t

(t, ω, x) → ϕ(t, ω)−1x = ϕ(−t, θtω)x
(t, ω, x) �→ (−t, θtω, x)

(t, ω, x) �→ ϕ(t, ω)x
x (t, ω, x) �→ ϕ(t, ω)−1x (t, ω)

x
ϕ

(t, x) �→ (t, ϕ(t, ω)x)
R × Rd

(t, x) �→ (t, ϕ(t, ω)−1x) (t, x) �→ ϕ(t, ω)−1x

Ck ϕ(t, ω)

Dϕ(t, ω)−1x = (Dϕ(t, ω)y|y=ϕ(t,ω)−1x)
−1 .

(t, x) �→ Dϕ(t, ω)−1x

(t, x) �→ Dϕ(t, ω)x

(t, x) �→ ϕ(t, ω)−1x

g �→ g−1 GL(dR)

Hom(Rd)
Rd

(f, x) �→ f(x) Diffk(Rd) 1 ≤ k ≤
∞ Ck Rd

(f, x) �→ f(x) Ck x

{
Θ : R× Ω× Rd → Ω× Rd ,

Θt(ω, x) := (θtω, ϕ(t, ω)x)

Ω× Rd

(t, ω) �→ θtω (t, ω, x) �→ ϕ(t, ω, x)



Rd

‖x‖ω : Ω×Rd → R+
0

‖ · ‖ω Rd ω ∈ Ω

ϕ Rd

θ ϕ(·, ω, x0)
‖·‖ω ε : Ω→ (0,∞)

δ : Ω→ (0,∞)

0≤t<∞
‖ϕ(t, ω, x)− ϕ(t, ω, x0)‖θtω < ε(ω)

‖x− x0‖ω < δ(ω)



t→∞ ‖ϕ(t, ω, x)− ϕ(t, ω, x0)‖θtω = 0 .

x ‖x− x0‖ω < δ(ω)
c < 0

x ‖x− x0‖ω < ε(ω)

0≤t<∞
‖ϕ(t, ω, x)− ϕ(t, ω, x0)‖θtω < (ct) , t > T (ω, x) ,

ω �→M(ω) Rd

ω �→ d(x,M(ω)) x ∈ Rd

d(x,M) := y∈M ‖x− y‖

ϕ
θ A

ϕ

A ϕ ε > 0
C A C(ω) A(ω)

ω

P(d(C|A) ≥ ε) < ε C ε A

ϕ(t, ω, ·)C(ω) ⊂ C(θtω) t ≥ 0 C
ϕ : (R × Ω × Rd) → Rd) Ω θt

A ϕ X

n→∞ P (ω ∈ Ω : ‖d(ϕ(t, ω, ·)X(ω), A(θtω)) − 0‖ > ε) = 0 ∀ ε > 0 .

A

d(C|A) := x∈C d(x,A) = x∈C y∈A ‖x− y‖



ϕ
Rd A

ϕ V : Ω × Rd → R+

A ϕ

ω �→ V (ω, x) x ∈ Rd x �→ V (ω, x)
ω ∈ Ω (ω, x) �→ V (ω, x)

V ||x||→∞ V (ω, x) =∞ ω

V V (ω, x) = 0 x ∈ A(ω) V (ω, x) > 0
x /∈ A(ω)

V ϕ

V (θtω, ϕ(t, ω, x)) < V (ω, x) t > 0 x /∈ A(ω) .

V t 0

V (Θt(ω, x)) = V (θtω, ϕ(t, ω, x)) = C(t, ω, x)V (ω, x) ,

Θ C Θ
R+∗

C(t, ω, x) < E(t, ω, x) E(t, ω, x) ≡ 1 R+∗
Θ C(t, ω, x) = e−t

ϕ Rd A
ϕ A

A
A

V (θtω, ϕ(t, ω, x)) = e−tV (ω, x) t ∈ R x ∈ Rd

θ ω

x(t) = ϕ(t, θ−tω)x t → ∞

ϕ(t, θ−tω)x



θtω
θ−tω

−t ω

U(τ, s) := ϕ(τ − s, θsω)
s τ τ > s U(0,−t)x =

ϕ(t, θ−tω)x t → ∞
t = 0 x

t = −∞

ϕ(t, θ−tω)x
θt

P (ω ∈ Ω : ϕ(t, ω)x ∈ D) = P (ω ∈ Ω : ϕ(t, θ−tω)x ∈ D)

x ∈ Rd D ∈ B(Rd)

t→∞P (ω ∈ Ω : ϕ(t, ω)x ∈ D) =
t→∞P (ω ∈ Ω : ϕ(t, θ−tω)x ∈ D) ,

ϕ(t, θ−tω)x ω ∈ Ω ϕ(t, ω)x

A(ω) Rd

Tt

(Tt(a))(ω) = ϕ(t, θ−tω)a(θ−tω) , t ∈ R+ ,

{Tt}t∈R+

(Ts ◦ Tt)(a)(ω) = ϕ(s, θsω)(T−ta)(θ−sω)
= ϕ(s, θsω) ◦ ϕ(t, θ−t−sω)a(θ−t−sω)
= ϕ(t+ s, θ−t−sω)a(θ−t−sω) = Tt+s(a)(ω) .



(Rd,R, ϕ)
(Ω,F ,P, (θt)t∈R) u : Ω → Rd

ϕ

ϕ(t, ω)u(ω) = u(θtω) , t ∈ R ω ∈ Ω.

☼ � �

�



☼
A : Ω → Rd×d A ∈ L1(Ω,F ,P)

fω(t, x) := A(θtω)x fω ∈ Lloc(R, C∞)

ẋt = A(θtω)xt
C∞ ϕ

ϕ(t, ω) = I+

∫ t

0
A(θsω)ϕ(s, ω) s

(ϕ(t, ω)) =

(∫ t

0
(A(θsω)) s

)
.

ϕ(t, ω) (ϕ(t, ω))−1 = I

(ϕ(t, ω))−1 = I+

∫ t

0
(ϕ(s, ω))−1A(θsω) s .

☼
A : Ω → Rd×d A ∈ L1(Ω,F ,P)

fω(t, x) := A(θtω)x fω ∈ Lloc(R, C∞)

ẋt = A(θtω)xt + b(θtω) , A, b ∈ L1(Ω,F ,P) ,

C∞

ϕ(t, ω)x = Φ(t, ω)x+

∫ t

0
Φ(t, ω)Φ−1(u, ω)b(θuω) u

= Φ(t, ω)x+

∫ t

0
Φ(t− u, θuω)b(θuω) u ,

Φ

☼
f(ω, x) =

∑N
k=0 ak(ω)x

k N ≥ 2
ak ∈ L1(Ω,F ,P) k = 1, 2, . . . , N

ẋt =

N∑
k=0

ak(θtω)x
k
t



C∞ R1

ẋt = a(θtω)xt + b(θtω)x
N
t

y = x1−N/(1−N)

N = 2 N = 3
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Multi-Story Bulding as Wireframe
Coupled Oscillator Model

Stochastic Models for Ground Motion Excitation

+ Analytic Existence &
   Uniqueness Results

+ Stability Considerations

Exemplaric Structures:

Poission Finite Difference Solver
+ Space Filling Curves

Exemplaric Structures:

Δu = f

Multi-Story Bulding
via Continuum Mechanics Ansatz

Exemplaric Structures:

Putting it all Together

Elasticity &
Material Laws

Visulaization
Techniques

Δu = f



Stochastic Excitations
(math. models, real data)

Coupled Oscillator
Building Models

Poission Solver
(finite differences)

Discrete Sine-/ Fourier
Transformation

Matrix Analysis

Space Filling Curves
(and other elements)

Continuums Mechanics
Building Models

Visualization/
GUI

Analytics
(existence/ uniqueness/ stability)

Damper Models
(e.g. base isolation)

Team consisting of several roles:

Scientific Expert
(expertise in topic or
implementation or both)

Infrastructure Expert
(CVS, design, ...)

Team Coordinator
(global view, interaction
of different sub-teams)

Time
Restriction

Possibility to
"buy" code

parts that can
not be imple-

mented by the
team

(-0.5 grades
for all per part)

Results Presentation
(illustrative poster)
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y(t)



y(t)

y(t) = ẍg + ξt = −2ζgωgẋg − ω2
gxg ,

xg ξt

ẍg + 2ζgωgẋg + ω2
gxg = −ξt , xg(0) = ẋg(0) = 0 .

ζg ωg

ζg = 0.64 ωg = 15.56
rad/s
f = 2.1−−21 rad/s

y(t) =

{ ∑n
j=1 taj (−αjt) (ωjt+Θj) t ≥ 0

0 t < 0
,

aj αj ωj

Θj

2π
rad/s ω1 = 6 ω2 = 8

ω3 = 10 ω4 = 11.15 ω5 = 20, 75 ω6 = · · · = ω11 = 0 ω12 = 21.50
ω13 = 23.25 ω14 = 25 ω15 = 27 ω16 = 29 ω17 = 30.5 ω18 = 32 ω19 = 34
ω20 = 36 α1 = · · · = α20 = 1/3 a1 = · · · = a20 = 0.5

y(t)

y(t)



�

d d = 1, 2, . . .

ui i ∈ {1, . . . , d}

ü + Cu̇ + Ku = F (t) ,

u = (u1, . . . , ud)
T C ∈ Rd×d

K ∈ Rd×d F (t)

y(t)

4
C K

L 4
3

2

4

4



�

☼ �

Δu(x) = f(x) , x ∈ Ω := [0, 1] ,

u(x) = 0 , x ∈ Γ := ∂Ω ,

f
x [0, a]

a > 0
p ∈ N f(x) = − (πx) · π2

n = 2p [0, 1]



Δu(x, y) = − (πx) · (πy) · 2π2 , (x, y) ∈ Ω := [0, 1]2 ,

u(x, y) = 0 , (x, y) ∈ Γ := ∂Ω ,

p nx = 2p

☼ �



h2

h = hx = hy

�

[0, 1]2

p ∈ N

p a b



[0, a] × [0, b]

i,j (i, j) i
x j y

(i, j)
y x

x
y

p

(x, y)



0 1 2 3 4
0
1
2
3
4

 1  2  3  4
 5  6  7  8
 9 10 11 12
13 14 15 16

lexico−row

0 1 2 3 4
0
1
2
3
4

 1  5  9 13
 2  6 10 14
 3  7 11 15
 4  8 12 16

lexico−col

0 1 2 3 4
0
1
2
3
4

 1  2  4  7
 3  5  8 11
 6  9 12 14
10 13 15 16

diagonal

0 1 2 3 4
0
1
2
3
4

 1  2  3  4
 8  7  6  5
 9 10 11 12
16 15 14 13

meander

0 1 2 3 4
0
1
2
3
4

 1  2 15 16
 4  3 14 13
 5  8  9 12
 6  7 10 11

hilbert

1

0 1

j = 1

j = 2

j = 3 = Ny

i = 1 i = 2 i = 3 = Nx

: Ωh

2 31

5

98

4 6

7

p = 2

☼



A L−1 ·A ·U−1 L
U

2p 3p

�

0 = (2μ+ λ)
∂2u1
∂x21

+ μ
∂2u1
∂x22

+ (λ+ μ)
∂2u2

∂x1∂x2
Ω



0 = (2μ+ λ)
∂2u2
∂x22

+ μ
∂2u2
∂x21

+ (λ+ μ)
∂2u1

∂x1∂x2
Ω

u(x, t) = u0(x, t) Γ0

σ(u(x, t))n(x) = τ(x, t) Γ1 .

[0, 1]2

E ν
λ μ ν = 0

A
x

y

b

τ

u = A\b



β

x y

β

b



☼

z̈ + cż + kz = y(t) ,

y(t) z̈(t)

c k

t = 0.5 t = 1.5
t = 2.5



Base isolation with shock absorbers Water pool at the top of the building
to have a counter response

Counter pendulum to generate
response

Additional dampers in the structure
of the building

k1 = . . . = k4 = 25 c1 = . . . = c4 = 10
c1 = . . . = c4 = 40

ci = 10
ki = 25

k1 = 2.5

x y

dt = 0.0049
te = 10.0 4 × 20

hx = 0.05/3, hy = 0.25/19
E = 1e− 4

E1 = 500 E2 = 1500



üg = -5.71

üg = 5.52

üg = 5.26

t = 0.5 t = 1.5 t = 2.5
k1 = . . . = k4 = 25 c1 = . . . = c4 = 10

c1 = . . . = c4 = 40
k1 = 2.5



16× 16



t = 0 t = 5.0

t = 7.5 t = 10.0

4 × 20 E = 1e − 4 t = 0 t = 5.0
t = 7.5 t = 10



E1 = 500 E2 = 1500
20× 20













Ck
Ck
σ
σ

σ
θ
ε
q.m.
q.m.
q.m.
q.m.

θ

Ω

σ



r

h



q.m.

σ



α(B)
α(x)
ω(B)
ω(x)

L2



q.m.

Ck
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